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1 Heat equation

Let Q c RY, d = 2, 3 be the computational domain. We suppose to have a disjoined partition of its
boundary: 0Q) = I'b U I'y U Tr. We consider the parabolic equation for the temperature T, heat flux
d and heat release ¢

Heat equation (strong formulation)

( qg=—-kVT
ar . .
pCpa +div(VT) +divd=q inQ
T=T" inlp (1.1)
oT .
ka =q¥ inly
oT
cRT + ko = gt inTy

Heat equation (weak formulation)

Let H} := {u e H'(Q) ‘ T}FD =f } The standard weak formulation looks for T € HL, such
that for all ¢ € H}(Q)

JQ pCpid)—JQVT-thLJQ kVT-VcI)—FJ CRT(I)+J Vn T = L) qq>+Jr q*d (1.2)

'r RUIMNN R

We can derive (1.2) from (1.1) by the divergence theorem

F—Fd
J &szj Ffn = J(mvﬂ¢:—J‘F-v¢+J Fu,
Q 00 Q Q

Lﬁww+@¢:?L“V¢+J

kKVT -V + J Frnd.
Q

00

Using that ¢ vanishes on Iy we have

J R¢=J ﬁ¢=J w¢+j dnd,
00 'vUTR 'NUTlR 'vUl'g

and then with the different boundary conditions, we find

[ o], o] ans
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1.1 Boundary conditions
1.1.1 Nitsche’s method
up € Vi ag(un, ¢) +asa(un, d) =la(dp) +laald) Ve Vy

ao (v, d) = o uvu - Vo

apa(v, ) = %ud) —J o <au¢ + uad)) (1.3)
™ o n n

r

la(d) =] o, loo(P) =Jr pu? <K¢—2ﬁ>

JO

Let —div(uVz) = 0 and Z‘FD =1and z‘rN = 0. Then

J MVU-VZ—J fz:J (uVu-Vz—i—div(uVu)z):J L.
Q Q Q p on

Now, if z, € Vi, such that z —z, € H}(Q)

JQ WY (1 — ) - Tz — zp) =J

f(z —zn) —J uVuy - V(z —zp)
Q Q

_J fz—J uVuh-VZ+J uVuh-V(z—zh)—J fzn
Q Q Q Q

_ ou D 2% 0zn J oup
= LD M +JQ uV(u—un) VZ+JFD r(u” —un) (hlh an> + . ™

ou ou 0(z—2z
I = N L B O
™ n ™ mn on ™ n

so we get a possibly second-order approximation of the flux by

oup wy
F ::J u—i—J (uP —up) =, 14
e I =l M ULE (14)

1.2 Computation of the matrices for P}, (Q)

For the convection, we suppose that v € R, (Q) and let for given K € K, v = ¥ £7] vi @y Using
Xk:XEk, hk:hgk, crk:crgk,nk:ngk
we compute

d+1

J Ajv.vmzzvkj Aj@y - VA
K k=1 K
0k Oj 0K O} e
Ay - VA = —— 5 [ A(x—xg) My = — —xx) - J A
JK j ¥k \Y i hkhi JK ](X Xk) ng hkhi Z(Xl Xk) ny ” I

1=1



2 Stokes problem

Let Q C RY, d = 2,3 be the computational domain. We suppose to have a disjoined partition of
its boundary: 0Q) = I'p U I'y U Tg U I'p, the outward unit normal is denotes by n. We denote by
Mo = (I—nnT) € R(4=Dxd the projection on the tangent plane.

—div (uVv) +Vp=f inQ

divv=g inQ

v=v" inMp,

ov
ﬁnlua =0
ov N
Hoy M~ P=—P

in FN,
2.1)
—_
0 in IR,
Tt <}\Rv + ua:'> =Tl L gR !

_ P
T LV =TT 1V

@ - P ian.
Hy—m—p)=—p

We can express the equations by means of the Cauchy stress tensor

0 :=2uD(V) + Adiviv)[—pI, D(v) = % (Vv+WvT). (2.2)
Due to divv = 0, the bulk viscosity A is neglected.
Then the momentum balance is (with the row-wise divergence operator)
—divo=1f inQ.
The weak formulation is based on the non-symmetric
0 :=uVv—rpl, (2.3)
which is equivalent to using o for volume integrals since A : B = A%AT : B for all symmetric

B € R4*d and any A € R4*d,
Using o in a weak formulation will in general generate different boundary conditions.

