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DOWNDATING THE SINGULAR VALUE DECOMPOSITION*
MING GU' AND STANLEY C. EISENSTAT#

Abstract. Let A be a matrix with known singular values and left and/or right singular vectors,
and let A’ be the matrix obtained by deleting a row from A. We present efficient and stable algorithms
for computing the singular values and left and/or right singular vectors of A’. We also show that
the problem of computing the singular values of A’ is well conditioned when the left singular vectors
of A are given, but can be ill conditioned when they are not. Our algorithms reduce the problem
to computing the eigendecomposition or singular value decomposition of a matrix that has a simple
structure, and solve the reduced problem via finding the roots of a secular equation. Previous
algorithms of this type can be unstable and always solve the ill-conditioned problem.
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1. Introduction. Let
(1) A=UxvT

be the singular value decomposition (SVD) of a matrix A € R™*", where U € R™*™
and V € R™ " are orthogonal and ¥ € R™*" is zero except on the main diagonal,
which has nonnegative entries in nonincreasing order. The columns of U and V are
the left singular vectors and the right singular vectors of A, respectively, and the
diagonal entries of ¥ are the singular values of A.

In many least squares and signal processing applications (see [5], [21], and [27]
and the references therein) we repeatedly update A by appending a row or a column
or downdate A by deleting a row or a column. After each update or downdate we
must compute the SVD of the resulting matrix. We consider the updating problem
in {15] and [17]; here we consider the downdating problem.

Since deleting a column of A is tantamount to deleting a row of AT, we only
consider row deletions. Without loss of generality we further assume that the last row
is deleted. Thus we can write

2 a=(%).

where A’ € R(m=1x7 ig the downdated matrix. Let the SVD of A’ be
(3) A =Usv7T,

where U’ € R(m~1*(m=1) and V’ € R™*" are orthogonal and ¥’ € R(™~D*" ig zero
except on the main diagonal, which has nonnegative entries in nonincreasing order.

We would like to take advantage of our knowledge of the SVD of A when computing
the SVD of A’.

* Received by the editors July 2, 1993; accepted for publication by N. J. Higham (in revised
form) May 13, 1994. This research was supported in part by U. S. Army Research Office contract
DAALO03-91-G-0032.

¥ Department of Mathematics and Lawrence Berkeley Laboratory, University of California, Berke-
ley, California 94720 (minggu@math.berkeley.edu).

t Department of Computer Science, Yale University, P. O. Box 208285, New Haven, Connecticut
06520-8285 (eisenstat-stanQcs.yale.edu).

793



Downloaded 07/26/19 to 129.110.242.33. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

794 M. GU AND S. C. EISENSTAT

We assume that m > n; the case m < n is similar and is treated in detail in [15]
and [16]. We write

/
v- ), == (7)) ma v- v, v (7).

where U; € R™*% U, € Rm*(m=—n) ! ¢ Rm-Uxn [} ¢ RM-1Dx(m=n=1) apd
D, D’ € R™*"™ are diagonal matrices. Then (1) and (3) can be rewritten as

@) A=UsVT = (U, U2)<€>VT=U1DVT
and

T D’ T T
5) A =Usv'T = (U Ué)( . )V’ —upv'T.

There are three downdating problems to consider.
1. Given V, D, and a, compute V' and D’.
2. Given U (or U;), V, and D, compute U’ (or U7), V', and D".
3. Given U (or U;) and D, compute U’ (or Uj) and D'.
We assume that Problem 1 has a solution, i.e., that a is the last row of some
matrix A with singular value decomposition (4). Equations (1) and (2) imply that

ATA =v'D*VT =V(D? - 22T)VT,

where z = VTa € R™. Thus the singular values of A’ can found by computing the
eigendecomposition D?—zzT = § Q2S7T, where S € R™*" is orthogonal and Q € R"*"
is nonnegative and diagonal. The diagonal elements of D’ = 2 are the singular values.
The right singular vector matrix V'’ can be computed as V'.S. We present Algorithm I
to solve Problem 1 stably! in §§2-3.

Since Problem 1 requires computing the eigendecomposition of D? — 227, small
perturbations in V', D, and a can cause large perturbations in V’ and D’. We analyze
the ill-conditioning of the singular values in §6. Our perturbation results are similar
to those of Stewart [26] in the context of downdating the Cholesky/QR factorization.

