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Abstract

This paper provides a model for assessing the effects of polarising optics on the signals of
typical lidar systems, which is based on the description of the individual optical elements of
the lidar and of the state of polarisation of the light by means of the Miiller-Stokes formalism.
General analytical equations are derived for the dependence of the lidar signals on
polarisation parameters, for the linear depolarisation ratio, and for the signals of different
polarisation calibration setups. The equations can also be used for the calculation of
systematic errors caused by non-ideal optical elements, their rotational misalignment, and by
non-ideal laser polarisation. We present the description of the lidar signals including the
polarisation calibration in a closed form, which can be applied for a large variety of lidar
systems.

1 Introduction

The purpose of atmospheric depolarisation measurements with lidar, first described by
Schotland et al. (1971), is mainly to discern between more or less depolarising scatterers. The
discrimination of ice and water clouds was the main focus in the beginning. Sassen (1991)
and Sassen (2005) give an overview about the early work related to that. Aerosol and their
interaction with clouds became more important in the last decade because of their
insufficiently understood direct and indirect roles in the feedback mechanisms of climate
change (Boucher et al. 2013). Multi-wavelength lidar measurements including the
depolarisation ratio can be used to discern aerosol types (Sugimoto et al. 2002; Sugimoto and
Lee 2006; Ansmann et al. 2011; Burton et al. 2014; GroB3 et al. 2014) and to retrieve micro-
physical aerosol properties by means of inversion algorithms (Miiller et al. 1999; Ansmann
and Miiller 2005; Gasteiger et al. 2011; Veselovskii et al. 2013; Bockmann and Osterloh 2014;
Miiller et al. 2014) . Pérez-Ramirez et al. (2013) show the impact of systematic errors of the
lidar data on the retrieval of micro-physical particle properties. The additional measurement
of the linear or circular depolarisation ratio improves the retrievals (Bockmann and Osterloh
2014; Gasteiger and Freudenthaler 2014). But the depolarisation ratios are often derived from
lidar measurements assuming more or less ideal lidar setups neglecting the effects of small
system misalignments and of non-ideal optical elements on the polarisation, which can lead to
considerable errors in the retrieved depolarisation ratio (Reichardt et al. 2003; Alvarez et al.
2006; Freudenthaler et al. 2009; Mattis et al. 2009). According to Chipman (2009a) Chap.
15.27, one of the primary difficulties in performing accurate polarisation measurements is the
systematic error due to non-ideal polarisation elements. Most inclined optical surfaces and
optical coatings on beam-splitters are polarising, wherefore all lidars must be considered as
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“incomplete light-measuring polarimeters” (Chipman 2009a), even if they are not intended to
measure the depolarisation ratio.

As model calculations of aerosol scattering properties advance (Nousiainen et al. 2011;
Kahnert et al. 2014), the modellers need accurate measurements with small errors and reliable
error bars in order to verify and improve their models. In order to estimate the uncertainties
and to improve the measurements, we have to find the error sources. The usual way to do this
is to compare the measurements with a model and to investigate the deviations. The only
reliable atmospheric model for comparison is the model of the molecular linear depolarisation
ratio d,, (Behrendt and Nakamura 2002; Freudenthaler et al. 2015). But the actually measured
values J,," of the very small real J, (on the order of 0.004) are usually a number of times
higher, which makes it difficult to use them for the calibration with a simple model as J,,” =
Ao + B ((Sassen and Benson 2001; Reichardt et al. 2003) (see also S.9). At present,
polarisation calibration techniques of lidars are often not accurate enough to sufficiently
determine the two parameters 4 and B, and actually, as we will show in the following, the
model itself is insufficient. But how accurate do we have to be? How accurate can we be?
Which are the critical parts and adjustments? How can setups be improved with minimal costs
and complexity, and how can existing lidar systems be checked? To answer these questions,
we need a better model for the lidar setup, which is complete and flexible enough to be
applied to a variety of lidar systems and can describe various calibration techniques.

Astronomical polarisation measurement setups are very similar to lidar setups. Elaborate
theoretical and experimental investigations of the influence of polarising optics and
corresponding corrections for astronomical telescopes and detection optics using the theory of
polarimetry and ellipsometry (see Azzam (2009); Chipman (2009a)) can be found quite
frequently in the literature (Skumanich et al. 1997; Socas-Navarro et al. 2011; Breckinridge et
al. 2015). Although the usefulness of a lidar with polarisation diversity had been realised early
(Pal and Carswell 1973), the need for a complete description with the Miiller-Stokes
formalism has, to our knowledge, been first expressed by Anderson (1989), but focused only
on the atmospheric scattering process. Instrumental aspects including some error calculations
have been included by Beyerle (1994), Cairo et al. (1999), Biele et al. (2000), Behrendt and
Nakamura (2002), Reichardt et al. (2003), Alvarez et al. (2006), Del Guasta et al. (2006),
Hayman and Thayer (2009), Mattis et al. (2009), Freudenthaler et al. (2009), Hayman (2011),
Hayman and Thayer (2012), David et al. (2013), Geier and Arienti (2014), Di et al. (2015),
and Volkov et al. (2015). The errors mainly considered are the diattenuation of the receiver
optics (see Sect. 2.2), the cross talk of the polarising beam-splitter, non-ideal characteristics of
the calibration, and rotational misalignment of polarising components.

In this work we describe lidar setups from the laser to the detector by means of the Stokes-
Miiller formalism (Chipman 2009b) including the transmitter and receiver optics. The Stokes
vector describes the flux and the state of polarisation of the light, and the Miiller matrices
describe how optical elements change the Stokes vector. We develop equations for the two
signals of a polarisation sensitive lidar and for the signals of the polarisation calibration,
which are necessary to retrieve the linear depolarisation ratio and the total lidar signal, using
different calibration techniques and lidar setups. In order to enable the evaluation of the final
errors and to analyse their dependencies on certain optical parameters or misalignments of
individual optical elements, we derive first the full equations and then try to find more simple
analytical formulations neglecting minor error sources to get an overview of the main critical
parameters. For this we neglect the polarisation effects of lenses and of telescope mirrors with
small incidence angles of the light beam (Seldomridge et al. 2006; Clark and Breckinridge
2011). Athough not considered here, 90° folding mirrors as in Newtonian-type telescopes



(Breckinridge et al. 2015; Di et al. 2015) and stress-birefringence in windows and lenses or
unfavourable coatings might cause severe polarisation effects. This requires further
investigation. In general, errors caused by a light beam which is divergent or inclined towards
the optical axis are not discussed here; this means the light beams are assumed to be either
perfectly parallel before and after polarisation optics, or that an optical element is insensitive
to the incident angle regarding polarisation.

