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BannbHo-peATUHroBas cuctema gnAa AUCLUNIUHDI

«Teopml BepOﬂTHOCTEVI N MmatematTnuyecCKkaa CtTatTuCtuKka»

HATMPABNEHUE NOATOTOBKU: «lMpuknagHaa matemaTtuka - NM»

dopma obyveHuna: OyHasn

No Bupa, yuebHoit aeatenbHoCTH bannbi Makcumym
n/n
3a cemecTp
(moaynb)
Mepeana nonoBuHa cemecTpa
MNMocelweHWe U BEOEHWE KOHCNEKTA NEKUWH U CEMWHAPOB 0,25/0,25 1
BbiCcTynneHuWe y AOCKKM MU 3a NPenoasaTebCKMM KOMNbIOTEPOM o= -
(akTMBHOCT) !
3. Boinonnenume 13 0,25/0,25 2
4. AynuTopHasa KoHTponeHaa paboTta (yacTs 1) 0-10 10
5. AynutopHaa KOHTponeHaA paboTta (wacTs 2) 0-5 5
20
Bropaa nonoeuMHa cemecTpa
L MNMocelweHWe U BEOEHWE KOHCNEKTA NEKUWH U CEMWHAPOB 0,25/0,25 1
2. BhiCTynneHWe y AOCKKM WKW 33 NPENOAABATENBCKMM KOMMLIOTEPOM o >
(aKTMBHOCTB) !
3. Boinonxnenwe 3 0,5 2
4. AynuTopHasa KoHTponeHaa paboTta (yacTs 3) 0-15 15
20
Bcero 3a cemectp (Moayns) 40




Yactb 1 — Teopusa sepoatHocTeun
Pa3saen 2 — Matematnyeckana CTaTUCTUKA

CnyyanHble BeKTOpbl. He3aBUMCMMOCTb AUCKPETHbLIX C/IYyY4aNHbIX
BeNnUMH. PyHKUMA pacnpeneneHus c/ly4anHOro BEKTOpa U ee
CBOMCTBA.

PacnpegeneHne AMUCKPETHOrO CAYy4alMHOro BEKTOpa MU ero
KOMMNOHEHT. YucnoBsble XapaKTEPUCTUKU CAY4aWMHOro BeKTOpa.
KoBapuauma n KoapPpuumnmeHT Koppensauunu.

YcnoBHble pacnpeaeneHma n yCaoBHbIe NJOTHOCTW.

YcnoBHOE maTeMaTMYECKOEe OXUaaHUe 1 ero CBOMUCTBA.

dopmyna NOJHOrO MaTEMATUYECKOTO OXKNOAHUA.

YcnosHaa gucnepcua.

dopmyna NnoNHOW AUCNEPCUMN.

YcnoBHaA KoBapuauua cayv4anHbiX BesiMYMH X 1N Y OTHOCUTENbHO
CIY4aNHOWU BENNYNHDI Z.

dopmyna NOSHOW KOBapuauuu



ANCKpeTHble cayvyaiiHble BEKTOPbI

AByxmepHasa cnydyamHan sennumnHa (X,Y) — coBOKynHOCTb ABYX
OAHOMEPHbIX C/Iy4alHbIX BENUYUH, KOTopble MNPUHUMALIOT
3Ha4YeHMsA B pe3y/ibTaTe NpoBeaeHMA O4HOMo U TOro *Ke onbITa.

[1ByxmepHble  C/Ay4YyalHble  BEJNYMHbI  XapaKTepusyroTcs
MHOXeCcTBaMKn 3HauveHun L1y , )y CBOMX KOMMOHEHT WU
COBMECTHbIM (ABYXMepPHbIM) 3aKOHOM pacnpeaeneHus.

3aKOH pacnpegenenua cnydamHoro sektopa (X,Y) (aBymepHowm
C/Iy4anHOM BE/INYUNHDI) Ha3blBAETCH COBMECTHbIM
pacnpegeneHuem c.B. X u Y.