Problems 2 and 3 always have a solution. We show that there exists a column
orthogonal matrix X € R(m~1X" guch that

A =XcvT,

where C € R™*" is given by

— 1 T
C—(I 1+#U1U1)D,

with u; a vector and p > 0 a scalar. The singular values of A’ can found by computing
the singular value decomposition C = Q Q W7, where Q, W € R™*" are orthogonal

1 We use the definition of stability in Stewart [25, pp. 75-76]. Let F(X) be a function of the input
data X'. We say that an algorithm for computing F(X) is stable if its output is a small perturbation
of F(X), where X is a small perturbation of X. This notion of stability is similar to that of mized
stability (2], [3] and is used in the context of downdating least squares solutions and Cholesky/QR
factorizations [2], [3], [22], [26].
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and Q € R™*"™ is nonnegative and diagonal. The diagonal elements of D' = § are
the singular values. The left singular vector matrix U] can be computed as X Q. The
right singular vector matrix V' can be computed as VW. We present Algorithm II to
solve Problems 2 and 3 stably in §§4-5.

For Problems 2 and 3 the singular values are well conditioned with respect to
perturbations in the input data, whereas the singular vectors can be very sensitive to
such perturbations (see §4.1).

Bunch and Nielsen [5] also reduce Problem 1 to computing the eigendecomposition
of D? — 227, but their scheme for finding this eigendecomposition is based on results
from [6] and [11] and can be unstable [5], [6]. They solve Problem 2 by reducing it
to Problem 1, which risks solving a well-conditioned problem using an ill-conditioned
process.

Algorithm I solves Problem 1 in O(n®) time, and Algorithm II solves Prob-
lems 2 and 3 in O(mn?) time when U, is given. As with the SVD updating algorithm
in [15] and [17], Algorithm I can be accelerated using the fast multipole method of
Carrier, Greengard, and Rokhlin [7], [14] to solve Problem 1 in O(n? log3 €) time, and
Algorithm IT can be accelerated to solve Problems 2 and 3 in O(mn log3 €) time, where
€ is the machine precision. This is an important advantage for large matrices. Since
the techniques are essentially the same as those in [15] and [17], we do not elaborate
on this issue.

We take the usual model of arithmetic:?

fieco B) = (a0 f) (1+v),

where a and 8 are floating point numbers; o is one of +, —, X, and +; fl(ao ) is the
floating point result of the operation o; and |v| < e. We also require that

AWa)=vVa (1 +v)

for any positive floating point number «. For simplicity we ignore the possibility of
overflow and underflow.

2. Solving Problem 1. From (2), (4), and (5) we have

(AY_y (P yr i (D T
Az(aT)—U<O)V and A'=U 0 Ve,

so that

VDVT = ATA= A" A’ + adT = V'D"*V'" 4 ad”.
Letting z = VTa, this equation can be rewritten as
(6) v'D*v'T =V (D? - 22T) V7.

Thus the eigenvalues of D? — 22T are the diagonal elements of D'> and must be
nonnegative. If Q28T is the eigendecomposition of D? — 22T, then V/ = V'S and

D' =Q.

2 This model excludes machines like the CRAY and CDC Cyber that do not have a guard digit.
Algorithms I and II can easily be modified for such machines.
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Algorithm I uses the scheme in §3 to compute a numerical eigendecomposition
SD'?37T satisfying

§S=8+0() and D' = D'+ O(e||D|2),
where the eigendecomposition
D? — 75T = §D*5T
is exact and
D=D+O0(e|D|2) and Zz=z+ O(e||D|2)-
It then computes a right singular vector matrix satisfying
V' =V8+0(e).
Since V is orthogonal, the error in z can be attributed to an error in a:
a=Vz=a+O(e|D|2)-

Thus D’ and V'S are the exact solution to Problem 1 with slightly perturbed input
data V, D, and @, so that Algorithm I is stable.

Since small perturbations in D and a can cause large perturbations in D’ and S,
it follows that D’ and S can be very different from D’ and S, respectively. We analyze
the ill-conditioning of the singular values in §6.

The scheme in §3 takes O(n?) time, and computing V'S takes O(n3) time. Thus
the total time for Algorithm I is O(n3).

Barlow, Zha, and Yoon [1] compute the eigendecomposition of D? — 227 by using
a variant of the LINPACK downdating procedure [10] to “reduce” D to bidiagonal
form and then solving the bidiagonal singular value problem. The total time appears
to be at least as large as that for Algorithm I.

3. Computing the eigendecomposition of D? — zz”. In this section we
present an algorithm for computing the eigendecomposition of D? — 227, where D =
diag(ds,...,dx), with dy > --- > dy >0, and z = ((1,...,¢)T. In light of (6) we
assume that the eigenvalues of D? — zzT are nonnegative.

