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Yactb 1 — Teopusa sepoatHocTeun
Pa3saen 2 — Matematnyeckana CTaTUCTUKA

A6conoTHO-HenpepbiBHbIE c/lyYyaiiHble Be/IMYUHDI

YcnoBHble pacnpegeneHusa n ycioBHbIe NJIOTHOCTH.

YcnoBHOE maTtemaTUyecKoe OXKMnaaHue U ero CBOMCTBA.

dopmyna NOAHONO MaTeEMATUYECKOTO OXKMAAHUA.

YcnoBHaAa agucnepcus.

dopmyna NOAHOW AUCNEPCUN.

YcnoBHaA KoBapuauma caydamHblX BeMYMH X U Y OTHOCUTENBHO
C/Iy4aNHOMU BEINYNHDI Z.

dopmyna NONHOW KOBapHaLUM.

PacnpeaeneHne QyHKUUM OT C/AYYaWHbIX BEJIMMUH U BEKTOPOB C
abCoNOTHO-HENPEPbIBHbIM pacnpeaeneHuUem.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. MycTb ABYyMepHaa caydaiiHan BeiMumnHa umeet GYHKLUMIO

nnoTtHoctu f(x,y) = x + y, cocpeaoToYeHHan B KBagpaTe
0<x<10<y<1.

HaliTu yC/noOBHble NNOTHOCTM W NPOBEPUTbL HE3aBUCMMOCTb

C/ly4auHbIX BennunH X, Y .

PeweHue.

) =" fiy o, ndy, fr) = [T fry(xy)dx,
_feuy) _fy)




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Yncnosble XapaKTepUCTUKMN abCONOTHO-HENPEPbIBHOTO
CNIY4aMHOro BeKTopa



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Matematuyeckoe oxxupgaHume OGYHKUMKUM CAYYarHOrO BEKTOPA
BbluMcaAeTcs no popmyne:

+00 400

Elp(x, V)= | [ (%, y) fxy (X, y)dxdy

OT KOMIMOHEHT
E[X]= [ [ xfx(x,y)dxdy, E[Y]= [ [y f,(x, y)dxdy,

eC/I1 TO/IbKO MHTEerpasibl B NpaBoi YacT abcontoTHO CXOAATCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Aucnepcua oT KOMMNOHEHT

Var(x) = f f (x — ECX))? fiey (6, y)dxdy;
Var(y) = f f (v — E(Y))? fioy (x, y)dxdy,

— 00

eC/I1 TO/IbKO MHTEerpasibl B NpaBoit YacT abcostoTHO CXOAATCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[TOHATUE YCNOBHONO MAaTEMATUYECKOTrO OXKUAAHUA
MOXHO pPacnpocTpaHUTb Ha abCoNoTHO HenpepbiBHbIE
CNlYYaMHble BEJIMMUHLI, MPU ISTOM COXPAHAKTCA  BCe
nepeyncsieHHble CBOMCTBA, KOTOpble HamMum Oblin BBEAEHDI
ANA ANCKPETHOro Cay4alHOro BeKTopa.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[TyCcTb Ha OAHOM U TOM e NPOCTPAHCTBE 3/IEMEHTAPHbIX
cobbitn )  3a4aHbl  aABe  aAbCONOTHO HenpepbiBHbIE
Cly4yainHble BeNIMYUHbI X 1 Y.

YcnoBHbIM 3aKOHOM pacnpegeneHuna cnyvyanHou
BEAMUYMHbI X Npu ycaoBuMm Y =7y, TaK e Kak U B c/aydae
AUCKPETHbIX CAy4YaMHbIX Be/lUMYMH, Ha3biBaeTca Atoboe
COOTHOLWIEHWe, CTaBAllee B  COOTBETCTBME  3HAYEHUAM
C/IYy4AaMHOWN BE/IMYUHBLI X YCNOBHblE BEPOATHOCTU UX MPUHATUA
npuycnosumn Y =vy.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YCNOBHbIM MaTeMaTUYeCKUM OXugaHuem c.B. X
OTHOcuTeNbHO c.B. Y HasbiBaetcAa c.B. E(X|Y), koTopas
MPUHUMAET 3HaYEeHUE

EX|Y =y)
npnY = y.

YcnoBHoe MaTemaTmnyecKoe OXKnaaHune
E(X|Y = y), Kak ¢yHKUMA OT Yy Ha3biBaeTca ¢YHKUUen
perpeccun X Ha Y.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHOe maTemaTuyecKoe OXKuaaHue HenpepbIBHOMU

CNIYyYaMHOWU BEe/IMYUHDbI NpPU M3BECTHOM Y BblYMCAISETCA NO
dopmyne:

AHaNOrnM4Ho,

— _ _ T . v fX,Y(xiy)
x(y) = EX|Y = y) = L O e ot
— _ _ T . v fX,Y(x'y)
Y@ =EVIX =0 = [ YuOkody = [ y2E ay,

— 00 — 00



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

HecnyyaiHble YCNOBHble YMUCAOBbIE XapaKTepuctukn X
MOYHO MOAYy4YnTb Yepe3 nogxoaswyo GyHKkumo @(x) B BUAE
NHTEerpana

E(p(X) Y =y) = fx o (X) fxy (x]y) dx.

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CnyyaliHble YCNOBHbIE YUC/IOBble XapaKTepUCTUKU X,
No/ly4yatoTcA, €eCcAn 3HavyeHue 7y BblbMpaeTcA CAy4YalHbIM
obpa3om B COOTBETCTBUM C pacnpeseneHnem Y. IT1oT ¢dakT
MOXXHO 3anucaTtb B BUae

E(o(X) |Y) = j o () fry (xIY) dixc.

X

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Takum obpasom, E(@(X) |Y) - cnyyaitHas BennuymHa, Kotopas
Npyv KaXKaomM 371eMeHTapHOM ucxode w € (), npuHumaet

3Ha4yeHune

EOIN@) = [ @COfuy Y (@))dx:

X

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Hanpumep, cany4yanHbiid YCAOBHbIM MOMEHT NopAaKa kK MoXXHO
npeacTaBUTb Kak

E(X*|v) = jx x® fyxy (x|Y) dx.

Echv  ycnosHasa nioTHOCTb fyy coBnagaer ¢ 06bl4HOM

NAOTHOCTbKO HEKOTOPOTO pacnpeaeneHna ,C, TO UCMNOJ/Ib3YETCA

obo3HaveHue
X|Y~ L.

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Hanpumep, ecnn, ckaxkem, Y — nonoxutenbHaa cayvyamHas
BE/IMYMHA, @ YC/IOBHAsA NJIOTHOCTb X UMEET BUA,

, x & [0,y];

0
fX|Y(X|)’) = y = [0, v];

TO roBopumm, 4to X npu ¢PUKCMpPOBAaHHOM Y paBHOMEPHO
pacnpeaeneHa Ha otpeske [0, Y], u ucnonbsyem ob6o3HauveHne

X|Y ~Unif[0, Y].

Ecau YCNOBHAA NNOTHOCTb fX|Y cosnagaetr cC 0bObIYHOM NNOTHOCTbHIO HEKROTOPOro

pacnpegenenua L, To ucnonbayerca ob6o3HaveHne
X|Y~ L.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CnyyanHbin BekTOop (X,Y) HasbiBaeTcA paBHOMEPHO
pacnpepenéHHbim B obnacty G Cc R? , ecnm Aana  Hero
CYLLECTBYET NJIOTHOCTb pacnpeaeneHus snaa

0, (x,y) € G,

D =611 ey e,

rae |G| - nnowaab G.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. [ycTb ABYMepHbIN  caydanHbin  BekTop  (X,Y)
paBHOMEPHO pacnpeaeneH BHyTPU TPeyro/ibH1Ka

A={(x,y):x>0,y>0,x+y <2}

HaliTh  ycnoBHoe  pacnpegeneHMe X U YCNOBHOE
MaTemaTUuyecKoe OXXuaaHue npu ycnosum Y = y.

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHoe matemaTtnyeckoe oxungavune E(X |Y) obnapgaet
cneayrowmmm CBOUCTBaAMM:

1. E(c|Y) = c, roe c- const.

2. E(aX+ b|Y) = aE (X|Y) + b.
.EX+Y|Z)=EX|Z2)+E(Y|Z2).

4. Echn X u Y— He3zasucmmeole c.B., 10 E (X|Y) = E (X).

0. E(p(Y) - X[Y) = @(Y) - E (X]Y).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema. MNyctb Geom(p) - reomeTpUUECKoe pacnpegeneHue,

n € N; Exp(1)- nokasaTenbHoe pacnpegeneHue, c € R, .
Torpa:

1) X~Geom(p) = X — n|X > n ~Geom(p);

2) X~Exp(1) = X —c|X > c ~Exp(A).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. ChyyalHaa  BenMuYMHA  pacnpegeneHa o
nokKasateNibHOMy 3aKoHy, X~FExp(A). Haitm ycnosHoe
MaTemaTuyeckoe oxmnaarue E(X|X > ¢), roe KoHctaHTa ¢ > 0.