B 3aBuMcMMOCTM OT TuUMa KOMMNOHeHT X, Y pasauyator

AUCKpPEeTHble, HenpepbiBHbIe M CMeLllaHHble [JABYXMEpPHbIe
C/ly4alHble BE/IMYUHDI.



ANCKpeTHble cayvyaiiHble BEKTOPbI

[ByxmepHyto caydamHyto BenmuuHy (X,Y) reometpuuecku
MOXXHO NPeACTaBUTb KaK caydamHyto Touky (X, Y) Ha nnockoctu

x0y nnbo KaK CAy4YamHbIN BEKTOP, HAaNpaB/ieHHbIKM M3 Hayana
KoopAuHar.

(X.Y)




ANCKpeTHble cayvyaiiHble BEKTOPbI

CoBmecTtHOM PYyHKUMEN pacnpepeneHnsa c/y4amHbix BeandmH X
7 Y Nnn ABYMEPHOro C/IY4aNHOrO BEKTOpa
(X,Y) HasoBém d¢yHKUMO aByx aprymeHtoB F(X)y), paBHoOW
BepoATHOCTM cobbiTna {X < X, Y <y}, To ecTh

F(x,y) =P{X <x,Y <y}

3Ta (PYHKUMA Ha3blBaeTca TaKke ABYMepHOU GyHKUMen
pacnpeaeneHus.

YacTHbiMmu dyHKUMAMM pacnpeaeneHna HasbiBaloTCcA GYHKUUMK
pacnpeaeneHmna cocTaBaAaoWmMx X n Y.

Fx(x) m Fy(y).



ANCKpeTHble cayvyaiiHble BEKTOPbI

[eomeTpuyeckn asyxmepHaa GyHKuma pacnpegenenHms F(Xy) -
3TO BEPOATHOCTb nonagaHuma cnayd4amHonm Toukn (X,Y) B
6eCKOHEeYHbIN KBagpaHT C BEPLWMHON B ToUKe (X,)), NexKalien

neBee N HNXe ee.

¥

(x,v)

.

L J

&

KomnoHeHTa X NPUHANS

3Ha4YeHus, MeHbLUue
NEeNCTBUTE/IbHOIO YMCa X — 3TO
bYHKUMA pacnpeaeneHus

F«(X), a KomnoHeHTa Y -
MeHblUMe  AeNCTBUTENbHOrO
yncna y — 23T0  PyHKUMA
pacnpegenexuns F(y).



ANCKpeTHble cayvyaiiHble BEKTOPbI

[1BymepHble bYyHKLUMK pacnpeaeneHus obnagatoT
CBOMCTBAMM, aHANOMMYHbIMWU CBOMCTBAM OAHOMEPHbIX:

1. 0<F(x,y) <1;

2. F(x,y) ectb HeybbiBatowana ¢GyHKUMA MO KaKAOMY U3
aprymeHTOB;

3. F(x,y) HenpepbiBHaA C/eBA NO KaXKA0MYy M3 apryMeHTOB;

4. F(x,y) yRoBneTBOpAeT COOTHOLEHMAM:
F(+o0,490)=1 1 F(X, 20) = F(-00,y) = F(-00,-00)= 0.

X

%/1 // (x,v)
ﬁ X
77 >



ANCKpeTHble cayvyaiiHble BEKTOPbI

3aKOH pacnpegeneHua 4ByMepPHOMN ANCKPETHOMU
CNY4auHOM BE/INYUHDI



ANCKpeTHble cayvyaiiHble BEKTOPbI

[ByxmepHaa cay4varHaa BennumHa (X,Y) Asnaetca
AUCKPETHOMU, €C/IN MHOXKEeCTBa 3HAYEHUN ee KOMMOHEHT (ly U
(ly npeacTaBasaloT cO6OM cYUEeTHbIe MHOXKECTBa.

na onucaHMA BEepPOATHOCTHbLIX XapPaKTEPUCTUK TaKMUX

BE/IMYMH UCMONb3yeTCcsa ABYXMepHas PYHKUMA pacnpeseneHus
N MaTpuLa pacnpeaeneHus.