We further assume that D and z satisfy

(7 dp >0, di—diyy >0||Dl|l2, and |G| > 6| Dl2,

where 6 is a small multiple of € to be specified in §3.4. Any matrix of the form
D? — 22T can be stably reduced to one that satisfies these conditions by using the
deflation procedure described in §3.5.

3.1. Properties of the eigendecomposition. The following lemma charac-
terizes the eigenvalues and eigenvectors of D? — z27.

LEMMA 3.1 (Bunch and Nielsen [5]). The eigenvalues of D?— 22T are nonnegative
if and only if 27 D22 < 1.

Assume that 2TD=2z < 1. Then the eigendecomposition of D? — z2zT can be
written as S Q2ST, where S = (s1,..., %) and Q = diag(wy, . ..,wk). The eigenvalues

{w2}k_, satisfy the secular equation

T

k C2
®) fl(w)E—-1+Zm=0
j=1"14
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and the interlacing property
9) di>w;>dy > >dp>wi>0.
The eigenvectors are given by

C ( T C2

_7—1

Conversely, given D and the eigenvalues of D? — 33T, we can reconstruct 3.
b

LEMMA 3.2. Given a diagonal matriz D = diag(ds,...,dx) and a set of numbers
{@:}E_, satisfying the interlacing property

(11) dy >0 >de > - >dp > w20,

there exists a vector Z = (fl,...,fk)T such that the eigenvalues of D* — 22T are
{@? f=1. The components of 2 are given by

@ e,
s St
j='id§+1_d’? ’

- 2
(12) IGil = 4| (@ — @) H;

'i

where the sign of f, can be chosen arbitrarily.
Proof. This is Léwner’s construction [20] of 2 given —D? and the eigenvalues of
(=D?) + 22T o

3.2. Computing the eigenvectors. In practice we can only hope to compute
an approximation &; to w;. But problems can arise if we approximate s; by

§‘=( G & \T Z
K3 d%_w?)o--’d%—w? . (d2_A2)2

(i-e., replace w; by @; in (10), as in [5]). For even if &; is close to w;, the approximate
ratio (j/(d? —&?) can still be very different from the exact ratio ¢;/(d? —w?), resulting
in a unit eigenvector very different from s;. After all the {&;}%_; are computed and
all the corresponding eigenvectors are approximated in this manner, the resulting
eigenvector matrix may not be orthogonal.

But Lemma 3.2 allows us to overcome this problem (cf. [18]). After we have
computed all the approximations {u‘)i}f:l, we find a new vector 2 such that {&?}k_;
are the ewact eigenvalues of D? — 227 and then use (10) to compute the eigenvectors
of D? — 23T, Note that each difference

*;‘? —d? = (@ —di)(@; +di) and df —di = (dj —di)(d; +dy)

in (12) can be computed to high relative accuracy, as can each ratio and each product.
Thus |C]| can be computed to high relative accuracy. We choose the sign of & to be the
sign of ¢;. Substituting the ezact eigenvalues {W?}¥_; and the computed 2 into (10),
each eigenvector of D? — 23T can also be computed to componentwise high relative
accuracy. Consequently, after all the singular vectors of D? — 237 are computed, the
eigenvector matrix will be numerically orthogonal.
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To ensure the existence of 2, we need {&;}¥_; to satisfy the interlacing prop-
erty (11). But since {w;}¥_; satisfy the same interlacing property (see (9)), this
is only an accuracy requirement on {@;}¥_; and is not an additional restriction on
D? — 2T,

We use the eigendecomposition of D? — 22T as an approximation to the eigende-
composition of D? — z2T. This is stable as long as 2 is close to z.

T

3.3. Finding the eigenvalues. To guarantee that 2 is close to z, we must ensure
that the approximations {&;}%_, to the singular values are sufficiently accurate. The
key is the stopping criterion for the root-finder, which requires a slight reformulation
of the secular equation (cf. [5], [18]).

Consider the root w; € (d;41,d;), for 1 <1 < k—1; the root wy € [0,dg) is treated
in a similar manner.

