DrHaHCOBBIN YHUBEPCUTET
Ipu nnpasuTeabCcTBe Poccmiickoi Peaepanmn

[Ilampaesa
Bukropusi BukroposHa

KaHAMAQT Cl)MSMKO-MaTeMaTquCKMX HAVYK,

AOLIeHT Kade APl
MaTeMaTNKN U aHaAM3a AaHHBIX



Teopusa BEepoOATHOCTEU U
MaTemaTU4yecKana CTaTUCTUKA

HAMPAB/IEHUE NOATOTOBKMW: «lMpuknagHan
matematmka - NMi»

KBAJIMGUKALIUA (CTEMEHD): 6akanasp



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 3. UrpanbHaa Koctb 1 29 moHeT noabpacbiBatOTCA A0 TEX
nop, NoOKa B o4yepeaHom HpocKke He Bbinaaetr poBHO 7 “opnos”.
[yctb S — CcymmapHOEe 4YMCNO OYKOB, BbINABLIMX Ha UrpasibHOM
KOCTM nNpun Bcex bpocKkax. Hangure:

1) matemaTnyeckoe oxuganue E(S);

2) CTaHAAPTHOE OTKNOHEHMUE J.

PeweHue.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 4. UmeeTtca 12 urpanbHbIX KOCTEN.
B nepsbi pa3 bpocatoTcsa Bce urpanbHble KOCTU, BO BTOPOU pa3 —
TONIbKO Te, Ha KOTOPbIX B MEPBbIM pPa3 BbINaj0 YETHOE YUCNO

O4KoB. MycTb S — cymma O4KOB Npu BTOpom BpocKe.
Hangute E(S) nuVar(S).

PeweHue.



ANCKpeTHble cayvyaiiHble BEKTOPbI

KoBapumaumen c.B. X wu Y HasbiBaeTca maTemaTmyeckoe
OX¥MaaHMe npousBedeHna OTKAoHeHMn X mn Y  oT  wux
MATEMATUUYECKUX OXKMNAAHUN:

Cov(X,Y) = E[(X —EX)(Y —E(Y)].




ANCKpeTHble cayvyaiiHble BEKTOPbI

CsoucrBa KoBapmnaumm c.s. X nY :
1.Cov(X,Y) = E(XY)—E(X)-E(Y).
2. Echm X n'Y Hesasucumel, Cov(X,Y) = 0.
3.Cov(X,Y) = Cov(Y,X)
4. Cov(aX + b,cY +d) = ac-Cov(X,Y),echva,b,c,d —
KOHCTAHTbI.

5.Cov(X+Y,Z) =Cov(X,Z) + Cov(Y,Z).

6. Cov(X,X) =Var((X)



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHOUM KoBapuauumen c.B. X M Y OTHOCUTENbHO C.B. Z
Ha3blBaeTcA C.B.

Cov(X,Y |Z) = E[(X —EX |2)(Y —E(Y |2)|Z].

CeoiicTsa:

1. Cov(X,Y|2) = E(XY [2)-E(X |2) ‘E(Y |2).

2. Cov(X ,E(Y |X)) = Cov(X,Y).

3. Cov(X ,Y ) = E[Cov(X .Y |2)]+Cov(E(X |2).E(Y |2)) -

dopmyna nonHom Kosapmauuu.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep. Jano P(X =30) =0,9, P(X=60) =0,1,
E(Y | X=30)=3uE(Y |X=60)=2
Hangute Cov(X ,Y )wn Var|E(Y |X)].

PeweHue.



ANCKpeTHble cay4vyaiiHble BEeKTOpbI

KoadppunumeHT Koppenayum



ANCKpeTHble cayvyaiiHble BEKTOPbI

KoadpuumeHtom Koppenaumm cnydyamHbix BenmumH X u Y

Ha3blBaeTCA BE/IMYMHA
Cov(X,Y)

Ox Oy

Pxy



ANCKpeTHble cayvyaiiHble BEKTOPbI

Ceoucrea KoadppuumueHTa Koppenayum
1. Pxy = Pyx-
2. |pxy| < 1 ana nobbix cnyvanHbix BennunH X n'Y.
3. pxy = 0 ANA HE3ABUCMMbIX C/TY4aWHbIX BEANUYNH X N Y.
4. Echm X n Y cBA3aHbl IMHEMHOM 3aBUCUMOCTbIO, TO €CTb
Y =a+ bX, b # 0,

TO |pxy| = 1, npuuém py, = 1npu b > 0, pyyy, = =1 npn b < 0.