Basic information about the polarisation topics can be found in Goldstein (2003), Clarke
(2009), and in the chapters by Azzam (2009); Bennett (2009a,b); Chipman (2009b,a) of the 3™
edition of the Handbook of Optics (Bass 2009). The authors of these chapters follow the
Muller-Nebraska convention Muller (1969) for the definition of signs and directions regarding
e.g. the coordinate system (see Suppl. S.1), as we do in this work.

I

Figure 1 Top: Exemplary depolarisation lidar setup with laser 1, beam expander 2, steering mirror 3, receiving
telescope 4, collimator 5, folding mirror 6, dichroic beam-splitters 7, a rotating element for polarisation
calibration 8, interference filter 9, and polarising beam-splitter cube 10 (PBS, polarising beam-splitter). The
neutral density filters and cleaning polarisers 11, detector optics 12, and the detectors 13. The system can be
subdivided in functional blocks which can be described with the Stokes-Miiller formalism: I, is the Stokes vector
of the laser source, M is the Miiller matrix of the the laser emitter optics, F of the atmospheric backscattering
volume including depolarisation, My includes receiver optics as beam-splitters, C is the calibrator, and Mz is
the polarising beam-splitter including the detector optics for the transmitted (7) and reflected (R) optical
branches. Bottom: simplified schematic of the setup.

Most of the lidar setups for depolarisation measurement reported in the literature are
explicable with the schematic in Fig. (1), in which the individual parts of a lidar system are
grouped in modules, which are in general describable by Miiller matrices of combinations of
diattenuators, retarders, and rotators (see Sect.2.2). The setup in Fig. 1 can be described with

Eq. (1).
IT,R = nT,RMT,RCMOFMEIL (1)

Symbols for Miiller matrices are bold (M), vectors are bold-italic (1), and variables italic (/).
The laser beam with Stokes vector I, is expanded and directed towards the atmosphere with
backscatter matrix F by the emitter module with Miiller matrix Mg The backscattered
photons are received by the telescope with a subsequent collimation lens and dichroic beam-



splitters in the receiver optics module M. A polarisation calibrator with Miiller matrix C is
placed here before the polarising beam-splitter cube (10) with Miiller matrices My for the
transmitted and M; for the reflected path, their opto-electronic gains 7z, and the final Stokes
vectors Iz at the detectors. The opto-electronic gains 77z include the attenuation of all non-
polarising optical elements as neutral density and bandpass filters, the efficiency of the
detectors, and the amplification of the electronic system. The scattering volume F can be at
any distance from the lidar (lidar-range), because we assume that the extinction in the range
between the lidar and the scattering volume F is polarisation independent and that signal
contributions due to forward or multiple scattering in this range can be neglected. Therefore
we neglect all lidar-range dependencies in the following equations. We also do not consider
range dependent effects as the overlap function and the range dependent transmission of
interference filters and dichroic beam-splitters, which is caused by the range dependent
incident angles on the optics.

Various lidar systems employ different calibration techniques with calibrating devices with
Miiller matrix C at different places in the optical setup, with the respective equations:

before the polarising beam-splitter Iy =nM;CM,FM I, ()
before the receiver optics I,=nMM,CFM_I, 3)
behind the laser emitter optics I, =nMM_ FCM,I, 4)
before the laser emitter optics I,=nMM_ FM, CI, (5)

In the following we list just a few examples from the literature with sufficient description of
their calibration technique. Pal and Carswell (1973) used three telescopes with Glan-Thomson
prisms in the receiver optics (Eq. (2)) at 0°, 45°, and 90° orientation with respect to the laser
polarisation to determine the first three Stokes parameters of the scattered light, and calibrated
them by mechanically switching all polarisers to 0° orientation. Houston and Carswell (1978)
extended this setup by a fourth telescope with a A/4 plate to measure all four Stokes
parameters, with the same calibration technique as before. The relative polarisation sensitivity
of the CALIOP lidar on CALIPSO (Winker et al. 2009) is calibrated with a pseudo-
depolariser before the polarising beam-splitter (Hunt et al. 2009), which is described by Eq.
(2). Del Guasta et al. (2006) calibrate the gain ratio #z /57 .of their polarimetric lidar with an
unpolarised light source before the polarising beam-splitter (Eq. (2)) and determine the
receiving optics Miiller matrix Mo with a linearly polarised light source and rotating the
receiving optics, which corresponds to Eq. (3) with a mechanical rotation matrix C. Similar
rotation calibration before the polarising beam-splitter is applied with RALI (Nemuc et al.
2013) and the Raymetrics LR331D400 (Bravo-Aranda et al. 2013) with a mechanical rotation
A90-calibration (see Sect. 5), and with a A/2 plate rotation in the MULIS (Freudenthaler et al.
2009) and the Cloud Physics Lidar (McGill et al. 2002; Liu et al. 2004). A sheet polariser at
45° is used before the polarising beam-splitter in the AD-Net lidars (Shimizu et al. 2004).
Mechanical rotation before the receiving optics (Eq. (3)) is employed for the DLR HSRL
(Esselborn et al. 2008), for POLIS (Freudenthaler et al. 2009), and by Nisantzi et al. (2014).
For the McMurdo lidar (Snels et al. 2009) and the PollyXT (Engelmann et al. 2015) a linear
polariser is used before the receiving optics. An unpolarised light source before the receiver
telescope is used by Mattis et al. (2009). Spinhirne et al. (1982) use a A/2 plate for
polarisation rotation in the output beam (Eq. (4)). The HSRL-1 (Hair et al. 2008) and HSRL-2
(Burton et al. 2015) as well as David et al. (2012) use a A/2 plate as rotation calibrator before
some parts of the emission optics (Eq. (5)). Roy et al. (2011) and Cao et al. (2010) use a /2



plate before the emitter optics (Eq. (5)), but they switch the plane of emitted polarisation
continually between horizontal and vertical and calculate the linear depolarisation ratio from
the geometric mean of both measurements, which makes a separate calibration unnecessary.
However, the equations of this work can still be used for the error analysis. Polarisation
switching between laser pulses and with only one detection channel is done by Platt (1977)
with mechanical rotation of the receiver optics, by Eloranta and Piironen (1994) with a A/2
plate after the emitter optics (Eq. (4)), by Seldomridge et al. (2006) with a nematic liquid
crystal before the polarising beam-splitter (Eq. (2)), and by (Flynn et al. 2007) with a A/2 plate
before the emitter optics (Eq. (5)). Although the explicit equations in this work consider only
one variable polarising element (i.e. the calibrator), the equations for more complex lidar
setups as with a polarising beam-splitter and a A/4 plate in the common emitter/receiver path
((Eloranta 2005; David et al. 2013) or with different variable polarisation elements in the
emitter/receiver path (Kaul et al. 2004; Hayman et al. 2012; Volkov et al. 2015) can be
constructed with the equations provided in this work. Snels et al. (2009) present an overview
of some potential error sources and other existing polarisation calibration techniques
including calibration with assumed known depolarisation from molecules (“clear sky”) or
clouds with spherical particles.