Ana ANCKpeTHbIX C.B. X U Y € BO3SMOMXKHbIMU 3HAYEHUAMMU X4, . . . X,

ny,, ..., y, "X COBMeCTHOEe pacnpegeneHue 0b6bI4YHO 3anuncbiBaeTcA

ANCKpeTHble cayvyaiiHble BEKTOPbI

cneayowmm obpasom:

Y=y, Y=y, | e Y=y,
X=X, P11 P | e P1n
X = Xm pml pml """ pmn
nm




ANCKpeTHble cayvyaiiHble BEKTOPbI

Cymmupys B 3ToM Tabamue BepoATHOCTM MO CTPOKaAM U
ctonbuam, nonydyaem pacnpeaeneHma X n Y (mapruHanbHble

pacnpeaeneHus):
X X1 X
P plo pmo
roe

Y1

Yn

Pen

Y=y, =Y, | e =V,
X=X, P11 P | e P1n
X = Xm pml pml """ pmn




ANCKpeTHble cayvyaiiHble BEKTOPbI

Yucnosble XapPaKTeEPUCTUKN AUCKPETHOro CI'IY‘-I&VIHOI'O BEKTOpPa

MaTtemaTtnueckoe oxuaaHue E(Z) moxHo HaliTu aByms
cnocobamn (Z=o(X,Y)):
* HernocpeacTseHHo, No popmyne

E@) =) o y)py
LJj

* UK, NpeaBapuUTe/IbHO NOCTPOUB pacnpeneseHmne

Z Z Zg

P Py Ps

no ¢popmyne
S

E@) =) zepi

k=1



ANCKpeTHble cayvyaiiHble BEKTOPbI

BepoATHOCTbL nNoOnNagaHUA B NPAMOYFO/IbHUK [ABYMEPHOM

caydamHon BenuuuHbl (X,Y) BbluMcaseTcA  crenylowmm
obpasom:

Pla<X<bc<Y<d)=

= FX,Y(bJ d) T FX,Y(a) d) _(FX,Y (b, C) _ FX,Y(aJ C))

[aHHoe HepaBeHCTBO Ha3blBaeTCA HepaBeHCTBOM
NPAMOYro/ibHUKA M OTpaKaeT TOoT (aKT, YTO BEPOATHOCTb
nonagaHna B NOOOM NPAMOYIrONbHUK, paccYUTaHHas C

MOMOLLBIO COBMECTHOM GYHKUMKM pacnpeseneHus, A0NXKHa
6bITb HEOTPMLLATENBHOMN.



AUNCKpeTHble cayyaiiHble BEKTOPbI

e m S m .-

Q
s

P( a< X< b,C <Y < d) - FX,Y(b’ d) - Fxly(a, d) _(FX,Y (b, C) — Fxly(a, C))




ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep. PyHKUMA pacnpeaesieHUa CUCTEMbI ABYX CAYy4aMHbIX
BesmunH  (X,Y) pasHa F(x,y) . Haintm BepoATHOCTb
nonagaHua cayydyarHon Toukn (X,Y) B obnactb D ,
OrpaHuMyYeHHylo cnpasa abcumccol «a , CHU3Y U CBepxy
opAMHaTaMu y, 0.

PeweHue.

P(a<X<bc<Y<d)=Fxy(bd)—Fxy(ad) —(Fxy (b,c) —Fxy(a,c)




ANCKpeTHble cayvyaiiHble BEKTOPbI

B cnyyae n > 2 cnay4YauHbIX BE/IMMMH 3TO HEPABEHCTBO
obobuaeTca C NPSAMOYroJIbHUKaA Ha N-MmepHbIN
napannenenuneg,

P( a<< X< b,C <Y< d) = FX,Y(bl d) — FX,Y(a' d) _(FX,Y (b, C) — FX’y(a, C)



ANCKpeTHble cayvyaiiHble BEKTOPbI

3aBucumblie U He3aBUCUMbIe Cﬂy‘-laﬁHble BE€/INYUHDI

BennunHa X He3aBucuma OT BeNUYMHBI Y, ecnin ee 3aKoH
pacnpeaeneHnsa He 3aBUCUT OT TOro, KaKoe 3HaYeHue NPUHANA
Be/IMYnHa Y.

na HE3aBUCUMDbIX BENNYUNH BbIMO/NHAETCA cneayrowmne
cooTHOWweHHnA, T. e. Kputepmun He3aBUCMMOCTU.

