MC-26 TeopeTuueckuit matepman
KpUTepum HE3aBUCMMOCTU U OAHOPOAHOCTH Y >-TIMPCOHa,
Kputepum ogHopoaHoctn Koamoroposa-CmupHoBsa.
CpaBHeHMe reHepanbHbIX CPpeaHUX U reHepasibHbIX AUcnepcuii
ABYX U 6021€ee HOpMaZIbHbIX COBOKYNHOCTEN

Kputepuit HesaBucumocTy x>

NmetoTca aBe ANCKPETHbIE cay4YaliHble BeANYUHbI X Y.

TpebyeTtca npoBepuTb rMNOTe3y 06 X HE3aBUCUMOCTHU.

MycTb Pa3nNYatOTCA T 3HAYEHWUI CayYyalHOM BeNnUYMHbI X (0603HAYUM UX X, ..., X;) U S 3HAYEHUN
cnyyariHon BennymHbl Y (0603HaYMM WX Yy, ..., V).

Yepes k;; 0603Haunm obliee KOJMYECTBO TaKMX 3/1EMEHTOB BbI6GOPKM, B KOTOPbIX X npuHUMmaeTt
3HaveHue x;, a Y — 3HaueHune Yj-

Torga

T S
kij =n,
= =1
ropen — obbem BbI60pKVI. BBe,CI,eN\ Tak»e 0bo3HaveHuA:
S T
Vi = zkij; Hj =zkij-
j=1 i=1

B paccmatpuBaemom ciydae pesynibTaTbl HabnogeHun yaobHo odopmnate B Buae Tabauupbl,
Ha3blBaeMoOW Tabaunuen conpAXKeHHOCTU NPU3HAKOB:

X/Y | oy Y2 Vs
X1 ki1 ks kis Vi
X2 k24 k2, ks V2
xr krl krz krs vr
H1 H2 Hs n

Nycte panee py; = P({(X = x, Y = y;}); pi = PUX = x;:1); q; = P({Y = y;}).

Hy:pij=piqjyit =1,...,nrnj=1...,s.
Hi:p;ij # piq; anaHekotopbixi = 1, ..., 7, j =1,...,s.
PaccmatpuBaeTca cnenytolLan CTaTUCTUKA:
T N
k2
oSy
Villj

i=1 j=1
runotesa H OTKNOHAETCA, €C/IW BbIYMCNEHHOE MO BbIGOPOUHBIM AaHHBIM 3HaUEHME CTaTUCTUKM X2,
YAOBNETBOPAET HEPABEHCTBY:

2
Xﬁaﬁn > Xa;(r—l)(s—l)'



Kputepuit ogHopoaHOCTH x>
MpoBepAaeTcsa rMnoTesa 0 TOM, YTO ABe BbIOOPKM NPUHAANEKAT O4HOWN reHepanbHOM COBOKYMHOCTH.
[aHHble foNXKHbI ObITb NPeACTaBAEHbI B BUAE MHTEPBAIbHOTO CTaTUCTUYECKOTO paaa.
Mmetotca BblbOpKa obbema My W3 reHepanbHOW COBOKynHocTM X; W BblbopKa obbema m, w3
reHepanbHOM COBOKYNHOCTU X5; I — KOAMYECTBO MHTEPBANOB FPYNNMPOBKM (0OANHAKOBOE Ana 06enx
BbIOOPOK); W; W V;— KOANYECTBO NonafaHui B i-i MHTEpPBAN rPynnMpPOBaHWUA, COOTBETCTBEHHO,
nepso 1 BTopoi Bblbopok, i = 1, 2, ..., l; ypoBeHb 3HaUMMoOCTK Q.
Myctb Fj(x) — dyHKUMA pacnpeneneHuns ciy4ainHon senmumnbl X, j = 1, 2.
MNposepaeTca runoresa
Hy: F;(x) = F,(x), x € R,
H,: F;(x) # F,(x), ans HekoTopbix X € R.
B cnyyae cosnageHna o6bemoB BbIGOPOK: My =N, = n
CTAaTUCTUKA BbluncaaeTcA No dopmyne
i VL)Z
Z it