5. Ecm |pyy| =1, TO cnyyarHble BesnumHbl X 1 Y cBA3aHbI
NNHENHOWN 3aBUCUMOCTBIO.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 1. PacnpeaeneHune cnyyanHoro sBektopa (X,Y) 3apaetcs
Tabnanuen:.

X=0 X=1

Y=0 | -1/3+(2/3)a 2/3-(2/3)at

Y=1 | 2/3-(2/3)a (2/3)a

Hangute 3HadyeHue napameTpa o NPU KOTOPOM KO3IPPUUMEHT
Koppensaumumn mexay X uY pasen -1/4.

PeweHue.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 2. PacnpeaeneHune cnyyanHoro sBektopa (X,Y) 3apaetcs
Tabnanuen:.

Y=0 Y=1 Y=3
X=0| 0,15 0,05 0,3
X=-1 0 0,15 0,1
X=-2| 0,15 0 0,1

Hanpute KoaddurumeHT Koppenaumm p,,, U pyHKUUIO perpeccumn X
Ha Y.

PeweHue.

YcnoBHoe matematuueckoe oxugavuve E(X |Y = y), kak dyHKUMA OT y HasbiBaeTcH
¢yHKkumed perpeccum X Ha Y, 10 ectb g(y) =EX|Y = y) - dyHKumA
perpeccun X Ha'Y.



ANCKpeTHble cay4vyaiiHble BEeKTOpbI

KoppenaynoHHoe OoTHOLWEeHue



ANCKpeTHble cayvyaiiHble BEKTOPbI

KoppenaunMoHHoe OTHOWeHMUe Ny y BBOAUTCA Ha OCHOBe

YC/IOBHOTO MaTematmyeckoro oxuganua E(X|Y) wn ycnosHom
ancnepcemn Var(X|Y).



EMCKEETHbIe Cl'lx'-laﬁHble BEKTOpbI

Ona cnyd4anHbix BeanunH X mn Y KoppenauumoHHoe
oTHoweHue X Ha Y 3apaetca dopmynou

_o(E(X|Y))
Nx|y = o(X)

roe o(.) — CTaHA4APTHOE OTK/JIOHEHME.

3aMeTUM, 4YTO BO MHOTUX CNydaAax y,u,o6Hee MmeTb pAesio C
KBa4patom KoppenraunmoHHOIro otTHoWweHUA

,  Var(EX|Y))
Txiy = Var(X)

KOTOPbIM Ha3bIiBatOT KO3 PULMEHTOM AeTepMUHALUN.



ANCKpeTHble cayvyaiiHble BEKTOPbI

CBoicTBa KOppensauuoHHOro OTHOLEHUs

1.0 < nxgy =1.

2. M%)y = 0, ecam X n'Y — HesaBuCHMble cyYariHble OTHOLLEHUS.
3. 0%y = 1, ecan X — dyHkumna ot Y, X = @(V).

4. Nxyy = |pX,y|, rae px y - KoapduumeHT Koppenaummn X nY.

5. Nxiy = |pxy| B TOM 1 TonbKO B TOM cnyyae, eca HamayTcs

KOHCTaHTbl a@ un [ # 0, Ana KoTopbiX C BeposTHOCTbio 1
BbinonHAeTca cootHoweHune E(X|Y) = a + SY.

3ameuvaHue. CeomctBa 1-3 nNO3BONAOT MWHTEPNPETUPOBATb
KOppeNALUNOHHOE OTHOLLEHWE T) x|y KaK XapaKTEPUCTUKY CTENEHU

dbYHKUMOHanbHOM 3aBnucumoctn X otY.
AHaNoOrMYHO  KOPPENAUMOHHOE OTHOLWEHME Ty|x  MOXHO

TPAKTOBATb KaK «CUAY» PYHKLMOHANbHOMN 3aBUCUMOCTHN Y OT X.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Ecnv, Hanpumep, ny;x = 1, a pxy = 0, TO MOXXHO roBOpUTH O
NosHON PYHKUMOHANbHOU 3aBUCcMMoOCTH Y oT X.

[pn 3TOM XapaKtep 3aBucmmoctn Y ot X asnAeTca, o4eBUAHO,
HEIMHENHbIM, MOCKONbKY px y = 0.

1.0 < nxy <1.