PeweHue.

Teopema. Myctb Geom(p) - reomeTpuueckoe pacnpegenenme, n € N; Exp(1)-
nokasaTenbHoe pacnpegeneHue, ¢ € R,.

Torpa:

1) X~Geom(p) = X — n|X > n ~Geom(p);

2) X~Exp(1) = X —c|X > ¢ ~Exp(Q).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema (popmyna NnoIHOro MaTeMaTUUECKOro OXXUaaHUA).

E(X)=E(E(X|Y)).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[MoHATME YCNOBHOM AUCAEPCUN, KaAK U  MNOHATUE
YC/IOBHOTO MaTEMaTUYECKOro OXNAAHUSA, MOXKHO
pacnpocTpaHUTb Ha abCconoTHO HenpepbiBHble CAy4YalHble
BE/IMYUHDbI, MPU 3ITOM NEpPEeYUCNEHHbIE CBOMCTBA TaK¥Xe
COXPaHAOTCA.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHouM paucnepcnen c.B. X  OTHOCUTENIbHO C.B. Y
Ha3blBaeTcs C. B.

Var(X|Y) = E[(X — E(X|))?|Y],

KoTopaa npuHumaet 3HadeHne Var(X |Y = y) npnY = y.

[1na HenpepbIBHOrO C1y4anHOro BEKTOpPAa,

Var(X 1V = y) = | (=BG =) fuyCelyd

CnyyanHasa X BennuYmMHaA C BEpPOATHOCTbIO 1 NpUHMMAET 3HA4YeHUa B nNpomexyTtke X,
P(XeX)=1,a Y - B npomexytke Y,P(Y€Y)=1, X X Y - pexkaprtoso
npoussegeHne npomexxkytkos X u Y, cayvaitHbii Bektop (X,Y) umeeT naoTHOCTb
fxy(x,y), paBHyto Hynto BHe obnactn X X .



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CBoMCTBa YC/IOBHOMU Aucnepcuun
1. Var(c|Y) = 0.
2. Var(aX + b|Y) = a?Var(X|Y).
3. Var(X|Y) = E(X?|Y) — E(X]|Y)2.
4. Ecau X u Y- HezaBucumele ¢.B., 7o Var(X|Y) = Var(X).

5. Var(e(Y) - X|Y) = @?(Y) - Var(X|Y).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Teopema (popmyna nonHOMU gucnepcun).
Var(X) = E[Var(X |Y )]+ Var|E(X |Y )].

Var(Y) = EVar(Y | X)] + Var[E(Y | X)].



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep 1. EXXegHeBHOE KONMYECTBO MoKynaTtenem marasmHa,
COBEPLUMBLUNX NOKYMKY, ONUCbIBAETCA CAYYaUHOMN BENUYMHON X,
pacnpegeneHHon No 6BUHOMMANBbHOMY 3aKOHY C NapameTpammu
n = 500um p = 0.54. A cymma yeKka (B pybnax) Kaxgoro wm3
NOKynaTesien  OnuUcbiBaeTcA  CAy4YamHOW  BesMYMHOM Y,
pacnpeaeneHHOM MO HOPMANbHOMY 3aKOHY C MnapameTpamu

m = 5500mno = 80.

OueHnte metogom MoHTe-Kapno exeagHeBHYO CcpeaHIoO
BbIPYYKY MarasmHa M ee aucnepcuto. B nons orBeTtoB BBEAUTE
no/siyyeHHble 3HayeHna ana cpegHero (E), aucnepcun (Var) m
CpeaHeKBaApPaTUYECKOro  OTK/IOHeHuAa  (0)  erkeaHeBHOM
BbIPY4YKMW.

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep 2. CpeaHnn yuwepb OT o4HOro NorKapa cocrtaBasaet

3,2 MmnH. pyb. Mpeanonaraetca, 4to yuwepb pacnpeaeneH no

NOKa3aTe/IbHOMY 3aKOHY, a YNC/10 NOXKAPOB 3a rof, - N0 3aKOHY

MyaccoHa. Take wu3BecTHO, 4yto 3a 10 ner B cpeaHem

nponcxoaut 19 norkapos.

Hanaute:

1) maTtemaTuyeckoe OXKuaaHue cymmapHoro yuepba ot Bcex
No*KapoB 3a OAWH roa;

2) cTaHpapTHOE OTKNOHEHMEe CyMMmapHoro yuwepba ot
No*KapoB 3a roa,

PeweHue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

KoBapumaumen c.B. X wu Y HasbiBaeTca maTemaTmyeckoe
OX¥MaaHMe npousBedeHna OTKAoHeHMn X mn Y  oT  wux
MATEMATUUYECKUX OXKMNAAHUN:

Cov(X,Y) = E[(X —EX)(Y —E(Y)].




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CsoucrBa KoBapmnaumm c.s. X nY :
1.Cov(X,Y) = E(XY)—E(X)-E(Y).
2. Echm X n'Y Hesasucumel, Cov(X,Y) = 0.
3.Cov(X,Y) = Cov(Y,X)
4. Cov(aX + b,cY +d) = ac-Cov(X,Y),echva,b,c,d —
KOHCTAHTbI.

5.Cov(X+Y,Z) =Cov(X,Z) + Cov(Y,Z).

6. Cov(X,X) =Var((X)



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. na cny4anHOM UeHbl Y n3BecTHbl BEPOATHOCTMU:
PY=7)=06unP(Y =19) = 0,4.

Mpun ycnosumn, yto Y = y, pacnpeaeneHme Bbipydkn X ABnsetcs

paBHOMepHbIM Ha oTpeske [0,6y]. Hangute:

1) maTemaTtnyeckoe oxumaarHue E(XY);

2) koBapuaumio Cov(X,Y).

PeweHwue.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YcnoBHOU KoBapuauumen c.B. X M Y OTHOCUTENbHO C.B. Z
Ha3bIBaeTCA C.B.

CsoiicTBa:

1. Cov(X,X|2) = Var(X|2);

2. Cov(a,Y|Z) =0, ecma = const.

3. Cov(X,Y|Z) = E(XY [2)-E(X |Z) -E(Y |2).

4. Cov(X ,E(Y X)) = Cov(X,Y).

5. Cov(X ,Y ) = E[Cov(X .Y |2)]+Cov(E(X |2),E(Y |2)) -

dopmyna nonHOU KoBapuaLum.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. Bektop (X,Y) paBHOmepHO pacnpepenéH B
§+%S 1;,x >0,y =0}

HailTn KoppenauMoHHOe OTHOWeHWe Ny M Ko3bduuUMeHT
KOppenAunn Mexay ero KOMNOHeHTaMu, Py y

TpeyronbHuKe A: {

PeweHue.

Ona cnydyamHoix BennunH X mnY koppenaumoHHoe otHoweHuMe X Ha Y 3apaetca

. _ oY)
dbopmynon nyy = co Ae o(.) — CTaH4apTHOE OTKNOHEHME.

1.0 < nxy <1.

2. M%)y = 0, ecnm X n'Y — HesaBucMble CnydaiiHble OTHOLIEeHWS.
3.0xy = 1, ecmm X — dyukumna ot ¥, X = @(Y).

4. Nxyy 2 |pX,Y , TAe Py y - Ko3pduumeHT Koppenauumn X n'Y.

5.Mxy = |pxy| B TOM v TONbKO B TOM CNyyae, €CmM HANAYTCA KOHCTaHTbl @ v B # 0, ans
KOTOPbIX C BEPOATHOCTbIO 1 BbiNonHsAeTca cooTHoweHue E(X|Y) = a + BY.




ANCKpeTHble cay4vyaiiHble BEeKTOpbI

N-mepHble CQly4YalHble BEKTOpbI



ANCKpeTHble cayvyaiiHble BEKTOPbI

YnopaaoyeHHbI Habop
X =X, X5, Xiy)
CKaNIAPHbIX CAyYanHbIX BennymH Xq, X,,..., X;,, 3a4aHHbIX Ha B.1.

(Q, F, P) Ha3biBaeTCA N-MepPHbIM C/y4ailHbIM BEKTOPOM.

Cny4yanHble BENNYUHDI
Xl, Xz,.--,Xn

NMPU 3TOM HA3bIBAOTCA KOMMNOHEHTAMMU BEKTOPA X.