=1

~

KpuTtuueckoe 3HaueHUe CTaTUCTUKU: Xa;l—1-
fmnotesa H(, OTKNOHAETCA, €C/N BblYMC/IEHHOE MO BbIGOPOYHbIM AAHHBIM 3HAYEHMEe CTATUCTUKM
X2.6, YBOBNETBOPAET HEPABEHCTBY:

2 2
Xua6n > Xa;l—l'

CraTtuctuka Kputepuma nveet cnep,yrou.l,mﬁ BUA:

(-
xr=mymy Y T2
WitV

Kputepuii ogHopogHoctn Koamoroposa-CMmupHOBaA
NmetoTca age BbIbOpKM —0bbema 1, U3 reHepanbHOM COBOKYMHOCTM X; U 06bema n, U3 reHepanbHOM
COBOKYNHOCTU X;.
Mpeanonaraercs, 4TO CAy4anHble BeMUMHbI X; — HenpepbiBHble C GYHKUMAMM pacnpeneneHvs
Fx),j =1, 2.
Hy: F,(x) = F,(x), x € R,
H;: F;(x) # F,(x), ans HekoTtopbix x € R.
MposepKa rmnoTesbl NPOM3BOAUTCA NO CAEAYIOLWEN CXxeme:
1. Mo umetowmmca BbIBOpKam HaxoaAaTcs amnupudeckue yHKummn pacnpegenerus Fi (x) u F; (x).

2. PaccmaTpurBaeTcs CTaTUCTUKA C/ieaytowero Buaa:

nin,;
n,+n,

-max|Fy (x) — F5 ()],

3. No Tabnunuam pacnpepeneHna Konmoroposa onpeaenseTca BeaWUMHA ka—100a-npou,eHTHar-|
TOYKa pacnpeneneHna Kosmoroposa ypoBHA .

4. Tunotesa H, OTKNOHAETCA HA YPOBHE 3HAYMMOCTU &, €C/IN BbIYMCAEHHOE MO BbIBOPOYHBIM AaHHbIM
3HayeHue CTaTUCTUKKU D, 6, YAOBNETBOPAET HEPABEHCTBY:

DHaﬁn > ka

3ameuaHue. Kputepuii Konmoroposa—CMMpHOBa NpUMEHAETCA Npu nq, n, = 50.

[AucnepcuoHHbIX aHanM3 — 3TO CTATUCTMYECKMIA MEeTOJ aHanau3a pe3ynbTaToB HabawoaeHwn,
3aBUCALWMX OT Pas/IMYHbIX OAHOBPEMEHHO AENCTBYIOWMX (HAKTOPOB, OCHOBAHHbLIN HA CPaBHEHWUU
OLEHOK AMCNEPCUI COOTBETCTBYHOLMX FPYNN BbIBOPOUHbBIX AaHHbIX.

Moa, ¢$aKTopom MOHMMAIOT Pas/IyHble, HE3ABMUCMMbIE, KAYeCTBEHHbIE MOKa3aTenu, BAMAIOWME HA
n3yyaemble NPU3HAKM.



Mpu3HaKKM, U3MeHAlWMeca MoL BO3A4eNCTBMEM TeX WAM  MHbIX  GAKTOpPOB, Has3blBAlOT
pe3ynbTaTUBHbIMU.