First assume that® w; € (di+1, %’—‘). Let 6; = d; — diy1, and let

¢ 3
¥i(€) = Z —&)(dj + diy1 +€) and  4:(8) = ;H —&)(dj +diy1 + &)

Setting w = d;+1 + &, we seek the root & = w; — d;41 € (0,8;/2) of the reformulated
secular equation

gi(€) = il +diy1) = =1+ %i(€) + ¢i(§) =

Note that we can compute each ratio ¢7/((6; — £€)(d; + diy1 + £)) in g;(€) to high
relative accuracy for any £ € (0,6;/2). Indeed, either §; — € is a sum of negative terms
or |£] < 16;]/2, and d; + diy1 + £ is a sum of positive terms. Thus, since both 1;(§)
and ¢;(£) are sums of terms of the same sign, we can bound the error in computing
9i(§) by

k(1 + |9 ()] + 1:(€)D),

where 7 is a small multiple of € that is independent of k£ and &.
Next we assume that w; € [*542 ’+ St d,). Let §; = d; — d;, and let

2 CJZ
¥i(§) = Z 5)(d +d;+8) and  ¢;(§) = Z 6;—&)dj +di + &)

—z+1

Setting w = d; + &, we seek the root & = w; — d; € [6;41/2,0) of the equation

gi(&) = fr(€+di) = =1+ (&) + ¢i(§) = 0.

For any £ € [6;41/2,0), we can compute each ratio ¢?/((6; — £)(d; + di + €)) to
high relative accuracy (either §; — £ is a sum of positive terms or |£| < |65]/2, and
dj+d;+& = d;j+(d; +§), where |{| < d;/2), and we can bound the error in computing
9i(€) as before.

In practice a root-finder cannot make any progress at a point £ where it is im-
possible to determine the sign of g;(£) numerically. Thus we propose the stopping
criterion

(13) lg: ()] < k(1 + |9:(E)] + |:(E)),

3 This condition can easily be checked by computing f1 (gig—’il—) If fl(iiL;""i) > 0, then
€ (di+1, d—i_%'i), otherwise w; & [d";g"'ﬂ,di).
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where, as before, the right-hand side is an upper bound on the round-off error in
computing g;(£). Note that for each i there is at least one floating point number that
satisfies this stopping criterion numerically, namely, fi(&;).

We have not specified the scheme for finding the root of g(£§). We can use the
bisection method or the rational interpolation strategies in [4], [5], [13], and [19]. What
is most important is the stopping criterion and the fact that, with the reformulation
of the secular equation given above, we can find a £ that satisfies it.

3.4. Numerical stability. We now show that the vector Z defined in (12) is
close to z. )
THEOREM 3.3. If 0 = 2nk? in (7) and each &; satisfies (13), then

(14) 16— Gl < kP2, 1<i<k.

The proof is nearly identical to that of the analogous result in [18]. As argued
there, the factor k2 in 6 and (14) is likely to be O(k) in practice.

3.5. Deflation. We now show that we can stably reduce D? — 22T to a matrix
of the same form that further satisfies

dk >0, d;i—diy1>0||D|l2, and |G| > 0||D]2,

where 0 is specified in §3.4. Similar reductions appear in [5] and [9].
Partition D and z as

_ (D, (=
D-—< dk) and z~(ck>.

First assume that dy = 0. Since D? — 22T is nonnegative definite, its diagonal

elements must be nonnegative, so that di —¢2>0. Thus {x =0 and
D? — 2T — (D%—lef )
9k

The eigenvalue 0 can be deflated, and the matrix D? — z;27 has nonnegative eigen-
values and is of the same form but of smaller dimensions. This reduction is exact.

In the following reductions we assume that di > 0. Recall from Lemma 3.1 that
the eigenvalues of D? — zz” are nonnegative if and only if

(15) > d—i <1
i=1 ¢

Assume that |(;| < 6]|D||2. We illustrate the reduction for i = k. Changing (i to
0 perturbs z by O(6||D||2). In the perturbed matrix

(D% — 22T )
da )’

the eigenvalue dZ can be deflated, and the matrix D? — 2127 satisfies (15) and is of
the same form but of smaller dimensions. This reduction is stable.

Now assume that d; — d;+1 < 6||D]|2. We illustrate the reduction for ¢ = k — 1.
Changing di to dg—1 perturbs D by O(8||D||2). Let G be a Givens rotation in the
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(k — 1,k) plane such that (Gz);x = 0. Then when we symmetrically apply G to the
perturbed matrix, we get

D1 2 Z1 z1 T T _ Dz—-élET
o((" an) - (@)(2) )= (12T )

T
where z; = ((1, oy G2y /R + C,%) . The eigenvalue d2_, can be deflated, and

v

the matrix D? — %, #T satisfies (15) and is of the same form but of smaller dimensions.
This reduction is also stable.

4. Solving Problems 2 and 3. In this section we present an algorithm that
solves Problems 2 and 3 by reducing them to the problem of finding the singular value
decomposition of a simple matrix.