DF(xy) =PX<x,Y<y)=PX<x)P(Y<y)=
— FX (x)Fy(}’);Vx;y}
2) ANA AUCKPETHDBIX - P;i = P;iPj, ANA VY L, ].



ANCKpeTHble cayvyaiiHble BEKTOPbI

B Tom cnyyae, ecam KpUTepmum He BbIMONHAKTCA XOTA 6bl B 04HOWM
TOYKe, Be/IYnHbI X 1 Y ABnA0TCA 3aBUCUMbIMM.

Ona He3aBUCMMbIX BEeNIUYUH ABYXMepHble ¢GOpPMbl  3aKOHa
pacnpeaeneHna He coAepXaT HUKAKOW AO0NO/IHUTEIbHOW
MHbopmaunmn, Kpome TOW, KOTOpaAa COAEPXKUTCA B ABYX
O4HOMEPHbIX 3aKOHaX.

Takmum obpa3om, B cay4ae 3aBMcMMOCTM BennduMH X wn Y,

nepexos OT ABYX OAHOMEPHbIX 3aKOHOB K ABYXMEPHOMY 3aKOHY
OCYLLLECTBUTb HEBO3MOKHO.



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHble pacnpegeneHma u
YCNOBHbIE YUC/I0Bble XapPaKTePUCTUKHU



ANCKpeTHble cayvyaiiHble BEKTOPbI

Myctb (X ,Y ) — AUCKPETHDI CyYalHblii BEKTOP C 3aKOHOM
pacnpeneneHus

fOouy) = P(X =x,Y =),
rae X U y; — BOSMOHble 3Ha4YeHMA KOMNOHEHT X n Y,
COOTBETCTBEHHO,

fry) =P =y) = Ef(xk,%)
k
- pacnpepeneHune cly4auHOM Be/IMUUHDI Y,

fx(xp) = P(X =x3) = Zf(xk’:)/l)

l
- pacnpepeneHune cly4auHOM BEJIMUUHDI X .



ANCKpeTHble cayvyaiiHble BEKTOPbI

Habop BeposTHOCTEMN

P(X =x,Y =y) _ f (e, y1)
P(Y =) frn)

fxiyily) = PX = xi[Y = y) =

AN BCEX 3HAaYeHUM y;, Takux, uto fy(y;) > 0, onpeapenser

YCN0OBHOE pacnpeaeneHne AUCKPEeTHOU CNy4auHOU BEeNNUYUHDI
X npu ycnosum,uto Y = vy;,.

[, y1) = P(X = x,Y = yy),

fr) =P =y) = Zf(xk»YI) fx(xg) = P(X = xp) = Ef(xk:yl)
K l



ANCKpeTHble cayvyaiiHble BEKTOPbI

YCNOBHbIM  MaTeMaTUUECKUM  OXXUAAHUEeM  [AUCKPETHOM

cay4yamHou BennuymnHbl X Npu ycnosuu, uto Y = y,;, Ha3bIBaeTCA
4yuncno

EX|Y =y) = Zxk PX =x|Y =y) = zxk fxiy (ke lyr)

k k

MeHsas ponamum X n 'Y, nonyymm

E(Y|X =x) = 2 Vi frix(ilxk)
l

P X - ,Y = ,
FurCeely) = PX = xly = 3 = 2% e y) - f]E:gyly)ﬁ )

YyC/NI0BHOE pacnpeaeneHue AUCKPETHOMN CNYyYailHOU BeNUKnHbI X npu ycnosun, uto Y = y,.