CylWHOCTb MeTo4a AUCMNEePCUOHHOrO aHanM3a 3aK/YaeTCAa B U3MEPEHUU OTAE/bHbIX AUCNepCuit
(obwan, pakTOopHan, ocTaToO4HanA), U Aa/ibHENLEM ONpeaeneHnUm CUbl BAMAHUA U3yYaembix GpakTopos
(oueHKM ponu Kaxkaoro n3 GpakTopos, IMB0 NX COBMECTHOTO BAUAHUSA) HA Pe3y/IbTaTUBHbIN NPU3HAK.
Knaccupumkauma metonoB ANCNEPCMOHHOIO aHanM3a

OpHodakTopHbIi (ANOVA)
— (AHanu3 pasnnunii No ogHoMy
NPW3HaKy)

Mo KonnuectBy
aHaNU3npyembix
NpuU3HaKos MHorodakropHbiii (MANOVA)
(AHanus pasnnumi rpynn
OA4HOBPEMEHHO Mo ABYM
npusHakam u 6onee)

*ANOVA - Analysis of Variance

*MANOVA — Multivariate Analysis of Variance

MpeanonoXKeHna ANA UCNONb30BaHUA 0AHOPAKTOPHOrO AUCNEPCMOHHOIO aHaNU3a:

YT106bI pe3ynbTaTbl 04HOPAKTOPHOIO ANCNEPCUOHHOTO aHaIn3a HblNn [OCTOBEPHBIMU, LONKHbI
BbINONHATLCA CAefytolme AoNyLWeHNA:

1. HopmanbHocTb. Kaxkaas BbibopKa Obina B3ATa U3 HOPMAbHO pacrnpeaeneHHon nonyaaumm.

2. PaBHble aucnepcumn — gucnepcum COBOKYMHOCTEN, U3 KOTOPbIX B3ATbl BbIOOPKK, paBHbI (MOXKHO
ncnosab3oBaTb TecT bapTaerra, YTo6bI NPOBEPUTL 3TO NPELNONOKEHMNE).

3. HesaBucumocTb. HabntoaeHna B Kaxgom rpynne He3aBMCUMMbIl APYr OT Apyra, a HabatoaeHuA
BHYTPM rpynn 661 NoAy4YeHbl NyTEM CyYaliHOM BbIGOPKK.

OpHOGAKTOPHbIA AUCMEPCMOHHDBIN aHANIM3 OCHOBAH Ha TOM, YTO CYMMY KBaZpaTOB OTKIOHEHWM
CTAaTUCTMYECKOrO KOMMJIEKCA BO3MOXKHO Pa3AeMTb Ha KOMMOHEHTbI:
SST =SSA+SSW,
roe SST - obwana cymma KBagpaToB OTKAOHEHUN, SSA - 06bACHEHHAs BAMAHMEM ¢daKTopa A cymma
KBaA4paToB OTKAOHEHUN, SSW - HeobbACHEHHAA CymMa KBagpaToB OTKAOHEHUI NN CYMMa KBaApaToB
OTKNOHEHUI OLWNOKN.
1. Mexrpynnosasa Bapuauma SSA — Bapuaumsa mexay cpegHUM KaxKgowm rpynnbl U obuwmm
CpeAHUM 3HaYeHNEM BCeN BbIOOPKM
2. BHyTpurpynnosaa Bapuauua SSW-— Bapuaumsa Mexay KarkabiM OO6bEKTOM McciefoBaHMA
rpynnbl U CPEAHUM 3HAYEHMEM COOTBETCTBYIOLLEN FPYyNMbl

KomnoHeHTbI gucnepcum Cymma KBaapaToB Yucno creneHei OueHKM gucnepcum
csob6opgpbl

Meskrpynnosas (SSA) k k-1 MSA = SSA
Sum of Squares Among SSA = Z ny(%; — %)* k-1
Groups i=1 (dakTOpHan ancnepcusn)
BHyTpurpynnosas (SSW) k n—k MSW = SSW
Sum of Squares Within SSW = ZZ(JCU —%)? T n—k
Groups s (OcraTtouHas aucnepcus)
O6was kM n—1 SST

. MST =
(SST = SSA+SSW) SST = (x;j — %) —]
Total Sum of Squares i j=1




YT106blI NPOBECTU OAHODAKTOPHbLIA AMCNEPCUOHHBIMA aHaNU3 [AaHHbIX CTaTUCTUYECKOro KOMMIEKCa,
HY’KHO HalTV paKTUYecKoe OoTHoleHue duwiepa - oTHOWEHME Ancnepcun, 06 bACHEHHOW BAUAHMEM
dakTOopa (MexKpynnoBoii, ¢GaKTOpPHOM), W HEOODBACHEHHON Aucnepcun (BHYTPUrPYNNOBOIA,

OCTaTO4YHOMN).