4.1. The algorithm. Partition U; and U; as

_(Un [ Ur2
o= () ma o= (),

where Uy, € R(m=Dxn 4, € R?, Uy, € RM-D%(m=n) and 4y € R™ ™. Then from
(2) and (4) we get

(16) A= (Un U) (f)’ ) VT =U,;,DVT and oT =T DVT.

The decomposition of A’ in (16) is almost a singular value decomposition — Uy,
is close to being column orthogonal since it is obtained by deleting the last row from
U;. In the following we decompose Uy; into a product of an (m — 1) X n column
orthogonal matrix and a simple n X n matrix. To this end we will need a scalar > 0
and a vector £ € R™~! such that ||u;]|%2 + p2 = 1 and the matrix

(17) Y=(U53 ””)

uy p

is column orthogonal. We show how to compute Y in §4.2.
Note that if 4 = 1, then u; = 0 and = = 0, so that U;; is column orthogonal. In
general u # 1, but we can orthogonally transform the rows of Y so that uy = 1. The

matrix
I———l——uuT u
H=( 1+p, 1 1)
~uf p

is orthogonal and (uf, p)H = (0,...,0,1)T. Since Y H is column orthogonal, it follows
that

1
| U (I - uluf) —zul Unwui+pz) (X 0

where

1
X=U11<I—— 1+”u1uf) —zuf
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is column orthogonal.* Thus

1
(U11 .'l:):(Un :L')HHTz(X O)HT=X(I—1+[J,UIUT —ul),

which implies that

— 1 T
(19) U11 =X (I 1+ uu1u1> .

Plugging (19) into (16), we get

(20) A=X (I - ulu{) DvVT = xcvT.

1
14+p
Let Q QWT be the SVD of C, where Q, W € R™*"™ are orthogonal and Q2 € R™*" is
nonnegative and diagonal. Substituting into (20), we get

(21) A =XQaWTVT = (XQ)Q(VW)T.

Comparing with (5), we have U] = XQ, D’ = Q, and V' = VW. We specify U}
in §4.2.

Algorithm II computes a numerically column orthogonal matrix Y and a numer-
ical singular value decomposition Q Q2 W7 satisfying (see §4.2 and §5)

(22) V=Y+0(), Q=Q+0(), QU=0+0(D|2), W=W+O0(),

where

=
I
/
e S
[
= 8
N~

is a column orthogonal matrix with
(711 =U + 0(6), Uy = uy + 0(6), and p=p+ 0(6)

and

is an exact SVD with
D =D+ O(e|| D||2).
Let

X=(711 (I— 1_:‘[_ _ﬁlﬂ{) -—.’Z”l_tf.

Algorithm II then computes numerical approximations to U’ and V' satisfying
(23) U, =XQ+0(), Uy=U+0(), and V'=VW +O0(e),

4 Paige [22] has proven similar relations.
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where (XQ,U3) € RM~Ux(m=1) j5 orthogonal (see §4.2). Since XQ, ), and VW
solve Problems 2 and 3 exactly for slightly perturbed input data U;, D, and V,
Algorithm II is stable.

It is well known that the singular values of A’ are always well conditioned with
respect to perturbations in A’, but that the singular vectors of A’ can be very sensitive

to such perturbations [12], [25]. Since
A" =U,DVT = U1, DVT + O(e||D)2) = XCVT + O(e||Dl2),

this guarantees that D' = is close to D'. However, Q and W can be very different
from Q and W, respectively, and thus U] and V' can be very different from U] and
V', respectively.

Consider the case where U is given. It takes O(mn) time to compute p and
r (see §4.2), it takes O(mn) time to compute X, it takes O(n?) time to compute
the SVD of C (see §5), and it takes O(mn?) and O(n?®) time to compute XQ and
VW, respectively.  Algorithm II computes both X@Q and VW for Problem 2 and
computes X @ for Problem 3. Thus the total times for solving Problems 2 and 3 are
O((m + n) n?) and O(mn?), respectively.