ANCKpeTHble cayvyaiiHble BEKTOPbI

HanomHuMM, 4YTO  MWHMManNbHas o — anrebpa |,
coaepKalllas Bce OoTKpbITble nogmHoxectBa B R"™, Ha3biBaeTcs
n—mepHoi bopeneBckon g —anrebpoit u o6osHavaetca B(R").

C nomouwbto 6openeBckon o — anrebpbl MOMKHO
chopMynInNpPoBaTb 3IKBUBAZIEHTHOE onpeaeneHue.

N -MepHbiM C/Ay4YailHbiIm BeKTopom Ha B.n. (Q,F,P)
Ha3blBaETCHA oTobpaxkeHue X: Q) — R™* n3IMepmmoe
oTHocuTenbHo 6openesckon g —anrebpol B(R™) .

Opyrumu cnosamu, X: 0 — R™ - cnyyalHbIN BeKTOp, €Cc/n ANA
moboro 6openesckoro MmHoxkectBa B C R"™ ero nosnHbIN
npoobpas X 1(B) € F.



ANCKpeTHble cayvyaiiHble BEKTOPbI

3ameyaHue. Kak 1M B Cnyyae CKaNAPHbIX CAYyYalHbIX BEAUYUH,
nonHbin npoobpas X 1(B) unmeeT cMbICn MHOMecCTBa BCex
3/1IEMEHTAPHbIX UCX0A0B w € (), 6aaronpuATHbIX oA cobbiTms,
COCTOAWEro B TOM, 4YTO C/y4yaliHaa BenAnMuMHa X npuHAna
3HaueHune ux mHoxkectea B, {X € B}.

[TOCKONbKY cobbITUE U MHOXeCTBO 6naronpuATHLIX CObObLITUM

CyTb OZIHO U TO Xe, BMecTo o603HaueHuna X ~1(B) ucnonbzyem
3anucb {X € B}.



ANCKpeTHble cayvyaiiHble BEKTOPbI

PacnpegeneHuem n-mepHOro C/Ay4amlHOro BEKTOpa,
3agaHHoro Ha B.n. (Q,F, P), Ha3biBaeTcA BEPOATHOCTHAA mepa
Py Ha o —anrebpe B(IR™), KoTopaa BCAKOMY MHOKecTBy B u3
B(R™) ctaBUT B COOTBETCTBUE BEPOATHOCTb NonaaaHua X s B,

Px(B) = P({X € B}).

CnydyanHble BeKTOpbl X M Y Ha3biBalOTCA OAMHAKOBO
pacnpegenéHHbIMMU, €ecan UuX pacnpeaeneHma  CcoBnaaatoT
(0603HayeHna X~ Y).



ANCKpeTHble cayvyaiiHble BEKTOPbI

dyHKUMA pacnpegeneHna N -MepHoro cay4yamHoro
BeKTopa X3aaaétca opmynoun

Fx(x) — Fx(xl, ...,xn) — P(Xl < X1, ""XTl < xn).



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

AABymepHble HOpMaJibHble BEKTOPbI



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

N3  agBymepHbix cuctem CB  ocobbin  mnHTepec
npeacTasnAeT HOpMaJZibHoOe pacnpeaenieHune Ha NJI0CKOCTM.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

HenpepbiBHaa pgByxmepHaAa cayvyamHaa BennuumHa (X,Y) nmeer
HOpMaJibHOe pacnpeaeneHune, ecnm ee MnJIOTHOCTb BEPOATHOCTU
paBHa:

1

_ (x-mx)? 2pxy(x—mx)(x-my) +(y—my)2
e 2(1-pky)

2 2

1

flx,y) =
Znaxayfl—p§Y

My, My, Oy, Oy, Pxy - NAPAMETPbI pacnpeaenenus.

’

O603HavatoT

(X,Y)~N(my, my, 0)20 o 12/, Pxy)



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Ecnu cocTasasatowme X, Y ABYMEpPHOM HOPMaNbHO
pacnpeaeneHHom CAy4amHOU BEe/IMYMHbI HEKOoppenupoBaHbl, TO
OHW 1 HE3aBUCUMbI, T.€. NpU Pyy = 0 :

1 (x—?"’lx)z_|_(y—‘my)2

1
fy) = e *Loox v =
2T Oy Oy
_(x-my)? _(y—my)?

2 1

1
== X = 297 = fy(x) fr ()

UTak, Aansa HOPMaAJIbHbIX Cl'ly‘-lai;leIX BE€/INYUNH NMOHATUNA
HEé3aBUCMMOCTU U HEKOPPENTNUPOBAHHOCTU PABHOCUJIbHDbI.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[0BOPAT, YTO CAydanHbIM BekTOp (X, Y) nmeet ctangapTHoe
ABYMepPHOe HOpMaJibHOe pacnpeaeneHue, ecnm

(X,Y)~N(0,0,1,1,0)
MNoTHOCTb pacnpeaeneHna Takoro BeKTopa:

x%+y?

f(xy)——e 2




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[padnkOmM  ABYMEPHOWM HOPMAJIbBHOM MAOTHOCTU  ABAAETCA
XONIMOODOpPa3Hasa NOBEPXHOCTb, PACMNONOXEHHAA Hag, NAOCKOCTbHO
xOy , acMMNOTOTUYECKM  NpubAMMKAKOWAACA K  HeM  Ha
6EeCKOHEYHOCTU, CUMMETPUYHAA OTHOCUTENIbHO BEPTMKANbHOWN OCH,

npoxogAlen yepes LeHTp (my, My ), U C BEPLUMHOM B 3TOMN TOUKE.

JTtoboe ceyeHme aTon
NOBEPXHOCTU MJOCKOCTbIO,
nepneHAVKYISPHOM

x0y, ABNAETCA KPUBOM
laycca.




A6conoTHO-HenpepbiBHbIE CayYaiiHble BEeKTOPbI

[PadMK NNOTHOCTU BEPOATHOCTM C NapameTpamu, MPOXOAALLEN
yepes ueHTp (my= —1,my = 1), 0y = gy = 2,pxy = 0.

MoBepXHOCTL NNOTHOCTU HOpManbHOro pacnpeneneHus (X, Y)~N(-1, 1, 2, 2, 0)




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. CnyvyanHaa Touka Ha naockoctu (X, Y) pacnpegeneHa no
HOPMa/ZIbHOMY 3aKOHY C LIeHTPOM paccemBaHus (my, my) = (0,1)
N cpeaHeKBaApPaATUHYECKUMMN OTKAOHEHUAMU oy = 1,09y=2. X nY
He3aBUCUMbI. BbluMCAUTb BEPOATHOCTb MOMadaHuA Cay4YalHOWM
TOYKM B  NPAMOYronbHMK ¢ BepwuHamn (-1;1), (2;1),

(2;3),(-1;3).

PeweHue.

—
P(x; <X <x3,y, <Y <y,) = Fxy(x3,¥2) + Fxy(x1,y1) — Fxy(x1,¥2) —Fxy (x2,¥1)
F(x,y) =PX <x,Y<y)=PX <x)p(Y <y) =Fx (x)F,(y)



AbBcontoTHO-HenpepbIBHbIE C/Iy4alHble BEKTOPDI

CBoiicTBa A BYMEpPHOro HOPpMaJibHOro pacnpeaeneHus

1. MAaTbiIn napameTp ABYMEPHOro HOPMaNAbHOro pacnpeneneHua
Pxy COBNagaeT ¢ KO3GPUUMEHTOM KoppenaLnum KomnoHeHT X n'Y .

2. Ecnun (X,Y)NN(mX , My , G}( ), 0')2/ ), pxy) , TO
X~N(my,0%),Y~N(my, 6%).

3. [Ona HopmanbHOro cnyyamHoro Bektopa (X,Y) noHATuA
HE3aBUCMMOCTU U HEKOPPEeNUPOBAHHOCTU KOMMNOHEHT X u
Y skBUBaneHTHbI.

4. Echn cnydanHble BeandmHbl X 1 Y TakoBbl, YTO Kaxaaa U3 HUX
MMEET HOPMAa/bHbIX 3aKOH pacnpegeneHus, a UX COBMECTHOE
pacnpeaeneHue ABNAeTCS ABYMEPHbIM HOPMaAbHbIM, TO CYMMa
X + Y nmeeT HopmanbHbIiA 3aKOH pacnpegeneHus.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. Myctb X~N(1,4),Y~N(2,16) He3aBuCUMbIe CayYamHble
BE/IMUYMHBI. 3anmncaTb NAOTHOCTb pacnpeaeneHus

C/ly4anHoOro
sektopa (X, Y).

PeweHue.