MSA

Torpa gucnepcuMoHHOE OTHOLWEHUE 3TO Fy 6, = sw"

YKasaHHoe AncnepCcnMoHHoe OTHOWeHne Tem 6011bLLIe, yem CuJibHee pPas3HATCA YpPOBHU d)aKTopa no
BO3AEI>‘ICTBMIO Ha rpynnosblie cpegHue.

MpoBepkKa runoTesbl 0 COBMNAAEHUN HECKO/IbKUX FreHepasibHbIX CpeaHUX METOAO0M AUCNEPCUOHHOIO
aHanusa
MycTb )?l- = (Xil, .y Xin,) — BbI6OpKa 06bema 1; 13 N (1;, 6®),raei = 1,...,k.
MpeanonoXum TakxKe, YyTon = nq + ...+ Ny Cy4arHbIX BEIMYUH

X115 o0 Xings X210 v Xongs o5 Xits wor Xy,
HEe3aBUCUMbl B COBOKYMHOCTU. TakMm obpasom, Bbi6OpKM )?1,...,)?,( He3aBUCUMbI U NOJYYEeHbl U3
HOPMa/lbHbIX pacnpeaeneHunii c 0AMHaKOBOM Ancnepcueii o2 1, BO3MOXHO, Pa3/IMYHbIMU CPEAHUMM
Uy, - - -, Uy TUNOTE3a O paBEHCTBE BCEX CPEAHMX OAHOBPEMEHHO 3aMnMCbIBAETCA Kak
Ho:py =...=p, H: L)) p; # Hj -
3ameTum, uto npwu BepHoi Hy reHepanbHble pacnpeaeneHvs coBnagatot:

N(uy,02) = - = N(ug, 02).
PaccmoTpum ob6beanHEHHYO BbIBOpKY obbeman = ny + ...+ n,
X = (X11, o Xing Xots oo Xomys s Xts o Xime)-

NHTepnpetupys BbIGOPKK )?1, ...,)?k KaK rpynnbl, Ha KOTOpble pa3buta COBOKYMHOCTb X, BBEAEM
0603Ha4YeHuUA, aHANIOTUYHbIE TEM, YTO UCNO/Ib30BAIUCH NPU U3YHEHUN MEKTPYNMOBOMN ANUCNEPCUMN:

1 on; P
X; = ;Zj;lXij — Bbl6OpOYHOE cpegHee B i-ii COBOKYMHOCTU;
l

6% = Z;‘;l(Xij — X;)? — BbibOpouHan gucnepcua B TOi e BbIGOpPKe;

S 1 = 1 n; - Y
X = ZZ{-‘lei n = {-‘zlzjngij — BbI6OpOUHOE cpeaHee B 06beANHEHHOM BbiGopKe X;

og° = %Zé‘zl 6i2 n; — cpeaHAn rpynnosas gucnepcua (SSW/n);
52

62 = %Zlez?il(Xij — X)? — BbI6opoYHan Aucnepcua NpusHaKa B 06begMHEHHO BbiIGopke X.

%Z{-‘zl()?i — X)? n; — mexrpynnosas aucnepcua (SSA/n);

MN3BECTHO, 4TO BLIBOPOYHYIO ANCNEPCHIO G2 MOXHO NPeACTaBUTb B BUAE CYMMbI
62=5%+6%=(SSA+ SSW)/n = SST/n,

rae cnaraemoe G2 XxapakTepusyeT CPeHIO U3MeHUYMBOCTb NMPU3HaKa B Kax a0l BbIbopKe )?1, ...,)?k, a

cnaraemoe 82 xapakTepusyeT pa3bpoc BbIGOPOUHbIX CPeaHUX X, . . ., X).

