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1 NOTATION

1 Notation

ny, ng,ny  number of buses, generators, branches, respectively

lvi, 0; bus voltage magnitude and angle at bus i

v; complex bus voltage at bus i, that is |v;|e/%

V,0 ny X 1 vectors of bus voltage magnitudes and angles

V n, X 1 vector of complex bus voltages v;

Ibus ny X 1 vector of complex bus current injections

VL n; X 1 vectors of complex branch current injections, from and to ends
Gbus ny X 1 vector of complex bus power injections

St st n; X 1 vectors of complex branch power flows, from and to ends
Sy ng X 1 vector of generator complex power injections

P,Q real and reactive power flows/injections, S = P + j@Q

M, N real and imaginary parts of current flows/injections, I = M + jN
Yius ny X ny system bus admittance matrix

Y, Y, n; X ny, system branch admittance matrices, from and to ends

Cy ny X ng generator connection matrix

(4,7)™ element is 1 if generator j is located at bus i, 0 otherwise

Cy, Cy n; X ny, branch connection matrices, from and to ends,
(i,7)™ element is 1 if from end, or to end, respectively, of branch i is
connected to bus j, 0 otherwise

[A4] diagonal matrix with vector A on the diagonal

AT (non-conjugate) transpose of matrix A

A* complex conjugate of A

Ab matrix exponent for matrix A, or element-wise exponent for vector A
1,,[1,]  n x 1 vector of all ones, n x n identity matrix

0 appropriately-sized vector or matrix of all zeros
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2 INTRODUCTION

2 Introduction

The purpose of this document is to show how the AC power balance and flow equa-
tions used in power flow and optimal power flow computations can be expressed in
terms of complex matrices, and how their first and second derivatives can be com-
puted efficiently using complex sparse matrix manipulations. Similarly, the deriva-
tives of the generalized AC OPF cost function used by MATPOWER [1,2] and the
corresponding OPF Lagrangian function are developed. The relevant code in MAT-
POWER is based on the formulas found in this note, in which nodal balances are
expressed in terms of complex power and voltages are represented in polar coor-
dinates, and in the companion MATPOWER Technical Note 2 [3] and MATPOWER
Technical Note 3 [1], which present formulas for variations based on nodal current
balances and cartesian coordinate voltages, respectively.
We will be looking at complex functions of the real valued vector

)
V
X=1|p (1)
Qy
For a complex scalar function f: R® — C of a real vector X = [ Ty Tg - Tp }T,
we use the following notation for the first derivatives (transpose of the gradient)
of of  of of
fX:a_X:[a_xl 2 E]' 2)
The matrix of second partial derivatives, the Hessian of f, is
2f .. _f
2 x10Tn
PR (3f>T o " 3)
XX~ 5v3 —aviav /| = : :
0X 0X \0X or oy
Oxn0z1 ox2

For a complex vector function F': R" — C™ of a vector X, where

F(X)=[ A(X) f(X) - fu(X) ], (4)

the first derivatives form the Jacobian matrix, where row ¢ is the transpose of the
gradient of f;.

Oh ... 2A
@F 8901 8xn
Fx = X ST (5)
Ofm .. Ofm
ox1 0y
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3 VOLTAGES

In these derivations, the full 3-dimensional set of second partial derivatives of F' will
not be computed. Instead a matrix of partial derivatives will be formed by computing
the Jacobian of the vector function obtained by multiplying the transpose of the
Jacobian of F' by a constant vector A, using the following notation.

Fex(@) = (5 (5™

Just to clarify the notation, if Y and Z are subvectors of X, then

(6)

A=«

Fralo) = (57 (57

One common operation encountered in these derivations is the element-wise mul-
tiplication of a vector A by a vector B to form a new vector C' of the same dimension,
which can be expressed in either of the following forms

(7)

A=«

C=[A]B=[B]A (8)
It is useful to note that the derivative of such a vector can be calculated by the chain
rule as 50 55 94
Cx = o5 = Al 55 + Bl 55 = [A] Bx + [B] Ax (9)
3 Voltages

3.1 Bus Voltages

V' is the n, x 1 vector of complex bus voltages. The element for bus 7 is v; = |vi|ej9i.
VY and © are the vectors of bus voltage magnitudes and angles. Let