2.1 Weak formulation

The standard weak formulation reads

Vyb R P = {v e H'(Q,RY) ‘ v‘rD =& v“‘rR & ﬂnlv‘rp = m)P}
Q:=1*Q) (Q:=L*(Q)/R ifllxUTlp|=0)

(v,p) € Vypyr e X Q: an(v,p; &) =1la(d, &) V(. &) € Vo0 x Q

JQ qu:Vd)—Jdeivc])—i—JQdiva,—i—?\RJ (v-d—vndn),

'

(2.4)

ao (‘Up? d)7 a) .

lald.6)i= |

Q

pNdn —J P’ dn.

I'p

f‘d>+L29£+LR (gR-fb—gTP{d)n)—J

'n
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Lemma 2.1. A regular solution of the formulation satisfies (2.1).

Proof. By integration by parts we have, together withv- ¢ —vndn =m0 v- b

0
aQ(v,p;tb,ci):J (—uAerVp)-d)JrJ uav-cb—J Pd)n-i—J divvaHRJ v b
Q Je) n Yo} Q 'r

Then the (regular) weak solution satisfies for all ¢

JQ(—HAV+VP—f)-d)—LQPd)n—Lngrl-d)—J o= | Pt | malgt vl o,

'n p TR

and for all &
J (divv—g)&=0.
Q

Taking ¢ € H}(Q,R%), the right-hand side vanishes and the density of this space in [2(Q)
gives us

—uAv+Vp=f, divv=g ae. inQ.

But this means that for general ¢ € Vo0

Jaﬂpd)n _LQ Hg% - _JFN pNn _er P dn +J T (gR —Agv) - b =0

'r

Decomposing the test function as

b=bnn+m P
and using the definition of Vj ¢ we find

ov

ov ov
N P R
_ —u—. —pP . ARV —lU—) - =
[ R T R B N
O
Proposition 2.2. If we use the weak formulation based on the stress tensor
ag(v,p;d, &) ::J O'IV(I)-FJ diva—F?\RJ TV -T 1, (2.5)
Q Q Ik



the resulting boundary conditions are

vV=v n FD,
on = _pNn in I—‘N7
D 0
V=YV m FD, ﬁnLul—}lwn =0
N on in
on=—pn inly, ov N SRS
T LV :ﬂnJ_VP . Hﬁ L
P inlp, < P
(I-—m o )on=—p LV =T, LV } .
o v b inTp,
_\) _v —_— —_— = —
M, (ARv+on) =m, .1 g _
le _VTL
ov R n FR.
Tt | ARV + ua —pwn | =m,1g
(2.6)
Proof. Using now
o) Q 00

we get in similar way as before

J (pNn+crn)-c[>+J (I—nnl)(ppn%—cm)-q)%—J' T (Agv+on—gf) - =0
'n

I'p I'r
We have
T T T ovT T OV T
n (V) n=(vVvwn) n=— n=n'—=n'(Vv)n
on omn
and therefore
n'on=n'on = (I—-mn,)on=(I—m,.)on,

moon=I-nnTon=on—nn'on=m,.0n+ (6 —6)n = m, 1 6N — pwn

with w := %(V\)—V\)T). O

2.2 Discretization

We use finite element spaces Vi, for the velocity and Q, for the pressure. One main difficulty is to
obtain a stable approximation of the pressure gradient, which requires the inf-sup condition

di
inf sup IQ pvy

S >y > 0. (2.8)
PEQ\M0}ve vy \{0} vilv ”PHQ

To this end, we use the classical spaces Vi, = GRlli(Q, R4) and Qp = D%.