KpuTepuii nposepkn Hy Nnpotus H; Mcnonb3yeT Tak Ha3blBaemoe oTHoweHune duwepa:
1 s o 1
12X —X)?n —gns*/s®  Msa
1 : 7y2 - MsSwW
X Dk (Xi — X)?

1 T na?/s?

MosHo foKasatb, uTo F ~ F(k — 1,n — k), rae F(n — 1,n — k) — pacnpegeneHue ®uiuepa c
k — 1 nn — k creneHamu cBobopgpbl.

Ana nposepku Hy ¢ ypOBHEM 3HAUMMOCTU & NPUMEHAETCA KPUTEPUIA C KPUTUYECKOM 06/1aCTblo
F >F,(k—1n—k), rpe F,(k—1,n—k) — BepxHAa nNpPOLEHTHAA TOYKa pacnpeneneHus
F(k — 1,n — k).



3ameuanue. Eciu F < 1, To ciexyeT cpa3y npuHTH TUnote3y Hy, mockonbKy Fxp Bcerma Gosbiie
CANHUIIBI.

Ecnu runore3a o PABEHCTBE CPECIHUX HE NMOATBEPKIACTCHA, UMCCT CMBICII OLICHNBATh BCIIMYKUHBL ,Lll-
10 OTACJIIbHOCTH. HOHy‘IaCM JUIA HUX CIICAYIOINHE AO0BEepUTE/ibHble UHTEPBAJIbl (C HageXHOCTbio )/)

Xi—6</li<)?i+6,

,MSW
roe 6 = — ty, ty— KpuTHdeckas Touka pacnpeneneHus CTbIOIEHTa ¢ N — K CTENEHAMH CBOOO/IbI
i

(mns nBycTOpOHHEH 00J1aCTH)

scipy.stats.t.ppf((1+gamma)/2,n-k)

OfHMM M3 YyCNOBMW MPUMEHEHMA OUCNEPCUOHHOrO aHa/M3a ABMAETCA PABEHCTBO reHepasibHbIX
rPynnoBbIx guUcrnepcui al-z =0f,i=1,..,k

CpaBHeHUe HECKOJIbKUX ANCNEPCUIt HOPMaNbHbIX FeHepPasibHbIX COBOKYNHOCTEH No BbIGOpKam
pa3nnyHoro ob6vema. Kputepuit baptanerra

MycTb reHepanbHble COBOKYNHOCTN X1, X5, ..., X; pacnpeseneHbl HOPManbHO. M3 3TUX COBOKYMNHOCTEM
n3BaevYeHbl He3aBucuMble BbIBOPKKM, BOObLLE roBOpA pa3inyHbIX 06BEMOB Nn; (HEKOTOPbIE N; MOTYT
6blTb OA4MHAKOBbIMW; €CAn BCe BbIOOPKM MMEKT OAMHaKoBble OOBEM, TO npeanoyTUTENbHEe

nonb3oBaTbcA Kputepnem KoupeHa).
Ho: 07 = 0% = -+ = af

1. Hangem ncnpasneHHble BbIOOpOYHbIE Ancnepcumn siz,i =1,..,1L

2. Hanpém k; = n; —1 — uncno creneHen csobonbl Aucnepcun sl-z,i =1,..,1 u cymmy cteneHei
csoboabl k = Y!_ k;.

3. Haltgem cpeaHo apudMeTUUECKyo WCMPaBAEHHbIX AWCMEePCUi, B3BELIEHHYKD MO 4YUCAaM
cTeneHen cBoboabl:

32 = Z£=1 kislz
kv
4. CnyyaliHas BennuunHa (Kputepuit baptnerra) B = o

roe

vV =2,303|k1 ?—zl:kl s2 -c—1+# ii_l
- P N (] P
L= =

KOoTopaa npu YCNOBUM CMpaBeaMBOCTM rMnoTesbl 06 04HOPOAHOCTU AMCMEpPCUMiA pacnpeaeneHa
NPUBANMKEHHO KaK )(2 ¢ l— 1 cteneHamu cBobozbl, ecnn 06vem Kaxaown Bblbopkun; > 3,i =1,...,1.