2. M%)y = 0, ecnm X n'Y — HesaBucHMble CnydaiiHble OTHOLIEeHWS.

3.1nxy = 1, ecnn X — dyukuma ot ¥, X = o(Y).

4. nxy 2 |pX,Y|, rae Py y - KoappuumneHT Koppenaumm X n'Y,

5.Mx|y = |px,y| B TOM v TONbKO B TOM Cayyae, eCav HaMAYTCA KOHCTaHTbl a 1 § # 0, aniA
KOTOPbIX C BEPOATHOCTbIO 1 BbinonHsAeTca cooTHoweHue E(X|Y) = a + BY.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep. Pacnpegenenune cnyyarHoro sektopa (X,Y) 3agaetcs
Tabnnuen.

Y=1 Y=2 Y=3
X=0| 0,2 0,2 0,1
X=4| 0,3 0 ?

Hanaute KoapPuumeHT aetepmmHaumm n,zqy.

PeweHue.

,  Var(EX|Y))
XY T T yar(x)




ANCKpeTHble cayvyaiiHble BEKTOPbI

Coenaem pgobaBoyHOe npeanonoKeHue OTHOCUTE/IbHO BUAA
perpeccum.

Mycte @ (x) NUHeWHaa (nuHua perpeccun  rpaduyecku
nsobpaxaetca npsamoit). To ecTb

EY|X =x)=¢x)=ax+b
PaccmoTpum

F(a,b) =Var(Y |X =x) =E[(Y —aX — b)?].

YcnosHoe matemaTuyeckoe oxugaHne E(Y |X = x;) = @(x;), Kak dyHKUMA oT
X; Ha3biBaeTcA pyHKUMEN perpeccumn Y Ha X.



ANCKpeTHble cayvyaiiHble BEKTOPbI

3apayva. Haviti Takue 3HaYeHnsa a u b, Nnpu KoTopbix
F(a,b) =Var(Y |X =x) =E[(Y —aX — b)?]
0OCTUraeT MUMHUMYMa.

PeweHue.

YcnoBHoe matemaTuyeckoe oxugaHne E(Y |X = x;) = @(x;), Kak dyHKLMA OT
X; HasbiBaeTcA PyHKUmen perpeccum Y Ha X.

MycTb @ (x) nNuHenHasa (nMHuA perpeccum rpadmyeckn nsobpaxkaerca npsamoit). To

ecTb
E(Y|X =x)=¢(x) =ax+b.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Oy
a =p(X,Y)U—;
X

b = E[Y] — aE[X] = E[Y] = p(X, Y)Z—;E[X].

MycTtb @ (x) NUHenHaa (NnHUA perpeccum rpadmyeckmn nsobpaxkaertca npamoit). To
ecTb

E(Y|X =x) =¢(x) =ax +b.
3apgaya. HaliTn Takue 3HayeHus a u b, npu KOTopbIx

F(a,b) =Var(Y |X =x) =E[(Y —aX — b)?]

AOCTUTAET MUHUMYMa.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep. PaccmoTpum umHBECTUUMM B [ABa NAKeTa aKUMUM.
Bo3moOXHble AOXOAHOCTMH, BblpaXXeHHble B %, n
COOTBETCTBYHOLME BEPOATHOCTU 3a4aHbl COBMECTHbIM

pacnpeaeneHnem

Y=0% | Y=10%

X=10% | 0,05 0,15

X=15%| 0,25 0,35

X=20%| 0,15 0,05

Hanante amHenHylo perpeccmio Y no x.

PeweHue.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Ba*KHO 3HaTb, KakoB byaeT B cpeaHEemM NOPAAOK OTKJIOHEHWUM
3HAaYEeHUWN CIYy4aMHOW BENNYUHBLI Y OT IMHENHOWU perpeccun.

[pyrumu cnoBamm, KakoBa owMbKa npubaunkeHus.

B KayectBe Mepbl 3TOM OWMOKM MUCNONb3YeTCA YCNOBHaA
aucnepcusa

Var(X|Y)=E(X2|Y)-E(X|Y)>.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Ona ynpoweHna ganbHeuwWmnx BbIYMUCAEHNN NPEANO/IOKUM, YTO
BeNMNUMHbI X N Y LUeHTpupoBaHsbl, TO €CTb

3TO PaBHOCW/IbHO TOMY, YTO Ha4yas0 KoOpAMHAT CMellaeTca B
Touky (E[X]; E[Y]), wnn npoussogmtca 3ameHa



ANCKpeTHble cayvyaiiHble BEKTOPbI

F(a,b) =Var(Y |X =x) =E[(Y —aX —b)*] =
= E[Y? 4+ a*X? + b* — 2aXY — 2bY + 2abX]| =
= E[Y?] — 2aE[XY] + a?E[X?] =
= Var[Y] — 2aCov(X,Y) + a?Var[X] =
= of — 2ap(X,Y)oyoy + a’0f =

= (aoy — oyp(X,Y))? + (1 — p2(X,Y))oy =

= (1-p?X,Y))a?.

a=pX, Y)Z—;; b = E[Y] — aE[X] = E[Y] - p(X, Y)Z—XE[X].