3. 1ns HopmanbHOro caydanHoro sektopa (X, Y) noHATMA HE3aBMCMMOCTM U
HEeKoOppPEeNMPOBaAHHOCTU KOMMNOHEHT X 1 Y 3KBUBANEHTHbI.

1 1 (x—mx)* ZPXY(x_mX)(x_mY)=(y_mY)2
FG,y) = | o :

Oy
2moyx oy 1 — piy




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

CneactBue. Iyctb (X,Y) — HopmanbHO pacnpegeneHHbIN
CNyyaiHbIM Bektop. Torga npu nwbbix a,b € R cnyyanHas
BE/IMYMHA

aX + bY

MMeeT HOpMaJibHbIW 3aKOH pacnpeaeneHus.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. N3BecTHO, uto Z = (X,Y), roe c.B. X - BO3pacT Hayrag
B3ATOr0 YyesioBeKa M3 onpenenéHHom rpynnbl U c.B. ¥ — ero
apTepuanbHoe JaBleHue, YAO0BETBOPUTENbHO OMUCbIBaeTcA
ABYMEPHbIM  HOPManbHbIM  3aKOHOM  pacnpegeneHva C

MaTEMATUYECKUM OXMAaHNEM E(Z) = (58;137) "
KOBapMaLMOHHOW MaTpULEN
_ (94 90
¢ = (90 108)'

Hantn: P(Y — X < 75).

PeweHue.

2. Ecm (X, Y)~N(my,my, 0')2(, a,z,,pxy), TO X~N(mX,a§), Y~N(my, a,z,)

4. Echu cnyyairiHble BennuMHbl X 1 Y TakoBbl, YTO KaXKaas U3 HUX UMEET HOPMaNbHbIN
3aKOH pacnpeaeneHusa, a UX COBMECTHOE pacnpefeneHve ABASETCA ABYMEPHbIM
HOpMaZbHbIM, TO cymMma X + Y nmeeT HopmanbHbIN 3aKOH pacnpeaeneHus.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

YA06HO, NNOTHOCTb ABYMEPHOro HOPMa/IbHOTrO pacnpeaeneHus
onpeaenaTb ¢ UICNONb30BaHUEM KBaapaTUUHbIX popm.

MpuBeaem Heobxoagmmble cBeaeHUA U3 3ToM obnacTu.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

KBagpatnuHou ¢opmom OT ABYyX NEPEMEHHbIX X1, X, Ha3blBaeTcA
BblpaXKeHue

— 2 2
Q(x1, Xz) = A1 X{+2012X1X7 + Ay X5 + -,

B KOTOPOM @11, A1 VU Qyy — OENCTBUTE/NIbHBIE YNCNA, HE PaBHblE
HY/t0 OAHOBPEMEHHO.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

MaTtpuuen KBagpaTtuuHoit Gopmbl HasbiBaeTCss MaTpMLa

a1z aqp
A= .
A1 dpo

KsagpatuuHaa d¢opma Q(xq, x,) Ha3blBAaeTCA MOJOMKUTE/IbHO
onpeaeneHHOM, ec/in Npu BCeX 3HAYEHUAX NEPEMEHHbIX X1, X5, HE
PaBHbIX OAHOBPEMEHHO HYAO, BbINOJIHAETCA HEPABEHCTBO

Q(xqy, x5) > 0.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

C y4€TOM 3TOrO, roBOPAT, YTO CAydamHbIn BeKTop (X1, X;) nmeer
ABYMepHOe HOpMaJibHOe pacnpegeneHue, eciin ero nNAOTHOCTb
pacnpeaenenma onpegensaetca Gopmyaon

1 1
f(xpxz) — e—QQ(x1—m1;x2—m2)

20,04+ 1 — p? ,
rae PyHKUMA ABYX NEPEMEHHbIX
Q(xy —my,x; —my) =
1 ((x1 —my)? B 2p(x1—my)(x; — my) + (X2 — m2)2>
1 -—p?2 of 0107 oy
eCTb MOJIOXKUTENBHO OnpeaesieHHasa KBaapaTnuuHaa ¢opma,
p? = Ri,.

Q(xq, x3) = agx2+2a,,x1X, + ay,Xx5 — KBaApPaTUUHAA Gopma OT ABYX
nepemMeHHbIX X1, X.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

NTaK,
X4, X,)~N 2 g4
(X1, X2) (m4, my, 01, 03, p)
1 1
f(x x ) _ e—fQ(x1—m1»xz—m2)
v 210,054/ 1 — p?

Q(xqy —my,xy —my) =

1_p2 2 2

1 (x; — m1)2 . 2p(x1—my)(x; — my) n (X2 — mz)z
01 0102 05



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Ewé oaHO CBOUCTBO ABYMEPHOro HOPMaJ/ibHOTO pacnpeaeneHus:
5. Myctb C — KoBapuauMoHHasA maTpuua BekTopa (X1, X5) :

C = of pP0O103
poio; 07 )

Torpa maTtpuuya A KBagpatuyHon popmbl (), C MOMOLLIO KOTOPOU
onpeaenaeTca NAOTHOCTb pacnpegeneHua f(x{,x,), coBnagaer C
maTpuuew, obpaTtHol K matpuue C: A = C~ 1.

[ oKa3aTtenbctBo. Haxoamum onpegenmntenb matpuubl C:
det(C) = a?0of(1 — p?).

1 1
f(xl: xz) — e—gQ(x1—m1;x2—m2)

210,0,+/ 1 — p?
1 ((x1 - m1)2 . 2p(x1—mq)(xz —my) n (x2 — m2)2>

1— p2? ol 010, 0%

Q(xqy —my,xy —my) =



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

[ oka3satenbcTBo (NnpoagonkeHue).

1 P
5 _r  _
-1 = 1 o —po102) _ of(1-p?) 0102(1-p?)
0id;(1-p?) \ —pa, 0, of ___°r _
010,(1-p?) 03 (1-p?)

KaK HecnoXHo ybeamnTbca, Nosiy4eHHaAa maTpuua coBMadaeT C

MaTpuLen KeagpatuyHon popmbi (. []
Fxy,xy) = 1 e—%Q(x1—m1'x2—m2)
o102+ 1 — p?
1 (1 —=m)? 2p(x—m)(x; —my) (X, —my)?
Q(xl_mpxz_mz)—l_ 2 2 — T 2
P 04 010>, 0,

Myctb C — KOBapMauMoOHHaA maTpuua Bektopa (X, X,) :

C = of p0O103
pP0O102 o5 )

5. Torga matpuya A kKBagpatnyHon ¢opmbl (J, C MOMOLLBbIO KOTOPOW onpeaenaeTcs

NAOTHOCTb pacnpeaeneHua f(xq,x,), COBNagaeT c matpuuen, obpaTHOM K maTpuue
C:A =C1.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Q(X — M4, X>o — M ) — (xl_ml) c-1 (xl_m1)
1 v 227 Xy —my Xo — My
f(xl xZ) = 1 e‘%Q(x1—m1,x2—m2)

Q(xqy —my,xy —my) =

1_p2 2

1 (X1 — m1)2 _ 2p(x1—mq)(x; — my) n (xy — m2)2
of 0,102 a3

Myctb C — KOBapMauMoOHHaA maTpuua Bektopa (X, X,) :

C = of p0O103
pP0O102 o5 )

5. Torga matpuya A kKBagpatnyHon ¢opmbl (J, C MOMOLLBbIO KOTOPOW onpeaenaeTcs

NAOTHOCTb pacnpeaeneHua f(xq,x,), COBNagaeT c matpuuen, obpaTHOM K maTpuue
C:A =C1.



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

Mpumep. CnayuanHoin BektOp (X¢, X,) pacnpegeneH no
HOPMaZIbHOMY 3aKOHY C MNJIOTHOCTbIO

9,2 X2 4 g, —9x,— 101
f(xpxz) — e 5X1+2X1 X2 —5"+28X1—9%—— .

215

Tpebyetca HanTU maTematmyeckoe oxuganue E(X;), ancnepcuto
D(X3;) v KO3QOULMEHT KOPPENAUNUMN Py .

PeweHue.