E=NV]"'V (10)
3.1.1 First Derivatives
oV .
Vo =5 =ilV] (11)
oV 1
W=o5=lVIV = [E] (12)



3.2 Branch Voltages

oF )

Ee 50 7 [E]
oF

Ey W 0

3.1.2 Second Derivatives

It may be useful in later derivations to note that
o (VT
V() av(av > Al By

3.2 Branch Voltages

4 BUS INJECTIONS

(13)

(14)

The n; x 1 vectors of complex voltages at the from and to ends of all branches are,

respectively
Vi=CV
‘/t = CtV
3.2.1 First Derivatives
oVy oV )
50 = Crag =JCr 14
oVy B ov B 1
9y = Cray = Cr VIV =C[E]

4 Bus Injections

4.1 Complex Current Injections
[bus = }/i)usv

(20)



4.2  Complex Power Injections 4 BUS INJECTIONS

4.1.1 First Derivatives

a]bus bus bus
Iy* = ox 8('[9@ a(‘lw 00
oIbPvs 19)%
bus __ — —
[9 - 8@ Yi)us a@ ]Yious [V]
oIPvs ov
IbuS: :Yus :Yus _1:YUSE
v oy bus 735 = Yous [V][V] bus [E]

4.2 Complex Power Injections

Consider the complex power balance equation, G*(X) = 0, where
G(X)= 8" 45, — CySy
and

Sbus _ [V] ]bus*

4.2.1 First Derivatives

S aGs S S S S
Gx = 0X [ G GV GPg Qq }
s Sbus bt ] oV aIbuS*
=[1 Joe " M
= 1] 5 V] + V] (%o VD)’
] ] ( _Ibus*} _ }/i)us* [V*D
L S )| )
G =5 = |1 v TV %y
= [ B+ V] Yo 2]
= V(1] + Yo D I
G?Dg = _Cg

(21)

(22)

(23)

(24)

(25)



4.2  Complex Power Injections

4 BUS INJECTIONS

G, = —iC, (34)
4.2.2 Second Derivatives
O (o
Gix () = 55 (G5 (35)
Goo(A) Goy(A) 0 0
Gio(V) Giy(h) 0 0
- 0 0 00 (36)
0 0 00
0 (i
GooN) = 55 (G5"2) (37)
= (G ([] - v 1) (39)
= s ([P WA = )% T V1) (39)
= (m ] (o™ VD) + [ N G V)
~ VYo TG VD)~ [You T VI (= [v*n) (40)
= V) (You T VIV = Yo T IVIA))
+ N [V] (Ybus* V] — [Jb]) (41)
=E+F (42)
Gho(N) = s (G5 (43)
_ % ([E] [Jb“*] A+ [E¥] Yous™T [V] A) (44)

= [E] N (Yo’ V) 1] N ()




4.2  Complex Power Injections

— i (v (Ybus*T VI - [Yims*T V] A])

= V] (Yo

Giu(N) = 5 (G5T)
_ % ([E] [Ib“*} A+ [BY] Yous T [V] A)
= [B) [ Yous™ [E7]+ |1 N 0
(B Yo TN B] + Yo" V1A

= D1 (N V] Youe® V7] + V] Yo T VI IAT) V]

=G(C+C"G

vi-[])

4 BUS INJECTIONS

(45)

(54)

(55)
(56)

Computational savings can be achieved by storing and reusing certain interme-

diate terms during the computation of these second derivatives, as follows:



5 BRANCH FLOWS

C = AB (59)

D =Y " [V] (60)
E=[V"](D[A] - [DA]) (61)
F=C— A =Gy (62)

G = [V]_1 (63)
oo(A) = (64)
ve(A) = (5 F) (65)
ov(N) = Ghe' (A) (66)
Gf,v()\) = (C +CNg (67)

5 Branch Flows

Consider the line flow constraints of the form H(X) < 0. This section examines 3
variations based on the square of the magnitude of the current, apparent power and
real power, respectively. The relationships are derived first for the complex flows at
the from ends of the branches. Derivations for the to end are identical (i.e. just
replace all f sub/super-scripts with t).

