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1 NOTATION

1 Notation

ny, ng,ny  number of buses, generators, branches, respectively

lvi, 0; bus voltage magnitude and angle at bus 4

v; complex bus voltage at bus 7, that is |v;|e/%

V,0 ny X 1 vectors of bus voltage magnitudes and angles

V, A ny X 1 vector of complex bus voltages v; and their inverses Ui

Ibus ny X 1 vector of complex bus current injections

VK n; X 1 vectors of complex branch current injections, from and to ends
Gbus ny X 1 vector of complex bus power injections

St st n; X 1 vectors of complex branch power flows, from and to ends
Sy ng X 1 vector of generator complex power injections

P.Q real and reactive power flows/injections, S = P + jQ

M, N real and imaginary parts of current flows/injections, I = M + jN
Yius ny X ny system bus admittance matrix

Yy, Yy n; X ny, system branch admittance matrices, from and to ends

Cy ny X ng generator connection matrix

(i, 7)™ element is 1 if generator j is located at bus 7, 0 otherwise

Cy, Cy n; X ny, branch connection matrices, from and to ends,
(i,7)" element is 1 if from end, or to end, respectively, of branch i is
connected to bus 7, 0 otherwise

[4] diagonal matrix with vector A on the diagonal

AT (non-conjugate) transpose of matrix A

A* complex conjugate of A

Ab matrix exponent for matrix A, or element-wise exponent for vector A
1,,[1,]  n x 1 vector of all ones, n x n identity matrix

0 appropriately-sized vector or matrix of all zeros



2 INTRODUCTION

2 Introduction

This document is a supplement to MATPOWER Technical Note 2 “AC Power Flows,
Generalized OPF Costs and their Derivatives using Complex Matrix Notation” [1],
adding formulas for full nodal current balance, including injections from generators
and loads. MATPOWER Technical Note 4 [2] presents formulas for variations based
on a cartesian coordinate representation of bus voltages.

The purpose of these documents is to show how the AC power balance and flow
equations used in power flow and optimal power flow computations can be expressed
in terms of complex matrices, and how their first and second derivatives can be
computed efficiently using complex sparse matrix manipulations. The relevant code
in MATPOWER [3,4] is based on the formulas found in these three notes.

We will be looking at complex functions of the real valued vector

©
V
X = Pg (1)
Qg
For a complex scalar function f: R™ — C of a real vector X = [ r1 Tog o Xp }T,
we use the following notation for the first derivatives (transpose of the gradient)
of of  of of
fX:ﬁ:[a_:m Bay %]' (2)
The matrix of second partial derivatives, the Hessian of f, is
orf .. _9F
82 a 0 T 890% leaxn
fXX:a—XfQZG—X(a—)];> = : : (3)
o’%f ... 9f
Oxn0x1 ox2

For a complex vector function F': R — C™ of a vector X, where

FX)=[ A(X) f(X) - fu(X) ], (4)

the first derivatives form the Jacobian matrix, where row ¢ is the transpose of the
gradient of f;.

Oh ... 2A
@F 8901 8xn
Fx = X ST (5)
Ofm .. Ofm
ox1 0y
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3 VOLTAGES

In these derivations, the full 3-dimensional set of second partial derivatives of F' will
not be computed. Instead a matrix of partial derivatives will be formed by computing
the Jacobian of the vector function obtained by multiplying the transpose of the
Jacobian of F' by a constant vector A, using the following notation.

Fxx(a) = (aix (FXT)\))

Just to clarify the notation, if Y and Z are subvectors of X, then

Fra(o) = (5 (™)

One common operation encountered in these derivations is the element-wise mul-
tiplication of a vector A by a vector B to form a new vector C' of the same dimension,
which can be expressed in either of the following forms

(6)

A=«

(7)

A=«

C=[A]B=[B]A (8)
It is useful to note that the derivative of such a vector can be calculated by the chain
rule as 90 9B 94
CX:a—X:[A]a—XJr[B]a—X:[A]BXJr[B]AX (9)
3 Voltages

3.1 Bus Voltages

See the corresponding section in MATPOWER Technical Note 2. Consider also the
vector of inverses of bus voltages %, denoted by A. Note that

11 yle
P T TN e e (10)
A=v7i=]) v (11)
3.1.1 First Derivatives
Ao = 56 = V™ Vo=—j[V] =—j[A] (12)
oA _ o _
AV:W:_M W=V == A (13)
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4 BUS INJECTIONS

4 Bus Injections

4.1 Complex Current Injections

Consider the complex current balance equation, G¢(X) = 0, where
GC(X) — Ibus + ]dg
and

Ibus — Ybusv
[ =[S, — C,8,) A"