Yactb 1 — Teopusa sepoatHocTeun
Pa3saen 2 — Matematnyeckana CTaTUCTUKA

A6conoTHO-HenpepbiBHbIE c/lyYyaiiHble Be/IMYUHDI

YcnoBHble pacnpegeneHusa n ycioBHbIe NJIOTHOCTH.

YcnoBHOE maTtemaTUyecKoe OXKMnaaHue U ero CBOMCTBA.

dopmyna NOAHONO MaTeEMATUYECKOTO OXKMAAHUA.

YcnoBHaAa agucnepcus.

dopmyna NOAHOW AUCNEPCUN.

YcnoBHaA KoBapuauma caydamHblX BeMYMH X U Y OTHOCUTENBHO
C/Iy4aNHOMU BEINYNHDI Z.

dopmyna NONHOW KOBapHaLUM.

PacnpeaeneHne QyHKUUM OT C/AYYaWHbIX BEJIMMUH U BEKTOPOB C
abCoNOTHO-HENPEPbIBHbIM pacnpeaeneHuUem.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

A6CONIOTHO HenpepbiBHbIE C/IyYalHble BEKTOPbI

CnyyanHbin  Bektop (X,Y) HasbiBaeTca abconoTHO
HenpepbIiBHbIM, €CAIW  Hangetca HeoTpuuatenbHasa @QyHKUMA
fxy(x,¥y), Ha3biBaemaa NNOTHOCTbIO pacnpepeneHus, Takas, 4To
ana nmoboro mHoxectBa G < R?, KOoTopoe MOMET CAYXWUTb
061aCcTbl0  MHTErpUpPoOBaHUA, BEPOATHOCTb MOMAZAAHUA TOYKM

(X,Y) B G HaxoguTtca no dopmyne

P((X,Y) €G) = [[ £ (x, y)dxdy.




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

RE Jxr(X.)

P((X,Y) €G) = [ £ (x, y)dxdy.




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Echv (X,Y) — abconioTHO HenpepbiBHbIN CAyYaHbINA
BEKTOpP, TO BEPOATHOCTb Nonaaanua Touku (X, Y) B kakyto anmbo
NnMHMIO (rpaduK HenpepbiBHOM PYHKUMM) paBHa 0.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

dyHKUMA pacnpeneneHus
Fuy(Xy)=P(X <x,Y <y)
abcontoTHO HenpepbiBHOTO cAy4yanHoro BEeKTOopa

(X,Y) aBnAaetca HenpepbiIBHOM M MOXET ObiTb NpeacTaBieHa B
BMAe HecobCTBEHHOro UHTerpana

Fey(x,y) = j Fuy(s Ddsdt.

S<X,t<y




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[eomeTpuyeckn z = fyy(x,y) — 3T0 HeKoTOpas MOBEPXHOCTb
pacnpeaeneHus, oHa aHanOrMYHa KPUBOW pacnpegeneHua ana
OAHOMEPHOMN CIY4aNHOW BEUYUHDI.

AHaNOrMYHO MOXKHO BBECTU MOHATUE 3SNeMeHTa BEPOATHOCTHU
fX,Y(S' t)det .

. %

0 X x+AY




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CsoiicTBa N/IOTHOCTU pacnpeaeneHuns

1. fxy(x,¥) = 0.

+00 +00

2. | [ fxy (6 y)dxdy =1
0°Fy v (X, Y)
OXOY

B KaX40M TOuKe HenpepbIBHOCTU fy v (X,¥).

3. fX,Y (X1 Y) —



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpeaononosum, 4YTo caydarHaa X BeAMUMHA C
BEPOATHOCTbIO 1 npuHMMaeT 3HayeHMA B npomexxkytke X,
P(XeX)=1,a Y-snpomexytke Y,P(Y € Y) = 1.