2.3 Implementations of Boundary condition
2.3.1 Strong implementation of Dirichlet condition

We write the discrete velocity space V}, as a direct sum V}, = Vﬁ“ & VAT with V}dlir corresponding
to the discrete functions not vanishing on I'p. Splitting the matrix and right-hand side vector
correspondingly, and letting uP € VA be an approximation of the Dirichlet data v° we have the
traditional way to implement Dirichlet boundary conditions:

Aint 0 _BintT Virrllt fint o Aint,dirvE
0 I 0 viir | — vD . (2.9)
Bint 0 0 Ph g— Bdlrvl?

As for the Poisson problem, we obtain an alternative formulation

Alnt 0 _BintT vi}{“ fint Aint,dirvE
0 Adir 0 vC}llir — AdirvE ] (210)
Bint 0 0 Ph g— BderE

2.3.2 Weak implementation (Nitsche’s method)

Instead of modifying the discrete velocity space, we add additional terms to the bilinear and linear
forms.

(va) S Vh X Qh : aQ(VfP; 495) + aaQ(VaW (I)7 Ev) = lQ(d)’ E:) + 180((!)7 E;) V(d), E,) S Vh X Qh

. E) Yhy W gy 20
coolvpid 8= [ MWap— [ w(Ferv-52)

[ yu ov ¢
+JFR 7 Vnén JrRu<6n Nén +vnos n)
o o %

I h Vnbn +er 22 (an non +vn on Tl)
+ (pd)n _Vna)
JIpUI'g

_ D (Y 0\ _[ b Ro(Y, - 20 ) [ um
laﬂ(q)’g)_LDuv (hq; aﬂ) JrDvniJrJrRuvn <h¢n o n> Jernci

P Yy 00
+ er Wt LV - T, L <hd) aﬂ) .

Lemma 2.3. A regular continuous solution of the formulation satisfies .

(2.11)

Proof. We have already seen that a regular continuous solution satisfies for (¢, &) € Vi x Qn

v

0 0
GQ(V7P;¢75)—1Q(¢75)=JF (uan pn)-ci)+Jr (uarl-n_p> q)n+L ﬂnlu%.d)



Thanks to the boundary conditions we also have

Y ¢ B
JFD n(vP —v) - <h¢ — E)n) —LD(VH —vn)&=0

J]" H(VE_VTL) (Kd)n_ @ 'n> _JF (VE_VTL)EZO

on
P Y oy
er Ut (v —v) - <hd) — an> =0

Adding these terms we get

[ 0
Qo pibe) a8 = | Moot | u(grorv-30) <[ pon-ved)

[ D (Y _aﬁ . D
+~FDHV (hd) n) LDVnE

R N Tk
R (Yy 00 1\ _ J R
+ FR Mvn <h(b‘r1 aTL ) FR vTLE‘
Y
— | v d + J [V (i SR SRR ) I o) SRR R S
p N e 0 0
[ Y (o
+ Ire },L’T[TLJ_VP c T L (h(b — a1’l>

=lsa($,&) —asav,p;d, &)

Alternatively, we can write the system as

(V?p) S Vh X Qh: a(Wp;d)‘i)‘i‘b(Va Ev)_b(cbap) :lQ(d)a‘t—v)+laQ(q)aEv) V(Cb,((.,) S Vh X Qh

0 0
a(v, P, £) = JQ WYYV + Ag LR (V- & —vndn) + LDUFP Wy o LDUFP " (afl b +vn af’i)

ov 0 ov 0
+J ’)::Lvn(bn_‘[ H(a'nd)n‘i‘vncb’n)_J an¢n+J H('nd)n'i‘vnq)'n)
Tk Tk n on I'p h I'p on on

b(v,&) = J

Q

divvE — J v &
I
? 2.12)

2.4 Computation of boundary forces

Suppose 1 € R is a vector field wich equals d € R on a given part I' € dQ of the boundary and
vanishes on its complement. Then we get the sum of the forces on I' in direction d by means of the



integration by parts formula (2.7), supposed the weak solution is sufficiently smooth, as
JnTGa:J nTwZJ G:Vll)—i—J divcr~1]):J G:Vl])—J f-
r 20 Q Q Q Q