4.1.1 First Derivatives

us ajbus us us
];:aX:[Jg I3 0 0]
orvys oV
[bus:_:Yus_: YUSV
o a@ b a@ J v [ ]
" 8[bus aV _
1 = T = Yo s = Yous VI V™' = Vi [
dg
1% = _%]X = | I& 1 Il‘f;z [gi
dg a[dg . * *
Iy = 90 J[Sa = CgSy]" [A]
dg a]dg * —1 *
Ly = B, = —[Sd - Cgsg] [V] [A ]
oI%
dg __ _ *
ng— ap, =—[A]C,
oI1%
dg s *
Qg—an_j[A]Cg

(20)

(21)

(22)

(23)

(24)



4.1 Complex Current Injections

C _
Gp, =

Cc —
Go, =

4.1.2 Second Derivatives

0X
0G*
00
0G*
2%
oG*
0P,

oG
0Q,

I¥% )

=[5 6 G, Gy,

=18 =~ [VG,

=1y =j[N]C,

I35\ 183N
LSRN Ly ()
0 0
0 0

(=R e B e B )
o oo

el en R e B e}

= I8 + I = j (Yous [V] + [Sa — CyS,]" [A7])

= [+ I = Yous [E] = [Sa — CySy]" V] 71 [A7]

o o oo

4 BUS INJECTIONS

(25)

(26)

(27)

(28)

(30)

(31)



4.1 Complex Current Injections 4 BUS INJECTIONS

LS = % (5="2) (38)
= % ([E] Yous' A) (39)
— [You"A] Eo (40)
= [Yous" A [E] (41)
=C (42)
1850 = o (18773 (43)
= % (7 V] Yous' \) (44)
=] [YbusTA} W (45)
= j [Yous' ] [E] (46)
=T\ =C (47)
B = o (15773 (15)
= 2 ()% (19)
[YbusT)‘} EV (50)
=0 (51)
1) = o (18T (52
[ 186 IS 155N g, (V)
| e BRON) B Iy, (V) (53)
Ige(\) TEy(\) 0 0
| IF (N IFL(N) 0 0
[ -G —jH —jKT KT
—jH 2DH LT LT
|k £ o o (54)
| K —jL 0 0

8



4.1 Complex Current Injections 4 BUS INJECTIONS

10 = o (187)) (55)
J . ‘ iy
= 96 (j[Sa — CgSg] [A*]A) (56)
- j[sd - Cgsg]* P‘] Ag (57)
= —[Sa = CySg]" AN [A] (58)
=G (59)
d 0 dgT
160 = 55 (1772 (60)
0 * 1yy1—1
= 90 (_[Sd CoSel" V] A ]/\) (61)
= —[Sa— CyS," N V7" A (62)
= —j[Sa— CyS, " N V] [A] (63)
= —jH (64)
1) = s (187 (65)
0 T As
=75 (=0 A1) (66)
=—C," [N AS (67)
= —jCy" [N[A'] (68)
= —jk (69)
d 0 dg T
1560 = 55 (1) (70)
- % (iC,T AN (71)
=jCy" [NAG (72)
= —Cy" [N[A] (73)
- K (74)
o = o (187 (75)



4.1 Complex Current Injections

dg
I VY

(A) =

0
)

(4[Sa =

= jlSa = CuS) A
—jlSa = CyS, W VI [A]
= I} (V) = —jH

%’I@%’I@

—[S4— C,S,J" (
—[S4 — C, S, [N (

(#7)

(=[Sa — CyS,)"

VI (

ﬂ& CyS, I [N V]2 A

=2DH

I,(\) = z;% ("))
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CyS,)" [A]N)

VT AN

4 BUS INJECTIONS

(76)
(77)
(78)
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4.1 Complex Current Injections 4 BUS INJECTIONS

12, () = o (17 (96)
= 8_Pg (j[Sd - CgSg]* [A*] /\) (97)
= - IVIC, (98)
=187, (\) = —jKT (99)

d 0 daT
15,0 = 5 (13) (100)
- 57 (150 G817 V) (101)
= VT ING, (102)
= I, () =L (103)

d 0 daT
18,0 = 55 (1@9 )\) (104)
- 57 15— Gy, ) (105)
= -~ G, (106)
=19, (0) = KT (107)

d 0 daT
o, =50 (157"2) (108)
- 5 (15— Gy T W) (109)
= i M NG, (110)
=1, () = —jiLT (111)

I

Gix(V) = 55 (G5 ") (112)

11



4.1 Complex Current Injections 4 BUS INJECTIONS

Goo() Goy(\) Gop(\) Gog,(V

| Ge) G GEa () Gio () s
GholN) Ghy(h) 0 0
Go0(N) GHy(N) O 0

= IR0 + T () (114)