Mycte X X Y — pekapToBo npounsBeaeHne NPOMENKYTKOB
Xnty.

Mpeanonoxum, 4yto cayyanHolt Bektop (X,Y) umeer
NAOTHOCTb fx v (X, Y), paBHylo Hynto BHe obnactn X X Y.

fX,Y(x)) = 0.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

KomnoHeHTbl X, Y abcontoTHO HenpepbiBHOrO CAy4YamMHOro
BeKTopa (X, Y) Takxke asnaoTca abconoTHO HenpepbiBHbIMM.

X NnNOTHOCTH BEPOATHOCTU MOXHO 3a4adTb COOTHOLWEHNAMMU.

fe () = f far G y)dy,
X

fry) = f fxy(x,y)dx.
Y

[MpeanonoXmm, 4to cnydamHasa X BenmMymMHa C BEPOATHOCTbIO 1 NpMHUMaAET 3HauYeHuA B
npomexytke X, P(X € X) = 1,a Y — B npomexxytke Y,P(Y € Y) = 1.
Myctb X X Y — pekapTtoBo npounssegeHue npomexxkytkos X u Y.
Mpeanonosxkmm, uTo caydaHbin  Bektop (X,Y) MMeeT MAOTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X Y.

fX,Y(xr) = 0.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

HakoHeu, NPeano/IOXUM, 4yTo Y nmeet
NO/IOXKUTENbHYIO NNOTHOCTb

) >0, yeTY.

[MlocnegHee ycnosme NO3BONAET NO aHaNOrMMU C
YCNIOBHOW BEPOATHOCTbIO ONpeaeninTb YCNOBHYH MJIOTHOCTb
pacnpeaeneHna X npu ycnosuun, 4to Y NpuHANQ 3HadYeHue

yETY:

_ fX,Y(ny)
fxiy(xly) = () (x,y) EX X V.

AHanorn4yHo onpeaensaeTca

(%)
Frix(la) = 205X (0 vy e x x .
fx(x)



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

BepoATHOCTb nonagaHMA B NPAMOYFONbHUK  [BYMEPHOWM
cnydanHom sBennuuHebl (X, Y) Bbluncnaerca chegyrowmm obpasom:

Pla<X<bhc<Y<d)=

— FX,Y(bJ d) o FX,Y(a) d) _(FX,Y (b) C) _ FX,Y(a) C))

[na HenpepbiBHOM C/AYYAaWUHOWU BeNMUUHDLI BEPOATHOCTb
nonazaHmnA c/ly4aMHOro BEKTopa B NPAMOYIO/IbHUK MOKET ObITb
BbluMCIEHA NO popmyne:

Pla<X<bc<Y<d)-= f: fcde’y(x,y)dxdy




Ab6CconoTHO-HenpepbIBHbIE CIYy4aUHble BEKTOpbI

Ecom B8  Pla<X<bhbc<Y<d-= f; fcde,Y(x,y)dxdy
nepenTn K npegeny a - —oo,b — co,c - —oo,d — o, TO

foo jo Sy xy)ydxdy =1

— 00 —O0O

P( a<< X< b,C <Y< d) - FX,Y(b’ d) - ijy(a, d) _(FX,Y (b, C) — FX,y(a, C))




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

3aBucumblie U He3aBUCUMbIe Cﬂy‘-laﬁHble BE€/INYUHDI

BennunHa X He3aBucuma OT BeNUYMHBI Y, ecnin ee 3aKoH
pacnpeaeneHnsa He 3aBUCUT OT TOro, KaKoe 3HaYeHue NPUHANA
BE/INYUHDbI Y.

na HE3aBUCUMDbIX BENNYUNH BbIMO/NHAETCA cneayrowmne
cooTHOWwEeHHA, T. e. KPUTEPUN HE3ABNCUMOCTN.

1)F(x,y) =PX<x,Y<y)=PX<x)P(Y <y) =
=Fxy (0)Fy(y),V x,y;
2) ana HenpepbiBHbIX - [ (x,y) = fx (X)) fy (¥),V x,y;



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

B Ttom Cnydae, eCnm KpUtTepum He BbIMONHAKTCA XOTA 6bl B
O,EI,HOVI TO4YKe, Be/IM4YNHDbI X nY asnatotca 3aBUCMMbIMM.