=aQ(v,p;w,0)—1Q(w,0)—ARJ (v-w—vnwnwjr (gR-w—gﬁwn)—L prn—Jr PP

FR R

Supposing 1 is a discrete vector field (in general we have to approximate it), for the strong imple-
mentation, we can retrieve the last expression by the parts of the matrix eliminated. Fo the weak
implementation we have, since 1 is now an admissible test function

. (v —vnn) + LR (g% b —gipn) — LN P Pn — er P n
. (V- —vnhn) + LR (g% b —gin) — LN P — er P
Y

Y y
:J s o+ J uvi - Ly + J wr V' T
d 'r 'p

L nTod =an (v, p; b, 0) — Lo (P, 0) — ARJ

:laQ(ll)a 0) - aaQ(va;ll)7O) - ARJ

[ YH J ov
o R S R
JIpUl'p h pUl’p on

[ yu J ov
— | vnbn— | pss o
e h n¥Yn e on n

ov
+ L]:L\)nlbn + J Hai U
J rp rP n

r

— AR (V~1l)—vn1bn)+J (gR-tl)—gﬁlbn)—J lel)n—J P n

JTR r 'n Ip
0
(1ge —pn)-as | WP -v)-a Fet
J nTod=1¢"" ) r 2 (2.13)
r hid _ R Y, 0o
- 25 (an d)n> JF pon + JI" vy —vn) <h¢n o Tl) I'clgr

2.5 Pressure mean

If no boundary conditions is of Neumann or Pressure type, the pressure is only determined up to
a constant. In order to impose the zero mean on the pressure, let C the matrix of size (1, nc) with

Cij=Jn &

2.6 Iterative solution
2.6.1 ABCD

A general two-by tow system can be factorized, A is inverible as well as S = D — CA~!B as
A_|ABI_| T 0 AB
~|C D] [cATh If o S

10



SO

since

A~1(b—By)

A B B b I
0 S|[SHc—CA )|~ [c—CAlb] T |CA!

2.6.2 Stokes

A —BT I 0][A —BT _1
A=5 o =lea 16 5] 4

This means that the solution of

A—l
[ 0 st

A(xv,xp) = (Yv,Yp) is given by

AX!, =y,
Sxp =Yyp — Bx,,
AX, =Yy, + BTX]'3

2.6.3 What is the effect of replacing S by K?

Let

A_l
—1._
M= 1

Then we have

I

1 I 0
AN _[(I—SK_l)BA_l SK_l]

2.6.4 What is the effect of replacing A by X?

Let

Then with T = BX!BT

MA =

We have

-

0 T-! —BX ! 1

X—1 X 1BTT-! A

0 T B(I—X'A)

X1 (A+BTT!B(I-X"'A)) 0
T 1B(I—-X"'A) I

B

BX ' (A+BTT'B(I-X'A)) =B

11

C L 5

A_lBTS_1:| [

_BT
T

_BT
0

|

|

A‘lBTK_l} [ I o] B [A‘l(IBTK_lBA_l) A-IBTK!
—BA~! -

—K1BAL K1



2.6.5 HSS preconditioning

_RpT
A=BLe, B:[A 0], e:{o B

}, M= (B+ ad)(C+ «J)

0 0 B 0
Then T
A+aoal 0|l =B |w| |v
Al Al -b @
(A + al)w’ =v
1
q %7

(al + o 'BBT)p =q’ — o 'Bw’

ow =w’ + BTp

2.6.6 System with constraint on pressure

We have to solve (??) with

A —BT 0 I 0] JA 0 0] [T —A-1BT 0
A=|B 0 CT|=|BA! I ofl|0o S offlo I s—icT
0 C 0 0 CSt I|llo 0 T|]O 0 I
where S = BA™!BT, T = —CS~!CT. We have
I AIBT 0 Al 0 0 I 0 0
A l=10 I —s—1cT 0 St o0 —BA! I 0
0 0 I 0 0 Tt 0 —CS1 1

We construct our preconditioner by approximations of A, S, and T. The preconditioner (yv,p ,yx) —
(Xv, Xp, xx ) has the steps