4.2. Computing Y. In this subsection we show how to compute the column
orthogonal matrix Y (see (17)).

First we assume that U is known. Let P be an orthogonal matrix such that
Puy = ||lug||2 €1, where e; = (1,0,...,0)T, and define (29, X12) = U2P7T, where
2o € R™1 and Xy, € RM-Dx(m-n-1) Gince

Un U12) (In _(Uu 2 X12)
uf  uj PT uf  Jluzlla O
is orthogonal, the matrix
(Uu 22 )
uf  luzlle

is column orthogonal and |lu || + ||uz||2 = 1. Thus we set z = z3 and p = |luz|l2. It
takes O(m (m — n)) time to compute z and p. This computation is stable (see (22)).
From (18) we have

Uy = X2\ (H (X 0 Xi
o 40 Imn1)—\0 1 0 )
and thus (X, X;2) € R(™~DX(m=1) j5 orthogonal. We set U} = X2 (see (5) and (21)).
It takes O(m (m—n)) time to compute X;2. This computation is also stable (see (23)).
Next we assume that Uy is not known. Let u = (z7, ) be the result of applying

the Gram—Schmidt procedure with reorthogonalization 8, §4] to orthonormalize e, =
(0,...,0,1)T to the columns of U;. If u # 0, then

U
Y = (lh u)s(u}{l Z)

is column orthogonal and YY7e,, = e,, so that

1=(YYTe,)n = uluy + p2
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If u = 0, then U1U{ e, = en, so that 1 = (U1U{ e, )n = u¥ u1, and we get a nonzero u
by repeating the Gram—-Schmidt procedure with a random unit vector in place of e,
(note that in this case y = 0).5 The time for computing x and u is O(Imn), where [
is the number of reorthogonalization steps, which is a small constant in practice [8].
These computations are stable (see (22)).

4.3. Another perspective. In this subsection we present another derivation of
the decomposition A’ = XCV7T, which relates Algorithm II to a method for downdat-
ing the QR decomposition (cf. [23]).

Consider the augmented matrix

_ulD
A= (2.

From (18), (17), and (16) we have

Y (751 D — 0 U11D - 0 A’V
p 0 1 «ID 1 o'V )"

On the other hand, from (18) we get

Uux D _ T [ U1 D _ X 0 0 o _ 0 X C
v(n ©)=emmm( 9)-(5 D) Q)= (0 55)
Thus A’V = XC, and the result follows.
Park and Van Huffel [24] downdate by using plane rotations to reduce A to a

matrix of the form
0 B
1 wl )

where B = F'T A'VG' is bidiagonal and F’ and G’ are orthogonal, and then solving
the bidiagonal singular value problem. The total time appears to be at least as large
as that for Algorithm II.

5. Computing the SVD of C. In this section we present an algorithm for
computing the singular value decomposition of the matrix C € R¥*¥ given by

1 T
(24) C= (I - mulul) D,

where D = diag(ds,...,dy) withd; > dy > --- > d >0, ug = (u1,...,ux)7 with
lluillz <1, and g = /1 — ||u1]|5. For convenience we define dx4+1 = 0 and pg41 = p.
We assume that

(25) di —diy1 > 0||D|2 and |u| >0,
where 0 is a small multiple of € to be specified in §5.3. Any matrix of the form (24)
can be reduced to one that satisfies these conditions by using the deflation procedure

described in §5.4.

5 The same construction is used in downdating the QR decomposition [8].
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5.1. Properties of the SVD. In this subsection we establish some properties
of the singular value decomposition of C. The following lemma characterizes the
singular values and singular vectors.

LEMMA 5.1. Let Q (R2,0) WT be the SVD of C with

Q=(q1,...,qk), Q=diag(w1,...,wk), and W=(w1,...,wk).

Then the singular values {w;}5_, satisfy the secular equation

412
g
(26) falw) = E Z- ="
and the interlacing property
27 di>wy>de > >dp>wip>0.

The singular vectors are given by

k 2
o Yi, 141 Yi,k Mk Vi, Hj
(28) qi (d%-w?’”"d%—w?) /\lz(d2_w)

j=1

where 7; ; = w? + pd?, and

dipa dipe \7T z djp; ’
j = RIS ] J .
(29) w; (d%—w?’ ,di_wiz) / ;(d:}“w?)

Proof. Since p > 0 and di > 0 (see (25)), C is nonsingular and wy > 0. Smce C
is square and CTC = D(I — ulu1 YD, the squares of the singular values {w?}*_, and
the right singular vectors {g;}¥_, are the eigenvalues and eigenvectors, respectlvely,
of D? — (Du;)(Du;)T. Relations (27) and (29) follow immediately from Lemma 3.1
with z = Du;. Moreover, the singular values satisfy the secular equation

(dﬂ)2 k+l k+1 2 2 2k+1
—_ N9
(30) 0= fi(w)= 1+J§j1 - —21 +;d2 Zdz o1

which implies that they satisfy (26) as well.
From (29) we see that w; is a multiple of (D? —w?I)~!Du;. Since w;g; = Cw;, it
follows that g; is a multiple of C(D? — w?I)~1Du;. Simplifying,

uF D(D? — w2I)~"1 Dy, u

(31) C(D? —w?I)"'Du; = D(D? — w?I)"'Du, — Tt .