1 1
f(x1;x2) _ e—gQ(M—ml,xz—mz)

210,051 — p?
1 ((x1 —my)* . 2p(x1—myq)(xy —my) N (x2 — m2)2>

1—p2 ol 010, o4

Q(xqy —mq,xy —my) =



Abcon IOTHO-HEMNPEPbIBHDIE Cﬂ!‘-laﬁHble BEKTOPbDI

Teopema. Ecam cnyyanHbin Bektop (X,Y) mmeer HopmanbHoe

pacnpepenenmue, (X,Y) ~N(my,my, 0%, 02,0xy) , TO

(X|Y =y)~N (mx + PXYZ—;( (y — my);05(1 — P)Z(Y)),

(Y[X =x)~N (my + pXYZ_; (x —my); o7 (1 — P)Z(Y)>,

T. €. VYC/OBHAsA MNJOTHOCTb OAHOM M3 KOMMOHEHT NpwU
OUKCUPOBAHHOM  3HAYEHUU APYron ABNAETCA HOPMasbHOMN,

npuyem cnpaseanmebl GOpPMybl
1

e 20%(1-p%y)

—My—p vy X(y— 2
(x—mx—pxy, (y—my))

)

1
ox J2m(1-py)
1
oy (27 (1-pky)
EX|IY =y) =my + PXYZ—);(Y —my), DIX|Y =y) = U)%(l — P)Z(Y),
E(Y|X = x) =my + pxy - (x = my), DIYIX = x) = 07 (1 — pfy).

fX|Y(x|y) =

1
e 20¢(1-p%y)

o
6% _mY_PXYé(y —my))?

)

fY|X(y|x) =



A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

(X' Y) NN(ermY! O')%, 01;”0) )

z=f(x,y) - nNNOTHOCTb
pacnpeaeneHua Cay4amHoro
BekTopa (X,Y)

1 1 [(x—mx)2 2p(x-my)(y-my) , (y—my)?
flx,y) = e 2a-p?)| o} OxOy o

)

2oy 0y 1 — p?
x-myx—pxy—=(y—m
1 o 263{(1_@(”( x=Pxy g (y—my))

fX|Y(x|)’) = ,
ox /Zn(l—p)z(y)

! iy (y—
frixlx) = & o 207 (1=pgy) O T Py g )’
oy 2m(1 — p2y)




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

EX|Y =y) = mx + pxy 5 (v — y)

1 1 [(x—mx)z 2p(x—my) (y—my) , (y=my)?

e 2(-p»| % Ox Oy oy

fy) = )
2oy oy 1 — p?

EX|Y =y) =my +PXYZ—);(3’ —my), DIXIY = y) = a5 (1 — piy),
E(Y|X = x) =my + pyy ;- (x = my), D(YIX = x) = 0} (1 = pZy).




A6CONIOTHO-HENpepbIBHbIE C/IyYalHble BEKTOPbI

I'Ipumep. [1TNOTHOCTb pacrnpeageneHuA cnyqal‘/iHoro BEKTOPA (X, Y)
nmeeT BU4
1 5.2 2
— _1 _1 —_ —_ —_
F(, ) 5% 0x—10-3yx 6yy.

2T
Hanpgute ycnoBHoe matematudeckoe oxuganue E(X|Y = y) wm

DX|Y = y).

PeweHue.

(X' Y) ~N(ermY’ 0-)%, 0'1?,,0) )

1 L (x—n;x)2 2p(x—mx)(y—my)+(y—n21y)2
f(xl 3’) — e 2(1-p%) Ix oxoy 9 )
2oy oy 1 — p?

EX|Y =y) = mx+pz—j(y—my),D(X|Y =y) =0dZ(1—p?)




Cuctembl cnyyauHbIX BENYUH

Cucrtembl N caydyamHbIX BE/IMYUH



Cuctembl cnyyauHbIX BENYUH

[lycTb cny4yarHasa BennymHa Y ABnAeTca NMHENHOW KombuHaumen
C.B. X1 U X2:

Y —_ Clle +a2X2.
Toraa

Var(Y) = a?Var(X,) + a5Var(X,) + 2a; a, cov(X;, Xy ) =
= afof + ajo; + 2a; a; p(Xy, X3 )01 05

O606wWwmnm 3Ty GOpMyNy Ha N Cnaraembix.



Cuctembl cnyyauHbIX BENYUH

[lycTb cny4yarHasa BennymHa Y ABnAeTca NMHENHOW KombuHaumen
c.B. Xy, ..., X, .Torga cnpasegnmsa popmyna

n

Var(v) = ) cov(i,X;)aie; =

Lj=1 (*)
n
= z p(Xi,Xj)aiaj a; a; .

i,j=1
YnpaxHeHue. [JokasaTtb popmyny (*)

dopmyne (*) moxKHO npumpatb 6onee KOMNAKTHbIA BWA, €CAU
BOCMO/1b30BaTbCA MATPUYHbIMU 0O03HAYEHUAMM.



Cuctembl cnyyauHbIX BENYUH

Ona Habopa c.B. X;, .., X, KOBapuauuoOHHOW mMaTpuueun
C = (cij) N KOPPENnAUUMOHHON maTtpuuen R = (pij) Ha3blBalOT
KBaApaTHble MaTpuUbl NOpPAAKAa 7, COCTaBAEHHble W3 BCeX
NapHbIX KOBApUaLUn C;; = cov(Xl-,Xj) n Bcex KoapPpunumeHToB
Koppenaunm p;; = p(Xl-,Xj ), ,,j =1,2,...,n.



Cuctembl cnyyauHbIX BENYUH

Var(X,) cov(X{,X,) cov(X{,X,)
C = cov(X,,X;) Var(X,) cov(X,,X,,)
cov(X,,X;) cov(X,,X,) -+ Var(X,)
1 p(Xl 'XZ) p(Xl )Xn)
R = p(XZ )Xl) 1 p(XZ ;Xn)

p(Xn'Xl) p(Xn'XZ) 1



Cuctembl cnyyauHbIX BENYUH

CsoucTBa.

1. KoBapuauMnoHHAs U KOppenAuuoHHbie MaTPULbl ABAAOTCA
CUMMETPUYHBIMU MaTPULLAMM.

2. KoBapuauMOHHaA " KOppensiuMoHHble MaTpPULbl
HeoTpuLUaTeNbHO onpeaeneHsi.

3. Onpegenutenn aTUx mMaTpul, HeoTpuuaTenbHbl. bonee Toro,
detR < 1.

YnpaxXHeHue. [loKka3aTb cBowcTBa 1)-3).

Ona Habopa c.B. X;, .., X;;, KOBapuauuoOHHOMU mMaTpuueun
C = (cij) N KOPPENnAUMOHHON maTtpuuen R = (pl-j) Ha3blBalOT
KBaApaTHble MaTpuLbl NOpPAAKAa 7, COCTaBNEHHble W3 BCeX
NapHbIX KoBapuauumn c;; = cov(Xl-,Xj) n Bcex KoadpPpunumeHToB
KOppenauum p;; = p(Xl-,Xj ), ,,j =1,2,..,n.



Cuctembl cnyyauHbIX BENYUH

[yctb C - KOBapMauMOHHAA MmaTpuLa Cly4anHbIX BEIMYUH
Xl ) wwny Xn

_ T
A=y, .., a, )" -
NPOU3BO/IbHbIM HEHYNEeBOW BEKTOP KOHCTaHT. Toraa Ans
C/IY4aMHOU BENNYUNHDI

Y= a X4+ ..+ a, X,
BbINOJIHAETCA COOTHOLIEHUE
Var(Y) = ATCA > 0,

KOTOPOE CAYXKUT maTpuuHoi dopmou 3anncu popmynbl (*).

3ametm, uto ycnosue Var(Y) = 0 paBHOCMNbHO paBeHCTBY
CA = 0, o3HavatoWwemy BbIpOXAEHHOCTb maTpuubl C.



Cuctembl cnyyauHbIX BENYUH

Mpumep. HallTM KoBapuMauUMOHHYIO MaTPULLy CUCTEMbI CAYYaMHbIX
sennuunH (X, Y), echm n1oTHOCTb BEPOATHOCTY

2
[Cy) = v

PeweHue.



Yactb 2. MatemaTtnuyeckasa CTaTUCTUKA

OueHKM napameTpos
Bbi6OpOUHbIN MeTop,

OcHOBHble 3a4a4U MaTeMaATUNYECKOMN CTaTUCTUKMW.

BbibopKa, asmnupuyeckoe pacnpeaeneHue wmn 3sSMAMpUYecKan
byHKUMA  pacnpeneneHunsa, BblIOOPOYHbIE  XaPAKTEPUCTUKM,
BapMaLMOHHbIN paa. TMcTorpamma.

CX0AMMOCTb BbIOOPOUYHbBIX XapaKTEPUCTUK K TEOPETUYECKUM.

MoaennpoBaHne  BblOOPOK U CpaBHEHME  BbIOOPOYHbIX
XapPaKTEPUCTUK C TEOPETUYECKUMM.

Mcnonb3oBaHUEe 3NEKTPOHHbIX Tabnuy u 6mbnnotek numpy,
scipy.stats, matplotlib, statsmodels ana moaennpoBaHus
BbIDOPOK,  BblUMCNEHUSA  BbIODOPOYHBLIX U TEOPEeTUYECKUX
XapPaKTEPUCTUK U NOCTPOEHUA  SMNUPUYECKON  DYHKLMU
pacnpeaeneHmna u rMcTorpamm.