5.1 Complex Currents

=Y,V (68)
I'=Y,Vv (69)
5.1.1 First Derivatives
orf
f f i f
=57 [ i o1 1, (70)
1% .

5= (%) = jY; [V] (71)

1% _
=i () =V VIV =Yy 18] ™)
If, =0 (73)
I, =0 (74)
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5.1 Complex Currents 5 BRANCH FLOWS

5.1.2 Second Derivatives

Hoclw) = = (1471) (75)

[(ée(ﬂ) ]%:)V(M) 00

IV@( ) IV 00
A 2 16(/~5> 0 0 (76)

0 0 0 0

f O (T

o) = 55 (1'1) (77)
= GV (78)
=— [Vl [V] (79)
Heo() = s (1) (50)
= ()Y 1)
S (52)
= —jlbe(n) V]! (83)
) = s (1T (34)
= GV (55)
=j [Ys"u] [E] (86)
- ]\Jje(ﬂ) (87)
Do) = o (1) (58)
= (BT (39)
—0 (90)
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5.2 Complex Power Flows 5 BRANCH FLOWS

5.2 Complex Power Flows

St =[v;) 17"
St —_ [‘/t] It*

5.2.1 First Derivatives

oS!
Sf(:a—X:_Sg st st s),
[ ] OV oI
_ [ or
) ax TVl gx
[l OV orr”
[ Y or
s6=1"] 55 + 155
= [5G VI + [0V (Y VD)
=[] ervi = eIy v
% o1’
[ V2
sb= 1| 7 + Vil 5
=[] ey 1B)+ [e5v) vy (B
St =
Sh =0

Sé@(ﬂ) Shy() 0 0

— Sve(#) va(#) 00
0 0 0O

0 0 0O
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5.2 Complex Power Flows

— (BT (=3Y5" VD) + €67 [177] w) g 1]

arr* 224
00

5 BRANCH FLOWS

2]

FIEYFT I O g V] + [V T O VI (i [B7])

——

oV, oE*
26 96

=5 (1B T 1] Cy V) = [B] 4T (] Yy [V*)

_Yf*T (1] CrV |

=i (v vy

YT () CrV|

B+ (O [u] Yy V'] [B))

T O V] = VIC T[] Yy [V

V][O ] Yy VT V)

= jG(By — BT — Dy + &)
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(111)

(112)

(113)
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5.2 Complex Power Flows 5 BRANCH FLOWS

Sty = = (s47) (116)
=i (V1G] Yy V'] = V1 Y5 T[] Cy [V]
~ T OV IV [T Il YV VY (117)
= Sfo' (1) (118)
Shu() = o (571) (119)
= 2 (B1eT [+ BV, T OV ) (120)
= (E1CfT I Yy (B + |7 [ 1] ] o
YT (] Oy [E] + [ 7T ICV] ML (121)
=D (V1Y T VI + VIGT Y ) M (122)
= GFiG (123)

Computational savings can be achieved by storing and reusing certain interme-
diate terms during the computation of these second derivatives, as follows:

As =Y 1] Cy (124)

By = [V As [V] (125)

Dy = [A;V][V7] (126)

E = [A;TV*] V] (127)

F; =B+ BT (128)
G=" (129)
bol) = Fy — Dy — 5f (130)
S\J;e(ﬂ) = jG(B; — B;T — Dy + &) (131)
Shu(n) = She ' (1) (132)
Shv(1) = GF4G (133)
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5.3 Squared Current Magnitudes 5 BRANCH FLOWS

5.3 Squared Current Magnitudes

Let I2_ . denote the vector of the squares of the current magnitude limits. Then the

max

flow constraint function H(X) can be defined in terms of the square of the current
magnitudes as follows:

H(X) = [If*} - (134)

= [M/] M)+ [N/ N - 12, (135)
where I/ = M/ + jN/.