1.

Because w; satisfies (30), we have

k 2
dip
uFD(D? — w2I)"'Du; = E o

_..1 J ’L

5 = L.
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Plugging this into (31), we have

C(D? — w?I)"'Duy = (W + (D? — w?D)) (D* — i) luy — uy

1+p
=wi(D? - Wity +

w
1+

1 _
T (w?I + pD?) (D* — W) uy.

Ignoring the first factor and normalizing, we get (28). 0

The following lemma allows one to construct a matrix of the form (24) using D
and all the singular. values.

LEMMA 5.2. Given a diagonal matriz D = diag(d,...,dx) and a set of numbers
{@:i}r_, satisfying the interlacing property

(32) dy >0 >dy > >dp >0k >dr1 =0,

there exists a vector @, and a scalar fi > 0 with ||i||Z + 412 = 1 such that {&;}F_; are

the singula’r values Of
C=\{I-——iyt D
1 ~ 41Uy .

The vector @ty = (fi1, ..., )T and scalar i = fix+1 are given by
i—1 ,.2

(33) || = 3 2 2] 3 1<i<k+1,
]:—_Il d] z JI-:[., d.7+1 - d

where the sign of ji; can be chosen arbitrarily for 1 <i <k.

Proof. The numbers {@;}¥_; satisfy the interlacing property (11). By Lemma 3.2
there exists a vector 2 = (él, e ,Ck)T satisfying (12) such that the eigenvalues of
D? — 23T are {02}k ,. Defining 4; = D7!2, it follows that j; satisfies (33) for
1 < i < k. The first result of Lemma 3.1 implies that 474; = 27 D=2 < 1, so that
we can define i = fig4+1 = /1 — ||@1]|3. It then follows that

CT¢ =D?* - DuyaTD = D? — 357

so that {&;}%_, are the singular values of . Consequently,

k
ﬂala’{) det(D) =i [] d;,

=1

b \ 1
Ha;j = det(C) = det (1 -3
Jj=1
and hence

fk41

<
Il
A

Il
-
&

which is (33) for i = k + 1. 0
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5.2. Computing the singular vectors. In practice we can only hope to com-
pute an approximation @; to w;. Yet it is well known that equations similar to (28)
and (29) can be very sensitive to small errors in w; (see §3.2). Lemma 5.2 allows us to
overcome this problem. After we have computed all the approximate singular values
{@:}r_, of C, we find a new matrix C' whose ezact singular values are {&;}_, and
then compute the singular vectors of C' using Lemma 5.1. Note that each difference,
each product, and each ratio in (33) can be computed to high relative accuracy.® Thus
|f1;] can be computed to high relative accuracy. We choose the sign of fi; to be the
sign of y;. Substituting the computed ; and /i and the ezact singular values {&;}F_;
into (28) and (29), each singular vector of ' can also be computed to componentwise
high relative accuracy. Consequently, after all the singular vectors are computed, the
singular vector matrices of C' will be numerically orthogonal.

To ensure the existence of C’ we need {@;}%_, to satisfy the interlacing prop-
erty (32). But since the exact singular values of C satisfy the same interlacing prop-
erty (see (27)), this is only an accuracy requirement on the computed singular values
and is not an additional restriction on C. We can use the SVD of € as an approx-
imation to the SVD of C. This is stable as long as 4, and i are close to u; and p,
respectively.

5.3. Stably computing the singular values. To guarantee that @, and fi are
close to u; and p, respectively, we must ensure that the approximations {&; }*_; to the
singular values are sufficiently accurate. As in §3.3, the key is the stopping criterion
for the root-finder, namely,

(34) 19:(©)] < nk(|19:(€)] + |bi(E)]),

where the secular equation (26) has been reformulated as g;(£) = ¢:(€) + ¢:(§) =0 in
the analogous manner. .
THEOREM 5.3. If § = 2nk? in (25) and each &; satisfies (34), then

(35) i — pal < dnk?llullz,  1<i<k+1

The proof is again nearly identical to that of the corresponding result in [18]. As
argued there, the factor k2 in 6 and (35) is likely to be O(k) in practice.

We have been assuming that ||u; ||2+p2 = 1. In practice this is not always true due
to round-off errors. However, since a vector with norm near unity is close to an ezact
unit vector to componentwise high relative accuracy, in practice u; and g are given
to componentwise high relative accuracy. This implies that each term in the secular
equation (26) is still computed to high relative accuracy after the reformulation. Hence
the stopping criterion (34) holds, and @; and i are close to u; and pu, respectively.