Paspen 1. OueHKM napameTpos

CnoBo «CTaTUCTUKA» COAEPHKUTCA B HasBaHMW LeNoro psaaa
AUCLUMIUH.

Hanpumep,

1) maTtemaTmyecKasa CTaTUCTUKA;
2) couuanbHan CTaTUCTUKA;

3) 3KOHOMMYECKas CTaTUCTUKA;
4) pervoHanbHaA CTaTUCTUKAE;
5) cTaTuCTMKa oTpacaen u T.n.



Paspen 1. OueHKN napameTpos

MaTtemaTnyecKouM CTaTUCTUKOM Ha3bliBaeTCA HayKa, KoTopas,
OCHOBbIBAACb HAa METOAax TeOPUW BEPOSATHOCTEM, 3aHMMAETCA
cucTemaTtmsauunen, obpaboTKoM 7 MCNO/Ib30BaHUEM
CTaTUCTUYECKUX AaHHbIX (TO ecTb pe3ynbTatoB HabntoaeHwumn)
ANA NONYYEHUA HAYYHbIX U NPAaKTUYECKMX BbIBOAOB.

Ocobas po/ib MaTemaTUYeCcKoM CTaTUCTUKM COCTOUT B TOM, YTO
OHa CHab)aeT npouyne  CcTaTUCTUYECKMe  AUCLUMNAUHDI
KONMYeCTBEHHbIMU MeToAdaMu.



Paspen 1. OueHKN napameTpos

Pasnunumne Mmexay Teopuen BEpPOATHOCTEMN 7
MaTEMATUYECKOWN CTaTUCTUKOM 3aK/IHO4YAETCA B TOM, YTO TUNUYHAA
3a4a4a Teopun BEpPOATHOCTEN — NO W3BECTHbIM BEPOATHOCTAM
NPOCTbIX CAYYaWHbIX COObLITUM BbIYMUCAUTL BEPOATHOCTbL bHonee
C/IOXKHOTO cobbITUS.

TUNMYHaA 33jaya MaTeMaTUYeCcKoOM CTaTUCTUKU — Ha
OCHOBaHWM pe3ynbTatoB HabnloAeHMN OUEeHUTb BEPOATHOCTb
CNYY4aMHOTO CODbITUSA AU XaPAKTEPUCTUKU CIY4aNHOMN BEIUYMHDI.



Paspen 1. OueHKN napameTpos

OCHOBHbIEe 334a4YM MaTeMaTUYECKOM CTAaTUCTUKU COCTOAT B
pa3paboTKe MeToa0B:

1. OpraHu3auum M NAaHNPOBAHMA CTAaTUCTUYECKMX HAabAoaeHUN,
B TOM u4ucne crnocoboB onpeaeneHna umcna Heobxoammbix
NCNbITAaHUN (NN1aHNPOBAHME SKCNEPUMEHTA).

2. Cbopa CTaTUCTMYECKNX AaHHDbIX.

3. «CBepTkM UWHPOpMaALMM», TO €CTb METOAO0B TPYNMNUPOBKM
JAHHbIX M cBeAeHUs 60/blIoro Ynmcna AaHHbIX K Hebosbliomy
4YMUCNYy NAPaMETPOB.

4. AHann3a CTaTUCTUYECKUX AAHHDbIX.

5. MNpuUHATNA peleHnn, peKkoMmeHgaumm U BbIBOAOB HAa OCHOBE
aHanmM3a CTaTUCTUYECKUX AAHHDbIX.

6. [NPOrHO3MpPoBaHMNA CAYYaNHDBIX ABNEHUN.



Paspen 1. OueHKM napameTpos

Paspenbl matemaTUyecKou CTaTUCTUKU

Maremartndeckas
CTATHUCTUKE

. -.

— 1. OnncaHe gaHHbIX

— 2. CtatncTM4eckoe olueHMBaHWe

3. NpoBepka cTATUCTUYECKIMX
rMnoTes




Paspen 1. OueHKun napameTpos

COBOKYNMHOCTbIO  (CTaTUCTUUECKOM  COBOKYMHOCTbIO)
Ha3bIBAaeTCA MHOMECTBO M3y4YaeMbiX OODBEKTOB, @ YMUCNIO ee€
3/1EMEHTOB — 06 bemom.

CTaTUCTUYECKaAa  COBOKYMHOCTb  byaetr  o603HauvaTbCA
cmmBosiom ().



Paspen 1. OueHKN napameTpos

Mpumepbl U3 counanbHOM CTaTUCTUKMN:

1) CcOBOKYMHOCTb Kutenem MocKBbl;
2) COBOKYNHOCTb cemen B PO,

Mprmepbl U3 SIKOHOMUYECKOMN CTaTUCTUKMU:

1) COBOKYMHOCTb KOMMNaHWIA, OCHOBHAA AeATENbHOCTb KOTOPbIX
cBA3aHa ¢ LleHTpanbHbiM pesepanbHbiM OKPYTrom.



Paspen 1. OueHKN napameTpos

B maTtemaTMyeckom CTAaTUCTUKE NPU3HAK — TO Xe
camoe, 4YTo GYHKUMA, HO be3 ABHOW MPUBA3KM K HEKOTOPOW
obnactm onpepgeneHna — 3T0 PUKCMpyemoe CBOMUCTBO

nccnegyemoro obbekTa.

Mpu3HaK — 3TO Ka4yecTBO, CBOMUCTBO, TUMNYHOCTb BCEX €ANHUL],
COBOKYMHOCTMW.

[MpU3HaKu, KaK n C.B., ob0o3HayatoTCA bykBamm
X, Y, Z.



Paspen 1. OueHKM napameTpos

Hanpumep,

X — ueHa KBapTupbl; Y — eé naowaab; Z — TMN A0OMa, B KOTOPOM
KBapTMpPa HaxoauTcA.

XapaKTepuctmkn Keaptupbl X u Y sasBaawotcs npumepamu
KONMYEeCTBEHHbIX (YMCNOBbIX) NPU3HAKOB, TOraa Kak Z —

npuMmep KauecTBeHHOro npusHaka.

OueBUAHO, YTO NPU3HAK — 3TO HEKOTOopoe oTobpaxkeHue (L — V,
roe V — MmHOXecTBO, coaeprKallee Bce 3Ha4YeHMA NpU3HaKa.

B yacTHOCTM, YMcnoBon NpusHaK — 310 PyHKUmMa (L = R.



Paspen 1. OueHKN napameTpos

Buabl CTaTUCTUYECKUX NPU3HAKOB

KauyecTtBeHHble NMPU3HAKHAN

KonunyecrteeHHble NMPU3HAKHA

Mpn3Hakn ob6beKkTa. OHKM He
noaaatoTca
HenocpeacTBEHHOMY
namepeHuto (Hanpumep,
LBET OAEXKAbl,
HaLUMOHANbHOCTb,
obpa3oBaHue 1 T.N.).

Pe3ynbTaTbl nogcyeTa nam namepeHunsa. B cooTBeTcTBUU C
3TUM OHW OEeNATCA Ha:

AUCKpeTHble HenpepbiBHbIE
MOTYT MPUHMMATb NLLb MOTYT MPUHMMATb Ntobble
OTAEe/IbHble 3HaYEeHUSA U3 3Ha4YeHMs B onpeaeneHHOM
HEKOTOPOro pAaa Yncen. nHTepsane. Hanpumep,
Hanpumep, Konnyectso TemnepaTypa, CKOPOCTb
4YenoBEK B CEMbE, YNCO ABUXEHNA U T. 1.
NOBTOPEHUI B OMbITE.




Paspen 1. OueHKN napameTpos

3aMeTUM, 4YTO PaCCMOTPEHME KayYeCTBEHHbIX MPU3HAKOB, B
NPUHUMNE, CBOAUTCA K M3YYEHUIO KOSIMYECTBEHHbIX MPU3HAKOB
NYyTEM HYMEpaLUMKM BCEX BO3MOMKHbIX 3HAYEHUN,

[lycTb, HaNpumep, UMeeTCcA HEKOTOPAA COBOKYMHOCTb () ntoaen
N 3a4aHHbIN Ha 3TOWU COBOKYMHOCTU NPU3HAK «MONY,

X:Q > {«My3KCKOM», «XEHCKUM»}.
MPUCBOMB 3HAUYEHUIO «MYMKCKOM», CcKaxem, Homep O, a

3HAYEHUIO  OKEHCKMM Homep 1 , MmoOXem  3aMeHUTb
KauecCTBEHHbIN NPpM3HaK X KOAUYECTBEHHbIM MPU3HAKOM

X:Q - {0,1}.