Ona He3aBUCUMBIX BENUUYUH ABYXMepHble GOPMbl 3aKOHaA
pacnpeaeneHna He coaeprkaT HWUKAKOWM AOMNOAHUTENIbHOU
MHbopmaunmn, Kpome TOM, KOTOpasa COAEPKUTCA B ABYX
O4HOMEPHbIX 3aKOHaX.

Takmum obpasom, B cayvyae 3aBUCMMOCTU BenndmH X un Y,
nepexon OT ABYX OAHOMEPHbLIX 3aKOHOB K ABYXMeEpPHOMY
3aKOHY OCYLLECTBUTb HEBO3MOXHO.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Echnm cnyyanHbie BennuuHbl X, Y He3aBUCUMDbI, TO
YC/I0BHbIE NJIOTHOCTU PaBHbl 6e3ycN0BHbIM

fxly) = fx(x), flx) = ().



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. MycTb ABYyMepHaa caydaiiHan BeiMumnHa umeet GYHKLUMIO

nnoTtHoctu f(x,y) = x + y, cocpeaoToYeHHan B KBagpaTe
0<x<10<y<1.

HaliTu yC/noOBHble NNOTHOCTM W NPOBEPUTbL HE3aBUCMMOCTb

C/ly4auHbIX BennunH X, Y .

PeweHue.

fx(x) = f_oooo fX,Y(xr y)dy, fy(y) = f_oooo fX,Y(x: y)dx,

_fxy) _ Sy




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Yncnosble XapaKTepUCTUKMN abCONOTHO-HENPEPbIBHOTO
CNIY4aMHOro BeKTopa



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Matematuyeckoe oxxupgaHume OGYHKUMKUM CAYYarHOrO BEKTOPA
BbluMcaAeTcs no popmyne:

+00 400

Elp(x, V)= | [ (%, y) fxy (X, y)dxdy

OT KOMIMOHEHT
E[X]= [ [ xfx(x,y)dxdy, E[Y]= [ [y f,(x, y)dxdy,

eC/I1 TO/IbKO MHTEerpasibl B NpaBoi YacT abcontoTHO CXOAATCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Aucnepcua oT KOMMNOHEHT

+00 +00 +00 +00

D[X]= [ [ (x=my)*f, (x,y)dxdy, D[Y]= [ | (y—m,)* f, (x, y)dxdy,

—00 —00 —00 —00

eC/1 TO/IbKO MHTEerpasibl B NpaBoi YacT abcontoTHO CXoaATCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[TOHATUE YCNOBHONO MAaTEMATUYECKOTrO OXKUAAHUA
MOXHO pPacnpocTpaHUTb Ha abCoNoTHO HenpepbiBHbIE
CNlYYaMHble BEJIMMUHLI, MPU ISTOM COXPAHAKTCA  BCe
nepeyncsieHHble CBOMCTBA, KOTOpble HamMum Oblin BBEAEHDI
ANA ANCKPETHOro Cay4alHOro BeKTopa.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[TyCcTb Ha OAHOM U TOM e NPOCTPAHCTBE 3/IEMEHTAPHbIX
cobbitn )  3a4aHbl  aABe  aAbCONOTHO HenpepbiBHbIE
Cly4yainHble BeNIMYUHbI X 1 Y.

YcnoBHbIM 3aKOHOM pacnpegeneHuna cnyvyanHou
BeAnunHbl X Npu ycnoBmn Y=Y, TaK e KaK M B C/aydvae
AUCKPETHbIX CAy4YaMHbIX Be/lUMYMH, Ha3biBaeTca Atoboe
COOTHOLWIEHWe, CTaBAllee B  COOTBETCTBME  3HAYEHUAM
C/IYy4AaMHOWN BE/IMYUHBLI X YCNOBHblE BEPOATHOCTU UX MPUHATUA
npu ycnosum Y=Y,



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YCNOBHbIM MaTeMaTUYeCKUM OXugaHuem c.B. X
OTHOcuTeNbHO c.B. Y HasbiBaetcAa c.B. E(X|Y), koTopas
MPUHUMAET 3HaYEeHUE

EX|Y =y)
npnY = y.