AX\I) =Yv
Sx;, =yp — Bx,,
Txx =ya — Cx,,
SX{; :CTX)\

Xp =Xpp —Xp
Ax] =BTx,

Xy =X, + Xy

12



3 Beam problem

d> __d’*w
@(F—Iw)(x) =q(x) Q=J0;L[
w(x) = d—w(x) =0 (clamped end)
o~ (3.1)
w(x) = d—):;v(x) =0 (simply supported end)
d?w o d3w B )
@(x) = W(X) =TI (free end with forces)

3.1 Weak formulation

LetT'c € 0Q), T's C 9Q), and I'F C 9Q) be the points where the clamped, simply supported and fixed
boundary conditions hold.

d
V= {v e H2(Q) | v(xe) = d%}c(XC) =0, v(xs)=0, xc€Tlc,xs€ Fg} (3.2)
For a € L2(Q)
wev: J EIdedQv—J v+J @ py) = 1v) wev (3.3)
' Q dx2 dx?2 N Q g T dx o . )

Lemma 3.1. has a unique solution if T'c # 0 and the solution satisfies a weak version of (3.1).

Proof. Existence and uniqueness follow from the Lax-Milgram lemma and Poincaré’s inequality,
for which we need the boundary condition.
If w is smooth enough, integration by parts gives

2 2 2 2 L
J EIdwd\)_ J d(EIdW)d\)+[EIde\)}
Q Q

dx2 dx2 ~ Jo dx dx?’dx dx2 dx |,
a2 dw d2w dv]" d3w 1"
—| S Es? 2 Gl R o Rl
JQ dx2( dx? v+ [ dx? de [ dx3 v]o

Taking v € H3(Q) C V, we have dd—;(EI‘(iiiV;)(x) = q(x) a.e. For arbitrary v € V we then have

a2w dv]t Bw ¢
El——| — |El—+ = A4
[ dx? dx} B [ dx3 v] B 0 34

find the boundary conditions. First of 0 = x. we have the boundary conditions by the definition
of V and the corresponding boundary terms in (3.4) vanish. If 0 = x; we have by definition of V

w(0) = 0 and the remaining term in yields EI (‘112;; (0) = 0. Finally for 0 = x¢ we find the free
end conditions by . O

13



3.2 Lowest order approximation

Weuseameshh:0 =%y < x; < --- < xy = L and the spaces of quadratic B-splines, writing
them as the subspace of quadratic finite elements of class C 1 Let (d1)o<igN be the canonical bases

Pl and Pi(x) = %, 1 < i < N. In addition let h; := x; — xi_; and Xi1 = xotx,
1<igN. ‘

We consider the case of a left and right clamped beam. Noticing that, with u’ the piecewise
derivative of u € P%, we have

ueCl(Q) = J (Woi{+u"d;) =0 VI<i<N, (3.5)
Q

we define
Vi = {V € j)%]_

L) (VL +v"di) =0 VO<i< N} AH Q). (3.6)

and the discrete problem is

2 2
inf {; L EI (‘ZXV;) —Uw) ‘ we vh} . (3.7)

For the implementation we consider (3.7) as a constrained minimization and use the representation
in terms of the indicated basis and a lagrange multiplier

N N N
W:Z(de)j-i-Z[?)jll)j, }\::Z‘de)j. (3.8)
j=0 j=1 j=0
Then the discrete system reads
ai = Udi), bi:=1i)
0 0 AT CT X a J /AN J N
Di: = | EIW/Ww!., A= ']
0 D BT o]|p| _|[b =), Feen Ag = | diby (3.9)
A B 0 0 vl [0]” L N, N .
C o0 0 0]]1s 0 Bu—Lﬁm%+¢wp
Cyj = dj(xi) xi €{0;L}.