Paspen 1. OueHKN napameTpos

[Moa, KayecTBeHHO OAHOPOAHOCTbIO COBOKYMHOCTU MOHUMaEeTCA
CXOACTBO BCE€X e[AUMHMUL, COBOKYMHOCTM MO  KakumM-nmbo
CYLLLEeCTBEHHbIM NMPU3HAKaM U Pasanyme rno Kakum-1mbo apyrum
NPU3HaKaMm.

Kaxpana eamMHuMUa COBOKYNHOCTM obnagaeT MHAMBUAYA/IbHbIMU
0COOEHHOCTAMU U PasAUYNAMMU, OTANYAIOWMMWU UX APYyr OT
Apyra, T.e. CyllecTByeT TaK Has3blBaemas  Bapuauus
(konebnemoctb) NnpmnsHaka.

Bapuauma — 3TO KO/IMYECTBEHHble M3MEHEHUA W3YYAEMOTO
NPU3HaKa OT OAHOMN eANHULbI COBOKYMHOCTU K APYrOW.



Paspen 1. OueHKM napameTpos

NMpmep Bapuauum npusHakKa

MpeanonoXmm, Mbl MU3y4aem oOnaaTy Tpyaa Ha Kakom mnbo
npeanpuaTUmn.

CTaTucTMYeckas COBOKYMHOCTb — YMUC/AEHHOCTb PabOTHUMKOB
nccaeayemoro npeanpuaTus.

OnnaTta Tpyaa — 3TO NPU3HAK.

EAMHMUA COBOKYNMHOCTU — Ka*KA bl KOHKPETHbIN paboTHUK.

Heo6xo,£|,|/uv\o NOCMOTPETb Ha/IUune ny4aemoro rnpm3Haka y Bcex
eanHnL COBOKYMNMHOCTUM. NOAy4aZin OHU 3apnaaTty nin Her.

Y Kaxkaoro paboTHMKa CBOM pasmep 3apnaarthbl.

MN3meHeHMe 3Toro pasmepa 3apnaatbl U ecTb Bapuauua
NPU3HaKa.



Paspen 1. OueHKN napameTpos

KoHe4yHaAa cTtaTucTtuyeckana COBOKYNHOCTb



Paspen 1. OueHKN napameTpos

PaccmoTpum npusHak X, 33a4aHHbIA Ha HEKOTOPOM
MHOecTBe (CTaTUCTUYECKON COBOKYMHOCTH)

QO ={wq, .., 0wy}

Hanpumep, KOHTpoO/Mpyem pasmepbl MPOU3BOAMMON Ha
3aBoje AeTa/n NN genaem onpoc obLwecTBeHHOro MHeHus.



Paspen 1. OueHKN napameTpos

[eHepaNbHOW  COBOKYMHOCTbKO  Ha3blBAlOT  COBOKYMHOCTb
PE3YNbTAaTOB BCEX MbIC/IEHHO BO3MOXHbIX HabnwoaeHun Hapg
KakKum nmbo npusHakom X (B Tom 4yucne, n nosTOpPAOLLMUXCA),
NPOBOANMbBIX B OAMHAKOBbIX YC/IOBUSIX.

BbibOpOUYHOU COBOKYNMHOCTbIO (MAM  nNpocTO BbIGOPKOM)

Ha3bIBAOT pPe3ynbTaTbl OFPAHUYEHHOro Yncna HabawaeHnn Hag,
c.B. X .

MpusHak X — ¢uKcMpyemoe CBOMCTBO nccnegyemoro ob6beKkrta, 3afaH Ha
HEKOTOPOM MHOXecTBe (cTaTucTudeckoi cosokynHoctn) Q = {wq, ..., w, }.



Paspen 1. OueHKN napameTpos

O6bemom COBOKYMHOCTU (BbIOOPOYHOM WAN TreHepasibHOW)
Ha3bIBAKOT YMC0 OO BEKTOB 3TOM COBOKYMHOCTMU:

e N-o0b6bemreHepanbHOW COBOKYMHOCTHU;

* N — obbem BbiIbOPOYHOM cOBOKYynNHOCTU. [lpeanonaraercs,
yto N>>n.

[eHepanbHAA COBOKYMHOCTb MOMKET OblTb KaK KOHEYHOWU, TaK U
6eckoHeyHoM ( N =o0).

MpusHak X — duKcupyemoe CBOMCTBO Mccieayemoro obbekTa, 3a4aH Ha
HEKOTOPOM MHOXecTBe (cTaTucTnyeckom coBokynHoctn) Q = {wq, ..., Wy}



Paspen 1. OueHKN napameTpos

MHaye rosops, BblI6OpPKa - 3TO 4acTb 3/1€MEHTOB reHepasibHOM
COBOKYMHOCTM, OTOOPaHHas ANA U3ydeHus.

Hanpumep, n3 1000 petanen otobpaHo 100 gna wmsydeHwus,

Torga o6vém reHepanbHou coBoKynHoctu N = 1000, 06bém
BblbopKkn n = 100.

TenepanibHan coeokyYRHOCHL

Beibopra




Paspen 1. OueHKN napameTpos

Cratuctuyeckoe HabaogeHne — nNaHOMEpPHAs perucrTpaumn
MPU3HAKOB Y 3/1IEMEHTOB CTaTUCTUYECKON COBOKYMHOCTH.

K cTatuctnyeckomy HabnoaeHUo NpeabaBAAIOTCA caeaytowme
TpeboBaHuA:

1) NONHOTbI N NPAKTUYECKOM LEHHOCTU CTaTUCTUHECKUX
AAHHbIX;

2) LOCTOBEPHOCTU M TOYHOCTU AAHHDbIX;

3) ux egMHOOBPaA3NA U CONOCTAaBUMOCTMH.



Paspen 1. OueHKM napameTpos

K opraHM3auMOHHbIM BOMPOCaM CTaTUCTUYECKOro HabnoaeHus
OTHOCATCS:

e onpeaeneHue eaMHULbl HabaoaEHUS;

* YCTaHOB/IEHME BPEMEHU U CPOKOB €ro NpoBeaeHUs;

 onpeaeneHne ¢opm U BUOOB HabAOAEHUA, a TaKxKe
cnocobos perncrpaummn GaxkTos.



Paspen 1. OueHKN napameTpos

O6bveKT CcTaTUCTUUECKOro HabnwpeHua — 310 Ta
COBOKYMHOCTb, O KOTOPOW AO0M*KHbl bbiTb CObpaHbl CBeAEHUS
(Hanpumep, cTygeH4Yeckasa rpynna).

EauHuua CTaTUCTUUYECKOro HabnwageHna — 370
3NeMeHT O00beKTa, KOTOpblM  XapaKTepusyeTca  pAaom
NMPM3HAKOB WM OTHOCUTENbHO KOTOPOro  OCYLLEeCTBASETCA
HabntoageHne (Hanpumep, CTyaAeHT).

OTtyeTHaA eAuMHMUA — 3TO CYOBEKT, OT KOTOpOro
HenocpeacTBEHHO MNOJy4YaloT CTAaTUCTUYECKMe CcBeaeHuA o
eAunHULEe HabnoaeHna (Hanpumep, CTYAEHT, NpenoaasaTesb).



Paspen 1. OueHKN napameTpos

[MpoBeaAa n pa3 aKCNEPUMEHT B OAMNHAKOBbIX YCAOBUAX, NOTYYUM
yncna Xxq,...,Xp, — 3HauyeHMA Habnogaemon C.B. B NEPBOM,
BTOPOM U T. 4. SKCnepumeHTax (BbibopKa).

BbibOpKM npomnsBoaAaTcA A8 TOro, 4tobbl MOHATb CBOMCTBA
obbeKTa nccnenoBaHuA.

B cepumn yxe npoun3BeaEHHbIX 3KCNEPUMEHTOB BblI6OpPKa — 3TO
Habop yucen.

MpusHak X — ¢duKkcmpyemoe CBOMCTBO Mccieayemoro obbekTa, 3a4aH Ha
HEKOTOPOM MHOXecTBe (cTaTucTudeckoi cosokynHocti) Q = {wq, ..., w, }.



Paspen 1. OueHKM napameTpos

[10 TOro Kak 3KCNepuMeHT NpoBeAEH, MMeeT CMbIC/T CYUTATb
BbIDOpKY Habopom c/yyYamlHbIX BeAUYUH (HEe3aBUCUMBIX W
pacnpeaenéHHbIX TaK e, Kak X).