5.3.1 First Derivatives

HL = [If*} I+ [ 1 (136
=[]k ([ H)

~2-af[i] )

(
(

= [M! — jN') (M} + jNL) + [MT + jNT) (M — jNE) (139
=2 ([M/] arf + [NT] ) (
(

=2 (R{ R {1k} {1} 9 {r})

5.3.2 Second Derivatives

0 T
() = 5 (L 'n) (142)
Hée(ﬂ) Hgy(p) 0 0
Hio() Hiy(n) 0 0 (143)
0 0 00
0 0 00

16



5.4 Squared Apparent Power Magnitudes 5 BRANCH FLOWS

() = o (14" 1) (144)
= O (T [ 1T 1] ) (145)

= o ([ )+ T I+ (1 ) + 1 W e (146)

=2 R Ll ([ )+ T 1 (147)
o) =2 R{ I (|17 ) + 14 1 uf*} (148)

#fo() =2 R[] )+ 1 () 147} (149)

18, () =2 R {17 )+ 14 () 1 (150)

() =2 R (P )+ 1 1) 17 (151)

5.4 Squared Apparent Power Magnitudes

Let S2 . denote the vector of the squares of the apparent power flow limits. Then the

flow constraint function H(X) can be defined in terms of the square of the apparent
power flows as follows:

max

=[PP+ [Q1 Q7 — S} (153)

H(X) = [Sf } Sf - g2 (152)

where S/ = P/ + Q7.

5.4.1 First Derivatives

L= s+ 808 (154)
= [s7] s+ ([s7] st) (155)
—2. %R{[Sf*} S;Q} (156)
= [PY — Q'] (P{ + Q%) + [PF + Q7] (P§ — jQ%) (157)

17



5.5 Squared Real Power Magnitudes 5 BRANCH FLOWS

=2([P] P{+ [Q7] Q%) (158)
—2(R{["]} R {sL}+ {57y s{s%}) (159)

5.4.2 Second Derivatives

o) = o (1) (160)

Ho (k) Hiy(n) 0 0
va(ﬂ) HVB(M) g g (161)

0 0 00
o) = (] 0) (162)

0X

_ aiX (4" [  m+ 56" [5] 1) (163)
= Skx([$7 ] )+ L 1 S+ ShxT ([ w + 85 sk (16)
=2 R{SL ([ ] w) + ST 1 5L (165)
() =2 R{Sbo([8"| 1) + 85" (1) 547} (166)
Hlo(n) =2 R{Sfo(["| )+ 5{" (1) 547} (167)
18 (1n) =2 R{ S (7 w) + 58" () s)° (168)
Hfy () =2 R{S([S7 ] )+ 8L () 547} (169)

5.5 Squared Real Power Magnitudes

Let P2, denote the vector of the squares of the real power flow limits. Then the flow

constraint function H(X) can be defined in terms of the square of the real power
flows as follows:

HI(X) = [R{ST} R{5T} - P2, (170)
— [P] P - P2 (171)

max

18



6 GENERALIZED AC OPF COSTS

5.5.1 First Derivatives

H{ =2[P] P} (172)
—2(R{[s"]}n{sL}) (173)
5.5.2 Second Derivatives
() = o (14" 1) (174)
Hbo(p) Hby(i) 0 0
Hig(u) H\’%é(u) 8 8 ] (175)
0 0 00
o) = o (4 n) (176)
_ 8% <2P§T [P] M) (177)
=2 (PLx([PT] ) + P ] P (178)
=2 (R{sl(R{s N w}+v{s{ n{st})  am
() =2 (R{SEo((R{s"H m} + R {5 } R {sE}) (180)
Hlo(w) =2 (R{Slo(R{s' Y w} + R {s } R {sL}) sy
HL (1) =2 (3% {ng( R {57}] M)} TR {SgT} ] R {s{;}) (182)
iy () =2 (RS, (R {s Y w } + w {8} i {s]}) (183)
6 Generalized AC OPF Costs
The generalized cost function for the AC OPF consists of three parts,
FX) = f4X) + (X) + fo(X) (184)

19



6.1 Polynomial Generator Costs 6 GENERALIZED AC OPF COSTS

expressed as functions of the full set of optimization variables.

C]
1%
Pg
Qy
Y

Z

(185)

where Y is the n,, x 1 vector of cost variables associated with piecewise linear generator
costs and Z is an n, x 1 vector of additional linearly constrained user variables.