ANCKpeTHble cayvyaiiHble BEKTOPbI

AHanornyHbim obpasom onpegenaeTca yca0BHaa BEPOATHOCTb
cobbitna {Y = y;} npu ychosumn, uto XeB,
P(v=y, XeB)
P(Y = y,|Xeb) =
( YZl ) P(XEB) ’
a TaK)e YC/IOBHOE MaTemaTu4yecKoe oXuaaHue Y npu yciosum,
yto XeB,

P(Y = Vi, XEB)
P(XeB)

P(YIYeR) = ) )
roe |
P(XeB) = 2 P(X = x)

xk€B

P(Y =y XeB) = ) P(Y =y,X = x;)
xkEB



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHble  pacnpeneneHus  yaAoBNETBOPAOT  BCEM
CBOMCTBAM  pacnpeneneHnsa BepoOATHOCTEW, NO3TOMY W
YC/IOBHblE MAaTeEMAaTUYECKMNE OXKMAAHUA TaKXKe yO0BNETBOPAOT
BCEM CBOMCTBAM OObIYHbIX MAaTEMATUYECKNX OXKNOAHUMN.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Hanpumep, nmetor mecto dpopmynbl

1 E(eX)|Y =y) = X o(xk) fxy (i |y).

2. E[Xk=1 Xk |Y = ¥] = X1 E[Xi [Y = ]



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHbiIMm  maTemaTMyeckum  oxupaaHmem c.B. X

OTHOcuTeNbHO c.B. Y Ha3biBaetcA ¢.B. E(X |Y), koTopas
NPUHMMAET 3HaYeHue

EX|Y =y)

npuY = y.



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHoe matemaTtmyeckoe oxuganue E(X |Y ) obnapaet
cneayrowmmm CBOUCTBAMM:

1. E(c|Y)=c, rme c- const.

2. E(aX+b|Y)=aE (X|Y)+Db.

3. E(X+Y|2)=E(X|2)+E(Y|Z).

4. Ecmu X u Y— ne3aBucumele ¢.B., T0o E (X|Y)=E (X).

5. E(p(Y) X|Y)=¢(Y)E (X]Y)
(amanoruuno, E(@(X) Y|X)=¢@(X)-E (Y|X) ).



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnoBHoe MaTemMaTUyecKoe Y UNERI]S
E(X|Y = y), Kak ¢yHKUMA OT Yy HasbiBaeTca ¢YHKUUeEN
perpeccun X Ha Y, TO ecTb

g(y) =EX|Y = y)- dyHKuma perpeccun X Ha Y.
AHaNoOrnyHo,

g(x) = E(Y |X = x) - dyHKuma perpeccun Y Ha X.

DYHKUMA perpeccum xapakTepusyeT cpeaHee 3HavyeHue
OAHOW C.B. NPU N3BECTHOM 3HAYEHUN APYIONn.

Ecnau pa3bpoc HeBenunk, To 3To MOXKeT bbiTb MHGOPMaATUBHO!



ANCKpeTHble cayvyaiiHble BEKTOPbI

UTak, ycnoBHOe MaTeMaTUYeCKoe OXMAAHUE OUCKPETHOrO
cnyvamHoro Bektopa Z = (X,Y) , To ectb

EY|X =x) = o(x),

KakK GYHKLMA OT X; Ha3biBaeTcA PyHKUMen perpeccum Y Ha X.
JInHna perpeccuun B 3TOM CAyyae CBOAUTCA K 11 U3ONNPOBAHHbIM
TOYKAM Ha MNJIOCKOCTM, KOTOpble ANA HarnAaHOCTU COeAUHAT

OTpe3KaMu NPAMbIX.

by

EYIX =x) = o(x)

X
'




ANCKpeTHble cayvyaiiHble BEKTOPbI

AHaNOrm4yHo,

yC/Z10BHOE MaTeMaTunyeckoe oxxmngaHume

E(X|y =y) =90,

KaK GyHKLMA OT Y; HasbiBaeTcA pyHKUMen perpeccumn X Ha Y.