Since D is a regular diagonal matrix we can easily eliminate [3:

0o AT CT

X a
A X 0] |y|=|BD'b|, X:=—BD!BT
C 0 0]]|> 0

14



We have

(%1 —x) —1
Vi = W=
xXi Xi _1 _1 EI
B:: = ! . .”_J b = B:i:, . = D:: = —*
v JX11 d)l.q)l " d)l ' Xi—1 d)lll)l 2]'11’ Lt 2hi+17 s hi’
h.
Xuit =gy,
1
VL hit1
VUUTAEL O 4ELy
o iy
i,1+1 4EIi+1

15



A Python implementation

We suppose to have a class SimplexMesh contaning the following elements

class SimplexMesh ():
dimension, nnodes, ncells, nfaces
simplices # np.array((ncells, dimension+1))
faces # np.array ((nfaces, dimension))
points, pointsc, pointsf # np.array ((nnodes,3)), np.array ((ncells ,3)), np.array ((
normals, sigma # np.array ((nfaces ,dimension)), np.array ((ncells, dimension+1))
dv # np.array ((ncells))
bdrylabels # dictionary (keys: colors, values: id’s of boundary faces)

The norm of the ‘normals’ T is the measure of of the face

Tl = [S:| 7l

16



B Finite elements on simplices

B.1 Simplices

We consider an arbitrary non-degenerate simplex K = (xg,X1,...,x4). The volume of K is given
by
1 1
|K| = E det(x1 —X0y---5Xd — Xo) = a det(l,XO,Xl oo ,Xd) 1= (1, ceey 1) (B.l)
The d+1 sides Sy (co-dimension one, d—1-simplices or facets) are defined by Sk = (xo, ..., X%, ..., X4a).

The height is hy = [Ps, xx —Xi|, where Ps is the orthogonal projection on the hyperplane associated
to Sx. We have Ps, xj = xx + he k] and Sy = {x € R4 ‘ Tf[k]Tx = hk} and

d

d d
on div(E):ZJ ¢ =¢ ) [SITEA = ) IS =0
K i=075 i=0 i=0
Height formula
K
hy = die—
< ISk

B.2 Barycentric coordinates

The barycentric coordinate of a point x € RY give the coefficients in the affine combination of
X = Zidzo Aixi (Zid:() A{ = 1) and can be expressed by means of the outer unit normal ﬁ[i] of S; or
the signed distance d° as

T (% — x) d*(x, H)

A(x) = i £1), M(x) = : B.2
N = BTy U7 NOI=T (B.2)

Any polynomial in the barycentric coordinates can be integrated exactly. For « € N3 ™! we let

d a a -
ol =TT gl ol = > g, and A =T T{_ A"

Integration on K

b =i 6

see [EisenbergMalvern73], [VermolenSegal18].

"https://en.wikipedia.org/wiki/Simplex#Volume
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Gradient of A;

B.3 Finite elements

We consider a family 3 of regular simplicial meshes h on a polyhedral domain Q C R4. The set of
simplices of h € H is denoted by K1,, and its d — 1-dimensional sides by 8, divided into interior
and boundary sides Si}‘ft and Sg, respectively. The set of d + 1 sides of K € Ky, is 81,(K). To any side
S € 8y, we associate a unit normal vector ng, which coincides with the unit outward normal vector
ngo if S € Sg

ForK € Xy, and S € 81, or S € 8,(K) we denote

xx : barycenter of K Xs : barycenter of S

x§ : vertex opposite to S in K h& : distance of x§ to S
+1 if ng = ng, . .

o8 = . S K AS : barycentric coordinates of K
-1 ifng = —ng.

For k € Ny we denote by €k (Q) the space of piecewise k-times differential functions with re-
spect to K1, The subspace of piecewise polynomial functions of order k € Ny in C§(Q) is denoted
by DX (Q) and the L?(Q)-projection by 7tk : L2(Q) — DX(Q).

B3.1 P} (Q)

We have P} (Q) = Di,(Q) N C(Q), but the FEM definition also provides a basis. The restrictions of
the basis functions of TP%L(Q) to the simplex K are the barycentric coordinates 7\5 associated to the
node opposite to S in K.