The equations presented in this work can be used for the design of lidar systems, especially
for the determination of the requirements for certain components in order to achieve the
desired measurement accuracy, for the analysis of the performance of existing lidar systems
by means of different calibration setups, and for the final error calculation with respect to the
polarisation characteristics.

One of the main uncertainties is the orientation of the plane of polarisation of the laser beam
(angle a) with respect to the orientation of the polarising beam-splitter (briefly laser rotation),
because first, the plane of polarisation of the laser might not only be determined by the
orientation of the Pockels cell in the laser cavity, but also by the orientation of the crystals for
second and third harmonics generation and by the harmonic separation beam-splitters.
Second, the laser and emitter optics are often mounted on a separate optical breadboard,
which might be rotated with respect to the receiver breadboard. Furthermore, laser
manufacturers usually provide neither an indication of the accuracy of the orientation nor an
accurate mechanical reference for it, the orientation cannot be measured easily, and finally, the
orientation can change with time and environmental conditions. We take into account that in
lidar labs it is usually not possible to perform elaborate and accurate measurements as in an
optical lab equipped for ellipsometric measurements. Therefore we want to use simple tools
and as few as possible measurements - at best with the tools which we already use for the
standard depolarisation measurements.

Some optical parts can be made almost ideal and some misalignments can be made very small
so that they become negligible. For these cases often much simpler equations can be derived,
which show the residual influence of the other non-ideal parts, and which can be used directly
in lidar retrieval algorithms. It becomes also clear in which cases corrections are not possible,
when additional measurements with simple setups can help to retrieve the properties of the
disturbing parts, and where one has to be careful in the design of a lidar system to avoid non-
correctable errors. We want to find the setups and calibrators, with which the calibration can
be measured with the least errors, and we want equations to assess the final uncertainties in
the retrieved lidar products. Setups with 90° separated limit stops can be made very accurate
(< 0.1°) by means of working machines. Motorised holders with sufficient resolution and
accuracy are commercially available. An example for an almost ideal part is the linear
polariser. Polarising sheet filters are available with high extinction, well specified by



manufacturers. They are relatively insensitive to the incident angle, work over a sufficiently
large wavelength range, and are thin, which means that they can be placed even in already
existing lidar systems with little space for additional optics. Additionally, they are available in
large size at an affordable price - in contrast to crystal polarisers and wave plates, and thus
they can also be placed before the telescope. Wave plates and circular polarisers made of
plastic sheets are usually not as well specified concerning their phase shift, acceptance angle
and wavelength range. For other places, which require only small diameters, true zero-order
M2 plates can be used.

Since the atmosphere is not stable and the laser power might change between two consecutive
measurements, the absolute signals change. But if we use the ratios of the cross and parallel
signals, which only change with the atmospheric polarisation parameter a, we can easily find
atmospheric situations which introduce negligible errors in the calculations. Therefore we
only use signal ratios for the calibrations.

Most of the problems can probably be solved with a much smaller theoretical framework. But
then often questions arise, how the one or other misalignment, rotation, additional retardance
or diattenuation would influence the final results. The impotence of less extended
formulations to answer these questions will always leave an uncomfortable uncertainty. This
work is an attempt to provide the tools to answer some of these questions, with the
disadvantage of being rather extended.

Section 2 provides a simplified example as an introduction and preparation for Sect. 3, where
we introduce the concepts and parameters which are necessary to formulate the equations in
such a general way that they can be applied to a large variety of lidar systems. In order to
generalise and to simplify the expressions, several binary parameters are introduced in the
equations, which enable us to describe orthogonal orientations of individual elements with
just one expression and which reduce the number of equations considerably. In Sect. 4 we
develop the general equations for the lidar signals of normal atmospheric measurements
(standard measurements in the following) and for the linear depolarisation ratio. In Sect. 5 we
introduce the general concept of the 45° and A90 calibrations, which is then applied in Sect. 6
to 10 for different calibrators and in the subsections for different positions of the calibrators in
the emitter-receiver optics. We include the following types of calibrators: unpolarised light
(Sect. 6), which has to be inserted by an additional light source or diffuser and has therefore
some disadvantages; the mechanical and A/2 plate rotator (Sect. 7); the linear polariser (Sect.
8), which can be easily included in existing systems; the A/4 plate (Sect. 9), which can also be
used to determine the amount of circular polarisation, and the circular polariser (Sect. 10).
General purpose equations used in several sections are shifted to the appendices, and common
equations or concepts, which can also be found in standard text books, are collected in the
supplement in order to show their form with the variables used in this work.

2 The basic Muller-Stokes representation of lidar signals with polarisation

In this chapter we use a simple example of Fig.(1), described with Eq. (2), to introduce some
basic concepts. It contains a calibrator C before the polarising beam-splitter and neglects the
polarising effects of the receiver optics Mo, i.e.

I, =n; M; ,CFI, (6)

The total power [, and the state of polarisation of horizontal-linear polarised laser light are
represented by the Stokes vector



(7)
0

The magnitude [, of the Stokes vector is the total light beam intensity. It is directly
measurable with a light detector for the flux of photons. Because a lidar includes optics as
telescope and lenses, which change the diameter or focus the light beam, here the colloquial
intensity means the radiant flux or radiant energy per unit time. However, the finally
measured quantities are the electronic signals /r and I of the detectors in the transmitted and
reflected paths. We use flux, intensity and signal alternatively, depending on the context.

2.1 Depolarising atmospheric aerosol

Miiller matrices describe the linear interaction between polarised light and an optical system
(optical elements or medium). For any input, represented as a Stokes vector, the Miiller matrix
produces a unique output, in the form of another Stokes vector. For the backscattering of a
volume of randomly oriented, non-spherical particles with rotation and reflection symmetry
the Miiller matrix F can be written as (van de Hulst 1981; Mishchenko and Hovenier 1995;
Mishchenko et al. 2002)

(F, 0 0 0) (10 0 )
0 F, O 0 0 a 0
F= = F, ®)
0 0 -F, O 0 0 —a 0
0 0 0 F, 0 0 0 1-2a
with the polarisation parameter a (Chipman 2009b; Eq. (93))
Iy
a=—_" )
Fy
and
E4ZE1_2F22:E1(1—20) (10)

Note, that in some literature (Flynn et al. 2007; Gimmestad 2008; Roy et al. 2011; Gasteiger
and Freudenthaler 2014) the de-polarisation parameter d = (1 — a) is used, and in Borovoi et
al. (2014) d is called polarisation parameter. In Volkov et al. (2015) e = a (for randomly
oriented particles) is called sphericity index. However, in this work we use the polarisation
parameter a for the reason of brevity, which is the fraction of the backscattered light that
maintains the emitted linear polarisation.