5.4. Deflation. We now show that we can reduce C to a matrix of the same
form that further satisfies

d;i —diy1 2 0||D|]2 and |ui| > 6,
where 0 is specified in §5.3.

6 Note that i = fig41 is not computed from f = /1 — ||[41]|2, which might not give high relative
accuracy.
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Assume that p = pg41 < 6. Changing p to 8 perturbs p by O(6). The perturbed
matrix

(I— I—_%_—aululT)D

has the same form but with p > 8. This reduction is stable (see §5.3).
Next assume that |u;| < 8 for some i < k. We illustrate the case ¢ = 1. Changing
11 to 0 perturbs u; by O(6). Partition u; and D as

u1=(gi) and D=(dl f))'

Then in the perturbed matrix

1
1+p 1

the singular value d; can be deflated, and C is another matrix with the same form
but smaller dimensions. This reduction is also stable (see §5.3).

Now assume that d; —d;+1 < || D||2 for some 7 < k—1. We illustrate the reduction
for i = 1. Changing d; to d perturbs D by O(8||D||2). Let G be a Givens rotation
in the (1,2) plane such that (Gu); = 0, and let

T
Uy = (V /J’% +,U«%,/J/3,. . "/l'k) and l\j = diag(dZad(‘)a .. ',dk)‘

Then symmetrically applying G to the perturbed matrix, we get
1 T\ [ d2 T
G<I‘1+Mu1“1>( b)G
_ 1 T\ A1 [ d2
..(G 1+uGu1u1)G ( D)
=(I_ 1 (o OT)<d2 )
1+p \ i Uy D,
(d2
= 1
I—
( l+p

The singular value dz can be deflated, and the remaining matrix has the same form
but smaller dimensions. This reduction is stable as well.

Finally assume that di < 6||D||2 and dx—1 — di, > 6||D||2. Changing dj to 6||D||2
perturbs D by O(6||D||2). Let

D= diag (di, ..., dk—2,dk—1,0|D|l2) .

1 N
I—- wul ) D
< 1+u“)

has the same form but with dp > 6||D||2. If the relation dx—; — dx > 0||D|2 no
longer holds, then we can apply the previous reduction to reduce the matrix size.
This reduction is again stable.

Then the perturbed matrix
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6. Ill-conditioning of Problem 1. In this section we bound the effect of per-
turbations in a on the singular values of A’. The effect of perturbations in V and D
is similar. We assume that D is nonsingular.

From (20) and the second relation in (16), we have A’ = XCV7, where X is
column orthogonal and

C=D-

ulufD,

1
1+p
with u; = D71V Tq and p = /1 — |Ju||2.

Let @ be a vector slightly perturbed from a with ||[D~1V7a||s < 1, and let A’ be
the downdated matrix for the input data V', D, and @. As before, we have A’ = XCVT,
where X is column orthogonal and

C= !

with 41 = D™1V7Tg and i = /1 — ||[us||3. )
Let w; and @; be the ith largest singular values of A and A, respectively. Since
the singular values of A’ and A’ are the singular values of C and C, respectively, we

have |@; — w;| < ||C — C||2 (see [12, p. 428]).

_ﬂl ﬁ'{D)
i

Since
Uy —uy = D_IVT(a - a),
we have
@y — wallz < |D7Hl2 lla — all2.
Similarly,
o G lm -l @) @ - w)
V1=l + /1~ flull} V1=Taill3 + /1=l
so that
iy < 2lm =l _ 21D el als
T V1=l V1= luill3
Since
C-C= o ! uatV — — 58’V
(B—p)wm ﬁl-m) T 4 - 7
V- —-a)'V,
((1+u)(1+u) iva )V TR @9
we have
@i —wi] <|IC = Cllz
(B = ) uall2 2 ~waflz ||u1||2 _
< PP e nel o e —

< | = pl lallz + |81 — wall2 llallz + la — all2
4max {||D7Y|2 lla)l2, 1
L tmax {10 ol 1} o

B V1= w3
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When the factor || D~!||2||all2 is very large, or when ||u1 |2 is near unity, we cannot
guarantee that @; is close to w;. This result parallels that of Stewart [26, p. 205] in
the context of downdating the Cholesky/QR factorization.

To better explain the role of ||u1||2, Stewart [26] also shows that

d,; w; z_ 1
o <UDl 1=l and > 002

Thus if ||u1||2 is near unity, then w,, is close to zero and C' (and hence A’) is close to
being singular. And if any d; is reduced (to w;) by a large factor, then ||u;||2 is near
unity.
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