[encrtsntenbHo, A0 MNPOBeAEHUA ONbITOB Mbl HE MOMKEM
CKa3aTb, KaKue 3HavyeHua MNPUMYT 3S/eMeHTbl BbIOOPKMK: 3TO
OyayT Kakme-To 13 3HayeHun X.

[o3TOMYy MMeeT CMbICA cyuTaTb, YTOo Ao onbita X, — C.B.,
OAMHAKOBO pacnpenenéHHaa ¢ X, a Nnocae onbITa X — YUCNO
KoTopoe Mbl Habatoaaem B k—om No CYETY sKCNepumeHTe, T.e.
OAHO N3 BO3MOXHbIX 3Ha4YeHUM c.B. Xy.

MpusHak X — duKcmpyemoe CBOUCTBO uccreayemoro ob6bekTa, 3afiaH Ha
HEKOTOPOM MHOXecTBe (cTaTucTudeckoi cosokynHoctn) Q = {wq, ..., w, }.



Paspen 1. OueHKN napameTpos

[Mpun cocTtaBneHnn BbIBOPKKM nocne Toro, Kak o6veKkT oTobpaH U
HaZ, HUM Npou3BeAeHO HabawaeHne, OH MOXKeT ObiTb
BO3BpaALLEH B reHepa/ibHYt0 COBOKYMHOCTb UJIN HE BO3BPaLLIEH.

B cBA3M C 3TMM pa3/iMyaloT NOBTOPHble M 6ecnoBTOpPHbIE
BbIOOPKMU.

MpusHak X — ¢duKcMpyemoe CBOWMCTBO Mccaeayemoro obbekrta, 3ag4aH Ha
HEKOTOPOM MHOXecTBe (cTaTucTnyeckom coBokynHoctn) Q = {wq, ..., Wy}



Paspen 1. OueHKN napameTpos

MoBTOpHOU cnAy4YaMHOM Ha3biBaeTcA BblIOOPKa, Npwu
KOTOPOW OTOOPaHHbLIN OOBEKT BO3BPALLAETCA B reHepasibHyo
COBOKYMHOCTb Nnepea, n3Bsie4eHnem cieaytouero obbekTa.

becnoBTOpHOM Cny4YaMHO Ha3biBaeTca BblOOPKa, npu
KoTopon  oTobpaHHbIN  0OBEKT He  BO3BpallaeTcd B
reHepasibHYI0 COBOKYMHOCTb.

MpusHak X — ¢uKcMpyemoe CBOMCTBO MccaeayemMoro obbekTa, 3a/iaH Ha
HEKOTOPOM MHOXecTBe (cTaTucTudeckom cosokynHoctn) Q = {wq, ..., w, }.



Paspen 1. OueHKN napameTpos

B nosTOpHOW cnyvyanHou Bblbopke HabnwoaeHna X, X,, ..., X,
HE3aBUCUMbl U NPOBOAATCA B OAWMHAKOBbLIX (C BEPOATHOCTHOWM
TOYKM 3pPeHUna) ycnoBuAx, T. e. pacnpeaeneHbl N0 0 A4HOMY U TOMY
Ke 3aKOHY:

P(XkSX)=P(XSx);

NN
Fo ()=F(x), 1=1,2,...,n,Vx € R.

B  panbHenwem  6ygem  accouuMmpoBaTb  FEHEPanbHYHO
COBOKYMHOCTb C @QyHKUMeN pacnpegenenma F(x) asnemeHTa
BbIOOPKMW.

MpusHak X — ¢duKkcmpyemoe CBOMCTBO mccreayemoro obbekTa, 3a4aH Ha
HEKOTOPOM MHOXecTBe (cTaTucTnyeckon cosokynHoctn) Q = {wq, ..., Wy, }.



Paspen 1. OueHKN napameTpos

B 6ecnoBTOpHOU cay4amHOU BblbopKe HabatogeHua Xi, X,, ...,
X, ABNAIOTCA 3 @ B U CU M bl M U, UTO MOXKET NPUBECTU K
YCNOXHEHUIO CTAaTUCTUYECKMNX BbIYNCNAEHUN.

OpgHako npu boabllom obbeme reHepasibHOU cOBOKYNHOCTU N U
OTHOCUTE/NIbHO Hebonbwom (N0 cpaBHEHUO C obbemom
reHepasibHOM COBOKYMHOCTU) 0bbeme 6ecnoBTOPHOM CAy4YamHOMU
BbiIbOpkM N << N  pasamuumamm mexagy 6ecnosBTopHON U
NOBTOPHOM CAY4YaMHbIMU BbIDOPKamMmM MOXKHO npeHebpeysb.

MpusHak X — ¢duKcnpyemoe CBOMCTBO MccaeayemMoro obbeKkTta, 3aiaH Ha
HEKOTOPOM MHOXecTBe (cTaTucTudeckoi cosokynHoctn) Q = {wq, ..., W, }.



Paspen 1. OueHKN napameTpos

KoHKpeTHOU BbI6OPKOM Ha3bIBAaETCA KOHKPETHbIN Habop yncen

X{, X5y ..., X, , NONYYEHHbIN B pe3ynbrate HabnwogeHWW Hapg
npusHakom X , T.C. Habop, COCTOALLNMN n3 n
peannsauun X.

HanomMHMM, YTO YNCNO d1eMEHTOB B BblIOOpPKe Ha3biBaeTcA ee
obvemom.

MpusHak X — ¢duKcnpyemoe CBOMCTBO MCCedyemoro obbeKTa, 3a4aH Ha
HEKOTOPOM MHOXecTBe (cTaTucTnyeckom coBokynHoctn) Q = {wq, ..., W, }.



Paspen 1. OueHKN napameTpos

BbibopouHoe HabnwaeHune - yactnyHbii oTbOpP M3
CTaTUCTUYECKOM  COBOKYMHOCTU ee  OTAeNbHbIX eAuHUL,
dopmupyembix B BbIOOPKY, MMaBHbIM 06pa3om C/y4anHbIM
cnocobom

(Hanpumep, CoUMONIOTMYECKUIN OMPOC MPOXOXKMX, BblOOPOYHAA
NPOBEpPKa KayecTBa NPoAyKLUN, MUKPO-NEPENNCHU HaceneHusa).



Paspen 1. OueHKN napameTpos

[Moa, BbIGOPOUYHBIM METOAOM NOHMMaeTcs obcnegoBaHme
4aCTM COBOKYMHOCTU (BbIDOPOYHOM COBOKYMHOCTW), MOCAE YEero,
Ha OCHOBAHWM MNOJIYYEHHbIX PEe3yNbTaToOB, [AENaloTCA BbIBOAbI
OTHOCUTENbHO BCEU COBOKYMHOCTHU (reHepanbHOM
COBOKYMHOCTMH).

N3 reHepanbHOM COBOKYMHOCTM OTOMpaeTcs YacTb
eaNHUL,

Mo HUM NPOBOAUTCA UcCNedoBaHMeE, a 3aTeEM pe3yabTaThl
obcnenoBaHUA PaACcNpOCTPaHAIOTCA Ha BCHO COBOKYMHOCTb C
IOCTaTOYHO BbICOKOM CTEMeHblo 4OCTOBEPHOCTN, BEPOATHOCTM.



Paspen 1. OueHKN napameTpos

MpuumnHbI NPUMEHeHHUA:

e JKOHOMMUA

* HeBO3MOXHOCTb nposeageHnAa cCnaowHoro ncciaenoBaHuUA

OcHOBHaA mnpea BblIOOPOYHOro mMeToda COCTOUT B TOM, YTO B
pe3ynbrate 06cnegoBaHUA YaCcTM COBOKYMHOCTU MOXHO CyAuUTb C
onpeaesieHHON BEPOATHOCTbIO O  XapaKTepPUCTMKAX  BCEWU
M3y4yaemMom COBOKYMHOCTU (reHepasbHOM COBOKYMHOCTH).



Paspen 1. OueHKN napameTpos

3apaum BbiI6OpPOUYHOro meTtoAaa

OnpepeneHne OOBEPUTENBHONO WHTEpPBasa, B KOTOPOM
HaXOAMTCA XapaKTEPUCTUKA reHepasibHOM COBOKYMHOCTM

OnpepeneHne MMHMMaNbHOTO 06 bema BbIOOPKU

OnpegeneHne OOBEPUTENBHOWN BEPOATHOCTM TOrO, YTO
PA3HOCTb MeXKAYy XapaKTepUCTUKamMM  BblIOOpPOYHOU ¥
reHepasbHOM COBOKYMHOCTEM He npeB30oUAeT Hanepep,
3a4aHHOr0 Ymncna.



Teopuna BepoOATHOCTEU U
MaTemaTnyeckasa CTaTUCTUKA

KoHel nekuun