YcnoBHoe MaTemaTmnyecKoe OXKnaaHune
E(X|Y = y), Kak ¢yHKUMA OT Yy Ha3biBaeTca ¢YHKUUen
perpeccun X Ha Y.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHOe maTemaTuyecKoe OXKuaaHue HenpepbIBHOMU

CNIYyYaMHOWU BEe/IMYUHDbI NpPU M3BECTHOM Y BblYMCAISETCA NO
dopmyne:

AHaNOrnM4Ho,

— _ _ T . v fX,Y(xiy)
x(y) = EX|Y = y) = L O e ot
— _ _ T . v fX,Y(x'y)
Y@ =EVIX =0 = [ YuOkody = [ y2E ay,

— 00 — 00



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. 3agaHa ABymepHasa caydanHaa BenmumHa (X,Y) c
NNOTHOCTbIO pacnpeaeneHmns

2
fxy(x,y) = 5(235 + ),
mel<x<1 0<y<1

Hanaute dyHKUUto perpeccun Y no x.

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

HecnyyaiHble YCNOBHble YMUCAOBbIE XapaKTepuctukn X
MOYHO MOAYy4YnTb Yepe3 nogxoaswyo GyHKkumo @(x) B BUAE
NHTEerpana

E(p(X) Y =y) = fx o (X) fxy (x]y) dx.

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CnyyaliHble YCNOBHbIE YUC/IOBble XapaKTepUCTUKU X,
No/ly4yatoTcA, €eCcAn 3HavyeHue 7y BblbMpaeTcA CAy4YalHbIM
obpa3om B COOTBETCTBUM C pacnpeseneHnem Y. IT1oT ¢dakT
MOXXHO 3anucaTtb B BUae

E(o(X) |Y) = j o () fry (xIY) dixc.

X

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Takum obpasom, E(@(X) |Y) - cnyyaitHas BennuymHa, Kotopas
Npyv KaXKaomM 371eMeHTapHOM ucxode w € (), npuHumaet

3Ha4yeHune

EOIN@) = [ @COfuy Y (@))dx:

X

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Hanpumep, cany4yanHbiid YCAOBHbIM MOMEHT NopAaKa kK MoXXHO
npeacTaBUTb Kak

E(X*|v) = jx x® fyxy (x|Y) dx.

Echv  ycnosHasa nioTHOCTb fyy coBnagaer ¢ 06bl4HOM

NAOTHOCTbKO HEKOTOPOTO pacnpeaeneHna ,C, TO UCMNOJ/Ib3YETCA

obo3HaveHue
X|Y~ L.

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Hanpumep, ecnn, ckaxkem, Y — nonoxutenbHaa cayvyamHas
BE/IMYMHA, @ YC/IOBHAsA NJIOTHOCTb X UMEET BUA,

, x & [0,y];

0
fX|Y(X|)’) = y = [0, v];

TO roBopumm, 4to X npu ¢PUKCMpPOBAaHHOM Y paBHOMEPHO
pacnpeaeneHa Ha otpeske [0, Y], u ucnonbsyem ob6o3HauveHne

X|Y ~Unif[0, Y].

Ecau YCNOBHAA NNOTHOCTb fX|Y cosnagaetr cC 0bObIYHOM NNOTHOCTbHIO HEKROTOPOro

pacnpegenenua L, To ucnonbayerca ob6o3HaveHne
X|Y~ L.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CnyyanHbin BekTOop (X,Y) HasbiBaeTcA paBHOMEPHO
pacnpepenéHHbim B obnacty G Cc R? , ecnm Aana  Hero
CYLLECTBYET NJIOTHOCTb pacnpeaeneHus snaa

0, (x,y) € G,

D =611 ey e,

rae |G| - nnowaab G.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. [ycTb ABYMepHbIN  caydanHbin  BekTop  (X,Y)
paBHOMEPHO pacnpeaeneH BHyTPU TPeyro/ibH1Ka

A={(x,y):x>0,y>0,x+y <2}

HaliTh  ycnoBHoe  pacnpegeneHMe X U YCNOBHOE
MaTemaTUuyecKoe OXXuaaHue npu ycnosum Y = y.

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHoe matemaTtnyeckoe oxungavune E(X |Y) obnapgaet
cneayrowmmm CBOUCTBaAMM:

1. E(c|Y) = c, roe c- const.

2. E(aX+ b|Y) = aE (X|Y) + b.
.EX+Y|Z)=EX|Z2)+E(Y|Z2).

4. Echn X u Y— He3zasucmmeole c.B., 10 E (X|Y) = E (X).

0. E(p(Y) - X[Y) = @(Y) - E (X]Y).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema. MNyctb Geom(p) - reomeTpUUECKoe pacnpegeneHue,

n € N; Exp(1)- nokasaTenbHoe pacnpegeneHue, c € R, .
Torpa:

1) X~Geom(p) = X — n|X > n ~Geom(p);

2) X~Exp(1) = X —c|X > c ~Exp(A).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. ChyyalHaa  BenMuYMHA  pacnpegeneHa o
nokKasateNibHOMy 3aKoHy, X~FExp(A). Haitm ycnosHoe
MaTemaTuyeckoe oxmnaarue E(X|X > ¢), roe KoHctaHTa ¢ > 0.