6.1 Polynomial Generator Costs

Let fp(p}) and f5(g,) be polynomial cost functions for real and reactive power for
generator ¢ and F'¥ and F? be the n, x 1 vectors of these costs.

[ fh(oh)
FP(Py) = : (186)
7 (0g”) |
fad) ]
FQ(QQ) — (187)
| fo’(a°) |
FUX) =17 (FF(Py) + F2(Q,)) (188)

6.1.1 First Derivatives

We will use FP' and FF” to represent the vectors of first and second derivatives of
each of these real power cost functions with respect to the corresponding generator
output. Likewise for the reactive power costs.

8 a
f =98 (189
=[f8 fo fo fa, fo o fe] (190)
= [0 0o (FPY" (F" o 0} (191)
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6.2 Piecewise Linear Generator Costs 6 GENERALIZED AC OPF COSTS

6.1.2 Second Derivatives

a ofe’
fxng—;(( (192)
[0 O 0 0 0 0]
0 0 0 0 0 0
oo fiy O 00
|00 0 fi, 00 (193)
0 0 0 0 0 0
(00 0 0 0 0
where
The, = [F" (194)
18,0, = [F'] (195)
6.2 Piecewise Linear Generator Costs
0 =11y (196)
6.2.1 First Derivatives
oft
b
_ 2 1
=[ 16 5 1y, 1o, 1% (198)
—[0000 1] 0] (199)
6.2.2 Second Derivatives
fex=0 (200)

6.3 General Cost Term

Let the general cost be defined in terms of the n, x n, matrix H* and n, x 1
vector C* of coefficients and the parameters specified in the n, X n, matrix N and
the n,, x 1 vectors D, R, K, and M. The parameters N and R provide a linear

21



6.3 General Cost Term 6 GENERALIZED AC OPF COSTS

transformation and shift to the full set of optimization variables X, resulting in a
new set of variables R.

R=NX-R (201)

Each element of K specifies the size of a “dead zone” in which the cost is zero for
the corresponding element of R. The elements k; are used to define n,, X 1 vectors
U, K and R, where

_ 0, —k<nr<k
Ui = { 1,  otherwise (202)
- ]{?Z‘, T < —k’z

—k'i, r, > k’z

The “dead zone” costs are zeroed by multiplying by [U ] The remaining elements
are shifted toward zero by the size of the “dead zone” by adding K, before applying
a cost.

R=R+K (204)

Each element of D specifies whether to apply a linear or quadratic function to
the corresponding element of R. This can be done via two more n,, x 1 vectors, D*
and D@, defined as follows

L ]_, dl - 1

di _{ 0, otherwise (205)
o |1, di=2

dii = { 0, otherwise (206)

The result is scaled by the corresponding element of M to form a new n, x 1
vector

W = M| [U] ([D*] + [D°] [R]) R (207)
= (P + Do [R]) R (208)
where
D, = [M] [U] [D*] (209)
Dg = [M] [U] [D?] (210)

The full general cost term is then expressed as a quadratic function of W as
follows

1
foX) = 5WTHWW +CvTw (211)
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6.4 Full Cost Function

6.3.1 First Derivatives

For simplicity of derivation and computation, we defined A and B as follows

ow
—Ws=— =D 2Ds |R
A=W R r+ Q[]
_ rc afc T ryw wT
B=f= aW_WH +C
_ OR
Bx=gx =N
ow
WX:a_X_WR'RX
= AN
86
fi = 28 = Fy o
= BAN

6.3.2 Second Derivatives

(£%7)
(NTABT)

ff(X =

EEEEE

8 w w T aR
AaX (H"W+C")+2Dg [B'] aX)

= NT (AH"Wx +2Dg [B"] Rx)
T(AH"A+2Dg [BT) N
6.4 Full Cost Function

FX) = F4X) + (X0 + £5X)
=1, (F(P) + FO(Q,)) + 1LY + sWTH"W 4 W

23
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(212)

(213)

(214)

(215)
(216)

(217)
(218)

(219)
(220)

(221)

(222)
(223)

(224)
(225)



7 LAGRANGIAN OF THE AC OPF

6.4.1 First Derivatives

0
fr= o= £ (226)

=0 o (F") (FO)" 1] 0 |+BAN (227)