Formulae for P} (Q)

VAK——ﬁn 1J NG = L (B.4)
STTRE™ KIS T At ‘

For the computation of matrices we use (B.3), for example for i,j € [0, d]

la! = 1)1a07"'>0 i '
J A Sk with % ( ) (?7&).)
SO
J Ay = — sy (B.5)
K ) (d+2)(d+1) )
More generally, we have for i; € [0,d] with1 <1<k
[K]ex! . .
. .. . — = ;= < < . .
JK?\M Aty RS #{jelo,d]|iy=1}, 1<1<k (B.6)
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B.3.2 CRL(Q)
CRE(Q) == {q € DX(Q) ' J [qlp=0VS c 8™ vp Pkl(S)} : (B.7)
S

Denote in addition the basis of GR%L(Q) by s, we have

Formulae for R},

IS|oK 1 1
Ps|, =1—dA§, Vis|, = —ng, Lﬂ)s =—. (B.8)

B.3.3 RV (Q)

The Raviart-Thomas space for k > 0 is given by

RE(Q) = {v € DX (Q,RY) @ XK

J il p =0VS € 8™ vp e Pk(S)} (B.9)
S

hom

where XK = {xp | p|¢ € PK,.(K) VK € Ky} with P¥ (K) the space of k-th order homogenous
polynomials.
Then the Raviart-Thomas basis function of lowest order is given by

Formulae for X7
K K
KX —Xg )  xdK ¢ 1 _ KXK —Xg
@S}K = 0g hls< 5 JKle(DS|K—O-Sh]S<—O—S|S|, m Kq)S = 0g hE o (B].O)

For the pyhon implementation of the projection on D% (Q,R9) we have with the height formula

d d
q 1 IS4
(V)| = Zvim JK Oi(x) = ZWG}((XK — Xsi)?]l<|
i=1 i=1
The pyhon implementation reads
B.3.4 Moving a point to the boundary
Let K be a simplex and x € K = conv{a; | 0 <1< d} given, i.e.
d d
X = Zkiai =aqp+ in(ai — ap)
i=0 i=1
Given B € R4 we wish to find xp € 9K such that
d
Xp :Zuiai, Xp =x+086pB, &>0. (B.11)
i=0
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The condition xg € 0K amounts to 0 < py < 1, S & 1 =1, and 6§ to be maximal. We get the
solution in two steps. First we find b; such that

which gives

d
D (mi—Ai—tbi)(ai—a) =0 = p=Ai+8b VI<i<d

i=1

Now & has to be chosen, such that the point xg lies inside K, i.e.

0< A +0b; <1 A <ob; <1 —A; VI<i<d,
= d
0<Z(7\1+6b1)<1 5Zbi<7\o

i=1 i=1

Lemma B.1. Let 0 < Ay < 1. Then the solution of

max {5
5 — mi . J1=A
= min { min b,

Proof. For b; > 0 we have 6 < lgz‘i, s00 < db; +A; < 1.

Forbi<0wehave6<%,soog?\i+6bi<?\i<1. O

d
AL <Bbi<1—A VI<i<d, 6Zbi<)\0} (B.12)

i=1

is

d
M Ao ,

t i=1 Y1 i=1
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C Discreization of the transport equation

For k € Ny we denote by €X (Q) the space of piecewise k-times differential functions with respect to
Xn, and piecewise differential operators Vi, : G’}I(Q) — Gh‘l(Q, RY) (1€ N) by th|K =V (q‘K)
for q € C}(Q) and similarly for divy, : CL(Q,R4) — €} 1(Q). We frequently use the piecewise
Stokes formula

JQ(th)v + JQ q(divpv) = J [qvn] —i—J L Gvn, (C.1)

sint 82
where [g =3 g5, Js and nin the sum stands for ns.

The subspace of piecewise polynomial functions of order k € Ny in CX(Q) is denoted by DF (Q)
and the L?(Q)-projection by 7f : L2(Q) — DX (Q).
Suppose u satisfies

div(fu) =f inQ, Bru—uP)=0 onoQ. (C.2)

From the integration by parts formula

JQ div(pu)v = —JQ pu-Vv —i—J Brnuv (C.3)

00

it then follows that u satisfies

a(u,v) =1v) WweV

with
alu,v) = L) div(pu)v — L)Q Bruv, lv):= L) fv— LQ B;uDv. (C.4)
L C.1.
- _] 8, Bl
alu,u) = N — U + o 5w (C.5)

Proof. We also have

alu,v) :% JPQ div(p)uv + % :Q div(pu)v + % JQ(B -Vu)v — LQ B uv
5 | B+ | (B T ulp T+ | (G B
2)a 2)a 20 2