The matrix F in Eq. (8) describes a pure depolariser My, (Lu and Chipman 1996), but
including a mirror reflection M), for the backscattering direction, with the backscatter
coefficient F;.

(10 0 0Y1 0 0 0 )

I I OJLO a 0 0 )
00 -1 01/[0 0 a O
00 0 -0 0 0 2a-1



F;; and a are the only range dependent parameters in all the following equations. The volume
linear depolarisation ratio ¢ of the scattering volume, which contains particles and air
molecules, can be written as (Mishchenko and Hovenier 1995)
F-F, 1- 1-96
§ = 1u 2 _ a:a: (12)
F,+F, l+a 1+6

The Stokes vector I, of horizontal-linear polarised light I, reflected by the atmosphere F and
incident in the receiving optics is

(1o 0o 0 (1 (1)

0 a O 0 1 a
I,=FI, =F, 0 0 —a 0 I 0 =k, 0 (13)
0 0 0 1-2a 0 0

2.2 Optical parts: diattenuator with retardation

All other optical elements in the lidar receiver can be described as a combination of
diattenuators and retarders (Lu and Chipman, 1996) (retarding diattenuators; Eq. (14)). Often
a polarising beam-splitter cube is used for splitting in transmitted and a reflected components
polarised parallel and perpendicular with respect to the laser polarisation. But also polarising
or even non-polarising beam-splitter plates with subsequent polarisation filters (analysers) can
be used. All of them and combinations of them can be described with the Miiller matrix of a
polarising beam-splitter (PBS) (Pezzaniti and Chipman 1994), considering the remarks in S.4.
The matrix of the transmitting part is

(TP +T: TP -T; 0 0 )
-1 TP +T; 0 0
My 2 0 0 2{T'T; cos A, 2\/ﬁsin4 -
0 0 —2JT'Tysing, 2,JT/T; cos A, a4
(1 D, 0 0 )
D, 1 0 0
= TT
0 0 Zec, Zs;
0 0 —-Zs, Zc,

with the intensity transmission coefficients (transmittance) for light polarised parallel (7°) and
perpendicular (7°) to the plane of incidence of the PBS, the diattenuation parameter D7, and
the average transmittance 77, i.e. for unpolarised light. 47 is the difference of the phase shifts
of the parallel and perpendicular polarised electrical fields (retardance) according to the
Muller-Nebraska convention (Muller 1969).

TP + T8 TP —T5 2JTrT; [

TT:uv DT: - T:ZT:#: I_Di’
2 TTP _'_717j TTp -i_];'Y

c, =cosA,, s, =sind., A =@ —@;

Please note, that this definition differs in two ways from the definition in Chipman (2009b):
the retardance is defined differently there (4x = ¢x° — ¢x"), and we denote with D the

(15)



horizontal diattenuation parameter d, (Chipman 2009b) and not the diattenuation magnitude

Dyag = |D| (see Suppl. S.4). The Miiller matrix for the reflecting part of the PBS Eq. (16)
includes a mirror reflection (Suppl. S.6) with the corresponding intensity reflection
coefficients (reflectance) for light polarised parallel (R, = 7?") and perpendicular (R, = Tx°) to
the plane of incidence (Suppl. S.1) of the polarising beam-splitter.

(1 D, 0 0 ) (1.0 0 0)1 D, 0 0 )
D, 1 0 0 01 0 0}|D, 1 0 0
M, =T, =T (16)
0 0 —Zpcp —Zgsi 0 0 =1 0] 0 0 Zicp Zis,
0 0 Zis, —Zic, 0 0 0 -DUNO 0 —Zis, Zic,
T TP+ T D Ty =Ty 2«/TPTS _ D
. 2 0 F TP+TS’ Zr TP AT ko (17)

Cp =COS Ay, S, =sind,, Ay =@f — @y

In order to simplify the derivation of the equations, we describe both the reflecting and
transmitting matrices with the matrix Mg, and replace the subscript s (for splitter) by 7
(transmitting) or r (reflecting) where appropriate, which means

Dy €{Dyp.D;}, My e{M M, |, I  €{l,.1,} (18)

It has to be emphasised, that for this reason we can't use the diattenuation magnitude D,
which is always positive and almost exclusively used in other publications, but have to use the
diattenuation parameter D, which changes the sign when 73’ becomes larger than 73" (see
S.3). Please keep also in mind that usually Dr < 0, that My includes an additional mirror
reflection, and that fluxes measured after the PBS are not influenced by the addition of an
ideal mirror reflection in the optical path.

2.3 Calibration, linear depolarisation ratio, and total signal

Eq. (6) shows the Stokes vectors of the transmitted (I7) and reflected (Iz) channels, alias Is,
after the polarising beam-splitter My (PBS) without calibrator, i.e. C = 1 = identity matrix. Eq.
(6) represents the standard measurement at the axial rotation of 0°, neglecting for now
additional optics in Mo.

IS(OO)IUSMSFILZUSM I, —

(1 D, 0 0 (1) (1+ Dya)
D 1 0 a D¢ +a (19)
=11 05 0 Zgc, I {OJ =I5k, SO
0 0 —Zgsg Z <Cg 0 0
The measured signals /s are
IS(OO) =nIsF\1, (1+Dsa) (20)

which correspond to the transmitted and reflected intensities, include the individual channels
gains 7s, 1.€. 77 and 7z, which are the product of the electronic amplification of the detectors,
the amplifiers, and of the optical attenuation due to polarisation insensitive attenuation of all
optics including neutral density and interference filters. The latter is in general different in the



two channels. We can solve the equation of the ratio of the measured reflected to the
transmitted signals

TIRTR(1+DRa) _ i (TRP +TRS5)

(0%)= T (1+Dya) (17 +175) @b

Iy
I;

for the linear depolarisation ratio ¢ if we know the calibration factor

_ Ty

n 0T, (22)
(with reflectance 7 and transmittance 77 for unpolarised light) and the transmission
parameters of the polarising beam-splitter 77, 77, 7", and T3’ for the correction of its cross
talk. We could get the calibration factor # already with the measurements in Eq. (21) if the
light incident on the analyser was unpolarised, i.e. a = 0. Else, # can be determined by means
of calibration measurements, e.g. by rotating the the PBS including the detectors by +45° or
—45° about the optical axis (Eq. (23)).