B-G C—jH —jKT —-KT
C—jH 2DH LT —jL7
- —j;C c 0 ]0 (115)

K —jL 0 0

Computational savings can be achieved by storing and reusing certain interme-
diate terms during the computation of these second derivatives, as follows:

A = [Vius"A] (116)
B=—-A[V] (117)
C=jA[E) (118)
D=V (119)

& =[AJ[A7] (120)

F =[S C,S,)" (121)
G=EF (122)

H = DG (123)
K=0C,"¢ (124)

L =KD (125)
Gie(N\) =B -G (126)
ve(A) =C—jH (127)
Gpe(N) = —jK (128)
GH,e(N) =—K (129)
GSp(\) = 2DH (130)
Gpy(A\) =L (131)
Gov(N) =—iL (132)
Goy(N) = Gre(N) (133)
Gop,(\) = G o' (N) (134)



4.2  Complex Power Injections 7 LAGRANGIAN OF THE AC OPF

Gop,(A) = G (A)

%Qg()‘): CQgeT()‘)
ba,(N) = Go,v' (V)

4.2 Complex Power Injections

See the corresponding section in MATPOWER. Technical Note 2.

5 Branch Flows

See the corresponding section in MATPOWER. Technical Note 2.

6 Generalized AC OPF Costs

Let X be defined as in MATPOWER Technical Note 2

C]
1%
Pg
Qg
Y
Z

(135)
(136)
(137)

(138)

where Y is the n, x 1 vector of cost variables associated with piecewise linear generator
costs and Z is an n, x 1 vector of additional linearly constrained user variables.
See the corresponding section in MATPOWER Technical Note 2 for additional

details.

7 Lagrangian of the AC OPF

Consider the following AC OPF problem formulation, where X is defined as in (138),
f is the generalized cost function described above, and X represents the reduced form

of X, consisting of only ©, V, P, and @)y, without ¥ and Z.

min f(X)
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7.1 Nodal Current Balance 7 LAGRANGIAN OF THE AC OPF

subject to
G(X)=0 (140)
H(X)<0 (141)
where
R{G(X)}
G(X) = | S{G(X)} (142)
ApX — Bg
and
HY(x)
H(X) = H'(X) (143)
| ArX — By
Partitioning the corresponding multipliers A and p similarly,
Ay ] Ff
AE | fh1
the Lagrangian for this problem can be written as
LIX, 1) = f(X)+ATG(X) + p" H(X) (145)
7.1 Nodal Current Balance
7.1.1 First Derivatives
Lx(X, M\ pu)=fx+ANGx+p"Hy (146)
LA(X, A\ 1) = GT(X) (147)
LX) = HT(X) (148)
where
®{G%} 0 O R{GsT R{GS$} %{G%g} &E{G"’QQ} 00
Gx= | 9{G5} 0 0| = | S{Ge} (G5} ${Gh) S{Gh} 0 0
AE AE
(149)
and
H, 0 0 H) H, 0 0 0 0
Hx=|H, 0 O0|=|Hy H, 0 00O (150)
Ap Ap
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7.2 Nodal Power Balance 7 LAGRANGIAN OF THE AC OPF

7.1.2 Second Derivatives

Lxx (X, \p) = fxx +Gxx(A) + Hxx (1) (151)
where
R{Gyx (M)} +S{Gex(AN)} 0 0
Gxx(A) = 0 00 (152)
0 0 0
([ Goo(An)  Gov(Am) Gop,(An) Gog,(An) 0 07)
ve(Au)  GHhy(Am)  GHp, (Am) G, (Am) 0 0
5l | GreAm) Ghy(Au) 0 0 00
9,0(M) G v(An) 0 0 00
0 0 0 0 0 0
(L 0 0 0 0 0 0]
([ Goo(An) Gév(An) Gép,(An) Gog,(Av) 0 0 7))
ve ()‘N) G%v ()\N) G%Pg O‘N) G%Qg ()‘N> 00
G o) Goyu(Ay) 0 0O 00
+ 3 Pq® PeV 153
belw) Goy(v) 0 o oo 1Y
0 0 0 0 0 0
(L 0 0 0 0 0 0 )
and
[ Hffx(ﬂf) + Hyx() 0 0
Hxx(p) = 0 00 (154)
] 0 00
[ Hé@(,uf) + Hge (11t) Hév(ﬂf) + Héy(e) 0 0 0 0]
Hye(py) + Hyg () Hyy(pig) + Hyp(e) 0 0 0 0
0 0 0 0 OO
= 1
0 0 0 0 OO ( 55)
0 0 0 00O
i 0 0 000 O]

7.2 Nodal Power Balance

See the corresponding section in MATPOWER. Technical Note 2.
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