;“Q div(p)uv + ;JQ ((B-Vu)jv—u(p-Vv)) + LQ ”52n|uv
such that the result follows with v = u. O
C1 DE(Q)
Let

anfuwv)i= | din(Bu - | g | pE)
Q 00 Sh (C.6)
BE (V) =" Bt v = By ) — Pmsl
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Lemma C.2. We have

an(u,v) =L) u(p - Vi) +LQ Biuv+L B2 () I,

C7
Iﬁnsl 7

B% (W) =B u™ + Bru™ = —(—Bs)*(w) = g (v} + vl

and

anfu,v) = 5 | (divn(Buly —u(p - Vi) + |

00

|Bn| |Bn| BTI ex. . in in, ex
2uv+Lh N [u] [v]—i—Lh 5 (USV™ — umve)

(C.8)
Proof.
J divp (u)v = —J u(p - Vpv) —i—J Brnuv —i—J Brng [UV]
Q Q Yo} Sh
We get with
Bus (] — ] B () =B (1)) + e} 1) — [ By 1+ 22 g
Bty 1+ P25l 1 = B a0
Finally for (C.8)
B (W) W — [ BE (W) = 1Bl W] W] + Brg {u} V] — [u] B (V)
an {LL} [\)] ] an {V} — Bn (uexvm ulnvex)
UJ
Corollary C.3.
_ [ diva(B) - Bl 2 Brsl . 42
ap(u,u) = Ll 5 us+ LQ 5 us + Lh 5 [u] (C.9
Proof.

2w 1) Jlevh Buu J B — Lhﬁi(u)[u]—jgu(ﬁ-vhuwj

JQ divi (B)u? + LQ IBnlu? + Lh [u] (B"S(u) — B%(u))

B:uu+J fu] B (1)

2Q Sn

BL(W) — BE(W) =B u™ + Br U™ — B U™ — B U™ = [Brgu™ — Bl u™

We suppose p € KT}, with div p = 0. Then p € DY and we have

Jﬂu(rs-vhv)=Jﬂnhu(rs-vhv)=J Byt [ B vy

20 S
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Corollary C.4. For k = 0 the solution to
ueDV: ap(u,v)=1v) YveDY (C.10)
satisfies monotonicity: 1 > 0 implies u > 0

Proof. We writeu =u" +u~ and use v=u" in (C.10) such that

+ + —).

au,u)=alu,u )—aut,u)=lu )—alut,u) < —a(ut,u

and since with x — x| = 2x~ and —x — |x| = —2x ™"

J |BTL| [u] V] +J Bl (uexvin _ uinvex) _ J |BTL| (uinvin + uexvex) +J ( T—luexvin _ B+uinvex)
Sh Sh Sh Sh

2 2 2
(C.11)
a(u_g_’ ) _J |Bn|u+u_ +J Bl [u+] [u_] +J Bi <u+exu_in _u+inu_ex>
o0 2 Sn 2 s, 2
:J |Bn|u+u_+J Bl (u+inu_in+u+exu_ex> +J ( ;u+exu_in_ B+u+inu_ex)
00 2 S, 2 Sn
i —
=0 =0 >0
Since a(u,u) is norm on D%, wehaveu™ =0,ie. u> 0. O
C.2 D%L(Q)

We have for f € RT), with divp =0

JQ(B Vhu = JQ(B = |

Bn [umhv] —i—J UB TV

§int 20
C3 PL(Q)
Let K € Ky, Bx = 1k 3, xk be the barycenter of K and xﬁt( € 0K such that with 6x > 0
Xk = xi + 6k Bk (C.12)
If we know ﬁ)[i]TBK, we can compute x?( as follows.
T .
P T b oA Bk 1 Wl Bk IS
Ai(xg) = Ai(xk) + 0k VAL ' Bk = i1 Sk o drl 5K7d“<|
It follows that
8k = max d[K] - +10<i<d,. (C.13)
(d-+1)18:l (71" Bx)
The stabilized bilinear form is
a®'Pe(u,v) = J (B-Vu) —J Bruv —i—J S(B-VUW)(B-Vv) (C.14)
Q Yo} Q

Then we have

a*PE(u,v) =
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