I, (+45°) = n,MR(+45°)FI,, =

(1 0 0 0) (1) (1 D, 0 0 ) (1)
oA |00 FLO a oD 1 0 0 . 10]_
Vsl 41 0 o ol 00 00 Zey Zys| | tal
0 0 0 1 0 0 0 —Zs, Zgg 0 (23)
(1 )
T,F I Ds
nSSHLiClZSCS
FaZgsg

With the rotations R(+45°) it is intended to produce at the entrance of the PBS equal light
intensities in the transmitted and reflected paths, independent of the atmospheric
depolarisation. The error from an inaccurate £45° alignment can be reduced by the A90-
calibration explained in Sect. 5. From Eq. (23) we get the signal intensities

Iy (+45°) =0 TiF 1, (24)
and the calibration factor # from the signal ratio
IR nRTR
—(H45°) =—"-=n 25
7 (345%) = (25)
With known 7 we can express the measured signal ratio 6* in Eq. (21) as

. 11 1 1 T.TV+T,0
6=~ (0°) = T (45°) 1(07) = TS 26)

n I, I, I, T, T/ +T:5

which is almost equal to the linear depolarisation ratio d, but still includes the diattenuation
and cross talk of the imperfect polarising beam-splitter. From J° we retrieve the linear
depolarisation ratio o

10



5 S TT) —T,T!

T -8T,T; (27)
With the assumption for good PBSs
L <1=|T; ~1, T ~05T7, T,~05(1+7¢)| (28)
we get an approximation
s~8" -1 (1-5") (29)

Next we will determine the total lidar backscatter signal from the two signals Iy and I
measured at 0°. This is the range dependent signal, which we use for the inversion of the
backscatter coefficient F; with the lidar inversion methods. From Eq. (20) we can get F\,
either from the transmitted or from the reflected signal

I5(0°)
" Tl (1+ Dya) 39)

The polarisation parameter a can be extracted from the signal ratio in Eq. (21)

1, -1
a=——l i (1)

12Dy =1, Dy

and substituted in Eq. (30) to yield

n,T.D,1, —1,T,D,I 1 (DI, D)
ILElzTTTR RTRTR™T __ T°R _ RT. (32)

TITTTT]RTR(DT_DR) _DT_DRKTIRTR neIr

Equation (32) shows that we cannot determine an absolute F;; without an absolute calibration
of the individual channel gains 7z and 7 and knowledge of the laser intensity /,. However, for
the lidar signal inversions, which use a reference value at a certain range or similar, we only
need a relative, range dependent F';;. Hence we can choose any of the range independent
parameters in Eq. (32), in which only /r and /; are range dependent, which we cancel and get

7 -T; 7 -T,
Iy =1 T-
7 +T17 7 +T,

By oc Dpdp =Dyl = (33)

In case the polarising beam-splitter is ideal, i.e. 7" = Tx* = 1 and 77’ = Tx"= 0, and hence Dy =
—1 and Dr=+1, Eq. (33) becomes as expected

Fyyoc Ly +nly, (34)
Please bear in mind that in general 7x° > T3°, and therefore (77" — Tx°) < 0 and Dz < 0
according to our definition in Eq. (17).

Summarising: we have to find the calibration factor # and correct the cross talk. J is retrieved
from two signals at 0° represented by §°, Eq. (26), plus two signals for the calibration factor at
+45°, Eq. (25), and the knowledge of the PBS parameters 77", 77 , Tz°, and T}’ for the
correction of the cross talk.
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3 Complete Miiller-Stokes lidar setup with rotation of optical elements

In the previous section, a basic lidar setup is described with the Miiller-Stokes formalism as
an introduction, which includes only a horizontal-linear polarised laser, the matrices for the
atmospheric aerosol backscattering and depolarisation, and the polarising beam-splitter. In
order to expand this setup to a realistic but still manageable model for a large variety of lidar
systems and calibration techniques, we introduce in this section some concepts and variables,
which will enable us to describe the variety of setups with as few as possible equations.

The Stokes-Miiller formalism (Chipman, 2009b) represents four linear equations (Eq. (35)),
which relate the four output with the four input Stokes parameters.

(L) (Mn M, M, M14\(]in\\
I - O, L M, M, My M,|| 0,
l Ui oMy, My, My, My, | U,
Vou M, M, M; M, \V, (39)
(1 my, My m14\(im\
- M, I My, My My Moy |1 Gy
310 My My My | U,
My, My My My \Vy,

The small letter matrix (m;) and vector components at the right of Eq. (35) are normalised by
their first element, i.e. the unpolarised transmission M, and the total intensity /;, ; hence m;; =
im = 1. In the following we usually keep the variable i;, in order to allow for later expansions
of the equations. While the first Stokes vector parameter /,,, can be directly detected with a
photon detector, the other output Stokes parameters can each be determined with two
measurements of output intensities using additional polarisation elements (Chipman 2009a)
(see Eq. S.2.2). We derive the backscatter coefficient F';; and the linear polarisation parameter
a of the Miiller matrix F of the atmosphere (see Sect. 2.1) from the first two equations of 7,
and Q,. in Eq. (35), which in turn are determined from the two measurements of /z and Ir
using the two orthogonal linear analysers of the polarising beam-splitter. For the
determination of each additional unknown parameter we need additional measurements. For
the relative calibration factor # of the two polarisation signals /z and Ir we use an additional
calibrator element with Miiller matrix C. The lidar setup shown in Fig (1) is described by Eq.
(6), i.e. Iy =nsM;CM/FM I,  where the matrices My (alias M) represent the two paths of

the polarising beam-splitter, i.e. subscripts 7 for transmission and R for reflection. Since the
laser in our model can be arbitrarily polarised and because "parallel" and "perpendicular" are
defined relative to the incident plane of a beam-splitter (superscripts p and s, respectively; see
Suppl. S.1) and don't necessarily describe the polarisation behind it with respect to the laser
polarisation, we can't use these terms here for the two branches behind the polarising beam-
splitter. C(¥) describes the calibrator matrix, which can be a mechanical rotation of the
detection optics by ¥ or an optical device as a polarising sheet filter rotated by angle ¥, for
example. The purpose of the calibrator device is to produce equal intensities for both
polarisation channels, independent of the laser light polarisation and independent of
backscattering characteristics of the atmosphere. This is e.g. achieved with an ideal polarising
sheet filter oriented at 45° with respect to the incident plane of the PBS. The calibration factor
n of the relative sensitivity of both polarisation channels can be retrieved from the ratio of the
measured intensities. The calibration factor includes electronic gains and the polarisation
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transmission of optical elements behind the calibrator. In our model the calibrator can be at
three different positions in the optical chain, which are indicated by the red blocks in Fig. (2).
The calibrator positions and the respective equations are these:

behind the laser emitter optics Mg Iy =n MM FCM I, =n, MM ,FCI, (36)
before the telescope / receiver optics Mo Iy = MM ,CFM I, =n,M M ,CI, (37)
before the polarising beam-splitter Ms Iy =nMCM FM I, =nMCI, (38)

In case the telescope and/or the collimating lens don't change the state of polarisation of the
incoming light, the placement of the calibrator after those elements is equivalent to the
position before the telescope.