PeweHue.

Teopema. Myctb Geom(p) - reomeTpuueckoe pacnpegenenme, n € N; Exp(1)-
nokasaTenbHoe pacnpegeneHue, ¢ € R,.

Torpa:

1) X~Geom(p) = X — n|X > n ~Geom(p);

2) X~Exp(1) = X —c|X > ¢ ~Exp(Q).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema (popmyna NnoIHOro MaTeMaTUUECKOro OXXUaaHUA).

E(X)=E(E(X|Y)).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[MoHATME YCNOBHOM AUCAEPCUN, KaAK U  MNOHATUE
YC/IOBHOTO MaTEMaTUYECKOro OXNAAHUSA, MOXKHO
pacnpocTpaHUTb Ha abCconoTHO HenpepbiBHble CAy4YalHble
BE/IMYUHDbI, MPU 3ITOM NEpPEeYUCNEHHbIE CBOMCTBA TaK¥Xe
COXPaHAOTCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHouM paucnepcnen c.B. X  OTHOCUTENIbHO C.B. Y
Ha3blBaeTcs C. B.

D(X|Y) = E[(X — ECX|V))?|Y],

KoTopaa NnpuHuUmaet 3HadyeHne D(X |Y = y)nputY = y.

[1na HenpepbIBHOrO C1y4anHOro BEKTOpPAa,

DIV = y) = | (o= EQHIY =) oy (xly)dx

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CBoMCTBa YC/IOBHOMU Aucnepcuun
1. D(c|Y)=0.
2. D(aX+b|Y)=a?D(X|Y).
3. D(X|Y)=E(X?|Y)-E(X|Y)>.
4. Ecmu X u Y— ne3aBucumele ¢.B., To0 D(X|Y)=D(X).

5. D(p(Y) X|Y)=¢*(Y)-D(X|Y).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema (popmyna nonHOMU gucnepcun).
D(X) = E[D(X[Y )]+D[E(X [ Y)].

D(Y ) =E[D(Y | X)]+D[E(Y [ X)].



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep 1. EXXegHeBHOE KONMYECTBO MoKynaTtenem marasmHa,
COBEPLUMBLUNX NOKYMKY, ONUCbIBAETCA CAYYaUHOMN BENUYMHON X,
pacnpegeneHHon No 6BUHOMMANBbHOMY 3aKOHY C NapameTpammu
n = 500um p = 0.54. A cymma yeKka (B pybnax) Kaxgoro wm3
NOKynaTesien  OnuUcbiBaeTcA  CAy4YamHOW  BesMYMHOM Y,
pacnpeaeneHHOM MO HOPMANbHOMY 3aKOHY C MnapameTpamu

m = 5500mno = 80.

OueHnte metogom MoHTe-Kapno exeagHeBHYO CcpeaHIoO
BbIPYYKY MarasmHa M ee aucnepcuto. B nons orBeTtoB BBEAUTE
no/siyyeHHble 3HayeHna ana cpegHero (E), aucnepcun (Var) m
CpeaHeKBaApPaTUYECKOro  OTK/IOHeHuAa  (0)  erkeaHeBHOM
BbIPY4YKMW.

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep 2. CpeaHnn yuwepb OT o4HOro NorKapa cocrtaBasaet

3,2 MmnH. pyb. Mpeanonaraetca, 4to yuwepb pacnpeaeneH no

NOKa3aTe/IbHOMY 3aKOHY, a YNC/10 NOXKAPOB 3a rof, - N0 3aKOHY

MyaccoHa. Take wu3BecTHO, 4yto 3a 10 ner B cpeaHem

nponcxoaut 19 norkapos.

Hanaute:

1) maTtemaTuyeckoe OXKuaaHue cymmapHoro yuepba ot Bcex
No*KapoB 3a OAWH roa;

2) cTaHpapTHOE OTKNOHEHMEe CyMMmapHoro yuwepba ot
No*KapoB 3a roa,

PeweHue.



Teopuna BepoOATHOCTEU U
MaTemaTnyeckasa CTaTUCTUKA

KoHel nekuun