6.4.2 Second Derivatives

an a C

fxx = axE fox + fex + fix (228)

0 0 0 0 0 0]

00 0 0 00

0 0 [FP”] 0 00

“loo o [FQ”] 00

00 0 0 00

(00 0 0 00
+NT(AHYA+2Dg [BT])) N (229)

7 Lagrangian of the AC OPF

Consider the following AC OPF problem formulation, where X is defined as in (185),
f is the generalized cost function described above, and X represents the reduced form
of X, consisting of only ©, V, P, and @, without Y and Z.

m)}n f(X) (230)
subject to
G(X)=0 (231)
H(X)<o0 (232)
where
R{G*(X)}
G(X)=| S{G (X)) (233)
AgpX — Bg

24



7.1 Nodal Current Balance 7 LAGRANGIAN OF THE AC OPF

and
HI(X)
H(X)= H'(X) (234)
A X — By
Partitioning the corresponding multipliers A and p similarly,
Ap My
A=1Ao |, m=| (235)
AE Hr
the Lagrangian for this problem can be written as
LIX, 1) = f(X)+ATG(X) + p" H(X) (236)
7.1 Nodal Current Balance
See the corresponding section in MATPOWER Technical Note 3.
7.2 Nodal Power Balance
7.2.1 First Derivatives
Lx(X,\p)=fx+ N Gx+pu Hx (237)
L(X, A p) = GT(X) (238)
L(X, A\ 1) = HT(X) (239)
where
r{G5%} 0 O R{GE} R{Gy} -C, 0 00
Gx=|S{G%} 0 0| =| Gy} S{G5p 0 —-C, 00 (240)
Ap Ap
and
H, 0 0 H, H, 0 0 0 0
Hx=|H, 0 O0|=|Hy H, 0 00O (241)
A[ AI
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7.2 Nodal Power Balance

7.2.2 Second Derivatives

Lxx(X, A\ p) = fxx +Gxx(\) + Hxx (1)

where
%{G}X()‘P)}—I_%{G}X()‘Q)} 00
Gxx(\) = 0 00
0 00
([ Goe(A\r) G&y(Ap) 0 0 0 0]
So(Ar) Gin(Ap) 0 0 0 0
R 0 0 0 0 OO
0 0 0 0 OO
0 0 0 0 OO
| o 0 0000,
([ Gee(Ag) Gayv(rg) 0 0 0 0
ve(Ag) Giv(rg) 0 0 0 O
LG 0 0 0 00O
0 0 00 0O
0 0 00 0O
| o 0 000 0]
and
HXX(Nf) + Hyx(pe) 00
Hxx(p) = 0 0 0
I 0 00
Hao(pyp) + Hoe (1)  Hey(py) + Héy(p) 0 0
Hipo(py) + Hyg(pe)  Hin(py) + Hyny(pe) 0 0
B 0 0 00
B 0 0 00
0 0 0 0
0 0 00
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(242)

(243)

(244)
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8 REVISION HISTORY

Revision History

Revision 5 (April 2, 2018) — Added References section and mention of MAT-
POWER Technical Note 3 and MATPOWER Technical Note 4. Updated some
ETEX syntax for consistency across MATPOWER Tech Notes 2, 3, and 4. Also,
the following notation changes were made to allow U and W to be used for
cartesian coordinates in MATPOWER Technical Note 4: v — @, U — U,
W — W.

Revision 4 (January 22, 2018) — Clarified second derivative notation in (6)
and (7) to make explicit that, even if input argument is a function of X, X is a
constant in the context of the derivative. Added this revision history section.
Thanks to Baljinnyam Sereeter.

Revision 3 (September 25, 2017) — Corrected I"™” to [I™"] in (50). Thanks
to Salman Zaferanlouer.

Revision 2 (March 14, 2011) — Corrected dimensions (transpose mistake)
in the first derivative of the Lagrangian expression in (237). Thanks to Ali
Mehrizi-Sani.

Revision 1 (February 24, 2010) — Swapped g and h (and G and H) in notation
to match convention used in previous publications. Published as “M ATPOWER
Technical Note 27.

Initial draft (February 29, 2008)
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