We develop the equations for all three positions of the calibrator, and additionally for the
calibration with an unpolarised light source before the receiving optics (Sect. 6). In the
equations we use as calibrator elements the Miiller matrix C as a place holder for any sort of
calibrator, which are M,,, for mechanical rotation or by means of a A/2 plate, M, for a linear
polariser, Mgy for a A/4 plate, and Mcp for a circular polariser.

v Atmosphere

< M, m‘—‘ I_Ig.»,< ﬂ Laser
I IR [e]l7 M N (e[ 7 | L€ M) T T

M,
% T linear Y| quarter circular
rotator polariser wave-plate |CP| polariser

Figure 2: Schematic of a 2-channel, polarisation sensitive lidar setup (compare Fig. 1) with Miiller matrix block
elements and different calibrator (red block) positions (top), and three options for the calibrator C (bottom). I;:
laser Stokes vector, M: emitter optics; F: atmospheric backscatter matrix with polarisation parameter a; Mo:
receiver optics; Ry: rotation matrix for the 0° (y=+1) and 90° (y=-1)detection setup (see text); Mzg: transmitted
and reflected part of the polarising beam-splitter; I7z: transmitted and reflected detection signals. Angles a, B,
and vy are rotations around the optical axis.

3.1 The analyser <bra| and input |ket> vectors

The general structure of all the considered lidar setups can be described with three groups of
optical elements: elements before the calibrator, the calibrator, and elements behind the
calibrator. To simplify the equations, we combine the matrices after the calibrator to an
analyser matrix As, and the matrices before the calibrator together with the Stokes vector of
the laser beam I, to an input Stokes vector I;,. Since As and I, are the same for all calibrator
types, they have to be derived only once and can then be used for the different setups. "After"
and "before" denote the order with respect to the light direction, i.e. from right to left in the
Miiller-Stokes equations.

Since photo detectors are, in general, insensitive to the polarisation, we measure the intensity
I; at the detector, which is the first parameter of the output Stokes vector. s is determined by
the top row of a matrix As and an input vector Z;,.

(IS\ (All AlZ A13 Al4\ ( Iin \ (Al l[in + AIZ in + A13Uin + A14I/in\

_ _ _ _ _ Qi _
=nsAgl, =15 _ _ “llu =Ny _ (39)

mn

- - - - - N\r -

in
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Using the <bralket> matrix-vector notation (see App. B and App. D), we define for this work
the row vector <Ay as the top row of a matrix As,

<As|=<A11 A4, A13 A, (40)

and use analogously the column vector |I,>. With this notation the equation for the intensity
I can be written as

Iy =n; <As|lm> =151, <A11 4, A A14|[m 0, U, V;n> = (41)
=11, (Al Ly, + 4,0, + AU, + 4.V, )

in

For example, the equation for signal /s of a calibration measurement with the calibrator before
the PBS (see Eq. (38)) can be expressed as

Is(yx.e) =ns (MR |C(x45° + )| M,FM, 1, ) = (A |C|1,) (42)

and the respective standard measurement signals without the calibrator can be expressed with
the same vectors <As| and |I;,> as

I (Y) =T <MSRy‘MOFMEIL> =T <AS

This split-up of the equations in an analyser bra-vector and an input Stokes ket-vector is
similar to the split-up in instrumental vectors of the transmitter and receiver in Kaul et al.
(2004) and Volkov et al. (2015).

In Egs. (42) and (43) we already used the binary operators y, X, the parameter ¢ for different
rotation angles, and the rotation matrix Ry, which will be explained in detail in Sect. 3.3.

I,) (43)

3.2 Laser polarisation and atmospheric depolarisation

The light leaving commercial Nd:YAG lasers is usually linearly polarised. Manufacturers
often specify a polarisation "purity" > 95% or similar, which is not very accurate. Actually,
the laser light is often much better polarised, but the measurement of the polarisation of
individual lasers in a series is expensive and it can change during the operation and with
ageing of the laser. Probably for that reason the manufacturers seem to specify a lower limit
which they can assure under all circumstances. A secure method to ensure a high degree of
linear polarisation is to use a polariser as the last element at the laser output. Often the
orientation of the laser polarisation relative to the orientation of the polarising beam-splitter in
the receiving optics is not well known, first, because the state of polarisation of short laser
pulses with high power is difficult to measure accurately, and second, the state of polarisation
of the laser can change during the operation of the laser over periods with changing
environmental conditions. Hence we consider a possible rotation a of the plane of horizontal-
linear polarisation of the laser (laser rotation). Furthermore, beam expanders and especially
steering mirrors after the laser can degrade the degree of linear polarisation considerably
producing elliptical polarised light. Hence we start with an emitter Stokes vector with
arbitrary state of polarisation leaving the laser, which includes all effects of cleaning, shaping
and steering optics

I, =M1, =T.1,|iy q; ug VE> (44)

We will develop all equations first for a general emitter beam polarisation as in Eq. (44), and
then as an explicit example for a linearly polarised laser with intensity /, and laser rotation a
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(see App. D) to elaborate the errors due to misalignments of the calibration and measurement
optics.

I(a)=1]1 c,, s, 0 (45)

Depolarisation of the laser (with linear polarisation parameter a;), caused by volume or
surface scattering in or on optical elements, is hardly probable, and the scattered radiation
reaching the lidar telescope would be negligible. However, it is briefly treated in Suppl. S.3.
The Stokes vector Ir, which is reflected by the atmosphere with scattering matrix F(a) with
linear polarisation parameter a from a generally polarised emitter I, is (see Suppl. S.3)

I.(a) F(a)|M,I,) |
= = - 1-2
RiTel, R, fe gy —auy (1-2)ve) (46)

3.3 Receiver optics and calibrator

In order to investigate the effect of misalignments of the optical elements on the final
measurement and the calibration results, i.e. the total signal and the linear depolarisation ratio,
we apply to each optical element in Egs. (36) to (38) an additional rotation error about the
optical axis (see Fig. (2)). The reference coordinate system is in general defined by the
incident plane of the polarising beam-splitter (Fig. (3)), wherefore no rotation error is
considered in My. Nevertheless, the polarising beam-splitter can be mechanically rotated by
90° in some existing lidar systems without changing the rest of the setup. We include this
additional fixed rotation by introducing the rotation matrix R, with the polarising beam-
splitter orientation parameter y (Fig. (3)). For y = +1 the parallel laser polarisation is detected
in the transmitted channel and for y = —1 in the reflected channel. This seems a bit confusing,
but it is necessary to get control of all the actually existing lidar setups. The rotation matrix Ry
is shown in Eq. (47).