Mpasuno. Ans Toro 4tobbl NpM 3a4aHHOM YPOBHE 3HAYMMOCTU & NPOBEPUTb HYNEBYIO rMNOTe3y 06

OAHOPOAHOCTU AUCNEPCUIA HOPMA/IbHbIX COBOKYNHOCTEMN, HaA0 BbIYMC/IUTL Habatogaemoe 3HaYeHne

Kputepua baptnetta By, =V/C , W KPUTUYECKYIO TOYKY )(,%p.(a; [ —1) npaBoCTOpOHHE

Kputnyeckon obnactn. Ecam B,g, < )(}%p_ — HeT OCHOBAHWN OTBEPrHyTb HyneBylo runotesy. Ecam
2

Byagn. > Xip.—HY/JIEBYIO TMNOTE3Y OTBEPraloT.



3ameuaHue 1. He cneslyeT TOpONMUTLCA BbIYMCAATL NOCTOAHHYIO C. CHauana Hafo HaiiTn V 1 cpaBHUTL
C Xgp. €cam okaxetca, yto V < yg,, To nogasHo (Tak Kak € >1) Byag, =V/C < xg, u,
cnefoBatenbHo, C BLIYCAATL He Hy)KHO. Ecin e V >y, TO Hafo BbluMCANTL C 1 3aTem CPaBHUTL

2
BHa6J‘I. c chp.

3ameuaHue 2. Kputepuit bapTneTtra 4yBCTBUTENEH K OTKJIOHEHUAM pacnpeaeneHuii OT HOPMAJIbHOTO,
MO3TOMY K BbIBOAAM CNefyeT OTHOCUTCA C OCTOPOXKHOCTbIO.

3ameuaHue 3. [pun yCNoBUN OAHOPOAHOCTU AUCNIEPCUIA B KAYeCTBe OLLEHKU reHepasibHoi gucnepcum
NPUHUMAIOT CPEAHIO apUPMETUYECKYHD WCNPaBNEHHbIX AMCNEPCUA, B3BELUEHHYID MO YMUC/IaM

cTeneHel ceoboapbl:

Kputepuii bapTneTtTa TakKe Ha3blBaloT runoTesoi 06 o4HOPOAHOCTU AUCTIEPCUIA.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.bartlett.html

Mpegnonoxum, 4to pakTop A BAMAET Ha pe3ybTaTUBHbIN NPU3HaK X. A n3mepeHus cTeneHun aToro
B/INSIHUS MUCMOb3YIOT BbIOOPOUYHbBIN KO3IPPULUMEHT AeTEPMUHALUU, PABHbIN
, SSA
m = <o
SST
KOTOPbIA MOKa3blBaeT, KaKyl A0/ BbIOOPOYHON AMCNEPCUM COCTaBASET AMChepcua rpynnoBbixX
cpeaHuX, MHaye roBops, Kakan 4o/1a obLen gucnepcmm o6 bACHAETCA 3aBUCUMOCTbIO Pe3ybTaTUBHOIO
npusHaka X ot paktopa A.

[ns BbINONHEHMA 0A4HODAKTOPHOrO AUCNEPCUOHHOro aHanusa B Python npumeHsaoT GyHKLMIO

f_oneway()
n3 6ubnnotekn SciPy.

https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.f oneway.html



https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.bartlett.html
https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.f_oneway.html