ANCKpeTHble cayvyaiiHble BEKTOPbI

Teopema (popmyna noIHOro mMaTeMmaTUUECKOro OXXUaaHuA).
E(X)=E(E(X]|Y)).

Echm Y — AUCKpeTHasa cnyyaiHas BeJIMMMHA, TO YKasaHHoe
BblLLE COOTHOLLUEHME 03HAYaEeT, YTO BbINOJHAETCA PABEHCTBO

EOO = ) E(XIY = y) P(Y = ).
l



ANCKpeTHble cayvyaiiHble BEKTOPbI

NMpumep.

[l1aHo

P(Y=20)=0,2, P(Y=70)=0,8,
E(X|Y=20)=1,E(X|Y=70) =4.
Hangute E (X).

PeweHue.
Ncnonb3ya dopmyny NoSHONO MaTeMaTUYECKOTO
OXMNOAHUA, HAXOANM

E(X) =E[EX]Y)] =
= E(X |Y = 20) -P(Y = 20)+E(X |Y = 70) -P(Y = 70) =
=1-02+4 -0,8 =34



ANCKpeTHble cayvyaiiHble BEKTOPbI

YcnhosHOU pgucnepcuen c.B. X OTHOCUTENbHO C.B. Y
Ha3blBaETCA C. B.

Var(X|Y) = E[(X — E(XIY)?|Y],
KoTopas npuHumaet 3HadyeHne Var(X |Y =y)npu Y =.
3HayeHue Var(X |Y = y) onpeaensetca popmynon

Var(X|[Y =y)=E[(X — EX|Y = y))*|Y = y] =
= = EIY = )1 fgy Guely)

k



ANCKpeTHble cayvyaiiHble BEKTOPbI

CBoM1CTBa YC/IOBHOMU AmMcnepcuun
1. Var(c|Y)=0.
2. Var(aX+b|Y)=a? Var(X|Y).
3. Var(X|Y)=E(X2|]Y)-E(X|V)2.
4. Ecim X u Y— ne3aBucumsie c.B., To Var(X|Y)=Var(X).

5. Var(p(Y)-X|Y)=¢?(Y): Var(X|Y).



ANCKpeTHble cayvyaiiHble BEKTOPbI

Teopema (popmyna nonHOU gucnepcumn).
Var(X) =E[Var(X|Y )]+ Var[E(X|Y)].

Var(Y ) =E[Var(Y | X)]+ Var[E(Y | X)].



ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 1. AncKpeTHbIN cnydanHbii BeKTop (X ,Y ) umeer

pacnpegeneHue

Y=10 | Y=20 | Y=30
X=1 0,1 0,2 0,1
X=3 0,2 ? 0,1

Haiitu E(X), D(X).




ANCKpeTHble cayvyaiiHble BEKTOPbI

Mpumep 2. B nepsom Opocke y4yactBytoT 15 HecMmmeTpUYHbIX
MOHeT. Bo BTOpom 6OpoOCKe y4yacTBYIOT TOJIbKO T€ MOHETbl, Ha
KOTOpPbIX B MnepBOm OpocKke Bbinan «open». WM3BecTtHo, uTO
BEPOATHOCTb BblNaAeHMUA «opna» ANA AaHHbIX HECUMMETPUYHbIX
MOHeT paBHa 0,65. Hanmaute: 1) matemaTnyecKoe oOXKuaaHue
YC/IOBHOM AMCNEPCUN YUCAa «OPJIOB», BbIMNABLWIKMX BO BTOPOM
bpocKke, OTHOCUTENbHO YMCNa «OPNAOB», BbINABLIMX B MNEPBOM
bpocke; 2) AUCNEPCUIO YCNOBHOTO MATEMATMYECKOrO OXKMAAHUA
4Yncsia «OpPNOB», BbINABLIMX BO BTOPOM OpOCKE, OTHOCUTENLHO
4YMcna «KOPaOB», BbINABLUUX B NepBOM bpocke.

PeweHue.



Teopuna BepoOATHOCTEU U
MaTemaTnyeckasa CTaTUCTUKA

KoHel nekuun