(1 0 0 0
oy 0 o]  R(y=-1)=r(%0)
R=RUI=19 0y 0| R(y=+1)=R(09 “47)
00 0 1
A .

Figure 3: Definition of the global coordinate reference system and the binary operator y with respect to the
incident plane of the polarising beam-splitter. If the polarising beam-splitter orientation parameter y = +1, the
vibration of the horizontal-linear polarisation with vector E, is parallel to the plane of incidence, while for y =—
1 it is perpendicular.

The whole lidar system shown in Fig.(2) is then described by Eq. (48) with rotation angles o,
B, v, and ¥ around the optical axis.

I(y,¥.7.a,B,a) =n,MR(y)C(¥)M,(y)F(a)M,(B)1,(c) (48)
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It would be possible to include the R, rotation by changing the laser angle a in Eq. (48), but
we choose to do it before the polarising beam-splitter for two reasons: first we want to use the
angle a only for rotation errors, and second, in some lidar systems a rotation of the receiving
optics is used for the calibration, and with these setups a change between the two R, versions
of a lidar is easily accomplished and can be used for certain test measurements without
changing the rest of the equations. On the other hand, an arbitrary rotation of the laser
polarisation is usually not possible. A rotation y of a retarding diattenuator M, can complicate
the equations considerably, as it converts linearly polarised light into elliptically polarised,
which cannot be analysed by a simple polarising beam-splitter. Therefore, diattenuating and
retarding optics before the polarising beam-splitter should be carefully oriented with their
eigen axes parallel to the ones of the polarising beam-splitter to avoid the resulting
uncertainties. Such an element can e.g. be a dichroic beam-splitter, which does not reflect
exactly to 0° or 90°. For what we call A90-calibration, we use two calibrator orientations
C(?) with

V' =+45°+¢
(49)
Y= 45°+¢
so that
P =90° (50)

We choose these special angles, because in the geometric mean of two calibrations at
orientations exactly 90° apart the error terms sometimes compensate very well. Note, that the
A90 error angle ¢ describes the rotational misalignment of the whole A90-calibrator setup
with respect to the polarising beam-splitter, not the error in the 90° difference. So, + 45°
means cither +45° or —45°, and A90 means the combination of measurements at +45° + ¢ and
—45° + ¢. To obtain general equations, we combine these angles using the binary operator x
for calibrations

x=11: V(x,6)=x45°+¢ (51)
We use this definition in a setup with a rotation calibrator M,,, (Sect. 7)
C(¥,h) =M, (x45°+¢&,h) =M, (x,&,h) = R(x45°)R(&) M, (52)

with the binary operator h to discern between a mechanical (h = +1) and a A/2 plate rotation
(Suppl. S.10.15), and can express the four equations for the reflected and transmitted signals
Iz and Ir of the two calibration measurements at ¥ = +45°+ ¢ with the one formula Eq. (53)

Ij(yx.ehy.a, Boo) =ns (MR, [M,, (x..h) M, (7 ) F(a) M, (B)1, () (53)

and the four equations for the standard measurements at ¥ = 0° (y =+1) and ¥ = 90° (y =-1)
using the same analyser and input Stokes vectors with just another formula Eq. (54)

Ii(y.e.hy.a,B.a) =ng (MR |R(£) M, M, (y ) F(a) M, (B) I, (ax)) (54)

Using the rotation calibrator we have to consider the same alignment error ¢ for the standard
measurements at 0° and 90° as for the calibration at the £45°, because this calibrator is not
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removed from the lidar setup after the calibration measurements. Please note that ¢ = 0 for all
other calibrators.

4 Retrieval of the total signal and of the linear depolarisation ratio

The final goal of this work is to investigate how the polarisation calibration factor, the linear
depolarisation ratio, and the total lidar signal can be retrieved from the measurements /r and
Iz, how much the various rotational misalignments and the crosstalk of the calibrator influence
them, and how the deviations can possibly be corrected. The standard measurement signals /s
in Eq. (54) include a rotational error & before the polarising beam-splitter.

AL Atmcspher 7777777777 ‘
< l!lR m W -- Laser
1 N [& W7 M| [T | oty T 5@

We get Eq. (55) for the analyser part with Egs. (D.5), (Suppl. S.5.1.6 and S.10.15.2), and with
the most general input Ir from Eq. (E.31) with atmospheric polarisation parameter a we get
the signal /s from Eq. (S.7.1.2)

(As(y)|R(e.h) = (MR |R(£)M, =T, (1 ye,,D; —yhs, D; 0] (55)
I (AR (7.0)) (MR [R(o)M, M, (1) F(a) )
nSTSY;otTOFIITEIL TS]—;OITOFIITEIL T:S'I;OITOEITEIL

= (1 +yDgD,c,, +hzg) Iy = YDsZ 8085, inoeVe +

+ a<Do (CquE - Szqu) +yDy |:(CquE + ShzsuE) ~ Sy th2e (Wo (SquE + C27uE) - 22050"5)}}

(56)
AIR . Atmcspher;_ ________
<M m W o Laser
R M| R | pe) LG

In case the rotational error is before the receiving optics, we get Eq. (57) from Eq. (S.7.2.1)
with Eq. (D.7) for the analyser part and (E.26) for the input vector.

I _(As(y)l[ 2 (:0a)) (MR M, (7)||R(z)M,F(a)I,) _
nSTSTOIZ’otFIITE[L TSTOZ*otEITE[L TSTOI-;ntFllTE[L
= (14 YD, D05, )iy = YDs Z oS85, hvy + 57)

D, I:CZ}/ —2:9E ~ Sy 72gh”E] +

+a
+yDy [(ngQE + SZshuE) =8y, (Wo (Szy 2:9F TC, —2gh”5) - 2ZOSOhVE):|

‘IR Atmosphere

M, m 777777 3 H W Laser

TN R PN [ra | i) T L@

The case of rotational error behind the emitter optics can be retrieved from Eq. (57) by simply
replacing € with —¢ (see Suppl. S.7.3). Special cases of I for Egs. (56) and (57) can be found
in Sect. E.2.
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4.1 General formulations for the total signal and the linear depolarisation ratio

From Eqgs. (56) and (57) we see that all standard signals /s can be expressed by introducing
two parameters Gs and Hs for the terms without and with atmospheric polarisation,
respectively,

Iy =nT1,T,

rot

F\T,1,(Gg +aHy) (58)

Using Eq. (56) as an example, the two parameters are

Gq(y.&,h,y) = (1 + yDSDOCZ;/+h25) Iy = YDsZ 8085, 1h2sVE

H(y,e,hy,B.a)= (59)
=D, (czqu — szqu) +yDy [(czng + shzguE) =Sy, hae (WO (szqu + czqu) — 2ZOSOVE):|

Table 1 shows how their expressions simplify if some uncertainties are neglected.
With Eq. (58) the measured signal ratio becomes
5 _11; Gy+aH,

“nl, G,+aH, (60)

with the calibration factor # = (yz Tx) / (yr Tr), which has to be determined with one of the
methods in the following chapters. Gs and Hs describe the polarisation cross-talk terms of the
lidar setup depending on the diattenuation parameters D and the retardation (described by so
and co ) of the individual optical elements, depending on the relative rotation of the elements
and on the polarisation parameter of the atmosphere a. From Eq. (60) we retrieve the general
equations for the polarisation parameter a in Eq. (61) and for the linear depolarisation ratio o
in Eq. (62) (compare Eq. (12)).

3 5*GT -G,
““H,-5H, (61)
6_1—a_5*(GT+HT)—(GR+HR) )

l+a (Gy-H,)-8"(G, - H,)

Remind that * and hence a and 0 are range dependent. For the retrieval of the total lidar
signal, which is equivalent to F;;, we substitute Eq. (61) in Eq. (58) in the transmitted or the
reflected version of Is € {Ir, Iz} and replace 0* by Eq. (60). Using the transmitted signal /r
from Eq. (58) we get Eq. (63), and after some restructuring (see Egs.(S.8.1) and (S.8.2) ) we
get the attenuated backscatter coefficient Eq. (64).

1

N LI E\ T, = GT+—TaI‘[T (63)
I I
H, r__ H, R
1 e U (64)

F. =
" TOTE]L HRGT_HTGR

For the inversion of the lidar signal we only need the relative attenuated backscatter
coefficient, for which we can get a much simpler formula by removing all factors in Eq. (64)
which are not range dependent (compare Eq. 32 ff), which yields Eq.(65)
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El OCnHR]T_HTIR (65)

The individual calibration methods can add errors and uncertainties due to additional optics
with unknown diattenuation and retardation and due to rotation errors. The possible
uncertainties of the calibration factor 7 can be assessed from the analytical expressions of the
gain ratio n* (see Sect.(5)).

For systems without a polarising beam-splitter, i.e. pure backscatter lidars with one channel
for each wavelength, the total signal is Iz from the transmitted signal, but with Ds= Dr =0,
and without calibrator (=> h = 1) and without calibrator rotation error angle €. Hence, we get
from both Egs. (56) and (57) the transmitted signal with Eq. (66)

D, =0T, =lLe=0,y=1=
Iy =, LT F T |:iE +aDO(C2;/qE _S27uE):|

which shows that there is a distortion of the total signal due to the receiver optics
diattenuation and depending on the atmospheric depolarisation, even if the laser beam behind
the emitter optics is perfectly horizontal-linearly polarised and without receiver optics
rotation. i.e. Eq. (66) with

(66)

y=0T,=Li,=q,=Lu,=0=

(67)
Iy = nTTOEIIL[l +aDO]
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Table 1. Parameters Gs and Hs and their simplifications when neglecting some uncertainties for the case of Eq.(56), i.e. rotational error &
before the polarising beam-splitter, - with a general emitter Stokes vector 1, =11, |iE qr Ug vE> (see App. E.2).

Gs Hs

General (14 YD Doy, s ) ie = YD ZoS 08y iseVe DolCs,0e =2,t05) + YD [ (€205 + Sutte) = Say v Wo 52,05 +03,105) = 2Zos0vs | (68)

£=0 (1 +yDy DOCZy)lE YD Z 8 082, Vie Do(czqu - Szy”E) +yDy [qg =Sy, {Wo(szﬂE +027ME) —2ZOSOVEH (69)
(14+YDsDyCy2, )i = YDsZoS 0810,V Dogy + YDy | €245 +Sy00Zo (Cotty + 2507 ) | (70)

y=¢=0 (14 yDsD,, )iy (Dy + yDy) 4, (71)

Dy=W,=5,=0 1 YD (€5, + 8y, (72)

- with a rotated, linearly polarised emitter Stokes vector 1, =71, |iE qp ug vE> =T.1, |1 Cry  Say O>

Gs H;
General 1+ yDSDOczy thoe D002a+2y +yDy (czd 26 T2, 41268202y Wo) (73)
a=g=0 1+yDsDyc,, Dyc,, +yDs(1-53,17, | (74)
r=0 1+yDsDye,, Dy +YDs (€2 20 =3280 0) (75)
a=y =0 14+ yDD,c,,, D, +yDc,, (76)
y=¢=0 1+yD,D,, (Dy + yDg)cy, (77)
a=y=¢=0 1+yD,D, D, +yDq (78)
D,=W,=0 1 yDC,, . (79)
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5 The 45° and A90 calibration, the gain ratios and calibration factor

The measured, apparent calibration factor #* of the polarisation channels, which we call in the
following gain ratio in contrast to the calibration factor #, can be determined from the two
calibration signals /s, i.e. Ir and Iz, with a calibrator at +45° or —45°, which we call 45°-
calibration (Eq. (80)). The calibration factor # is not directly measurable. Hence we need
equations to retrieve # from the measured 7*.

. I,(+45°)
450) = £ 7 )
' (+457) I (+45°)| . It ya57) “
N _ R o
| 1,(~459) n 7 X (30)

T )

n* includes alignment errors and cross talks. The theoretical dependence of these errors and
cross-talks on the known parameters of our lidar model (Fig. 1) can be determined using the
analytical expressions of Egs. (81) and (82).

Io(yx45°+ ) =ns(Ag(y)|C(x45° + ¢)|L,,) (81)
L)
L)

The theoretical correction K of the gain ratio to get the calibrator factor can be retrieved from
the analytical expression Eq. (83), which is then used to correct the measurement in Eqs. (84)
or (85).

n 1, T, :£<AR(y)‘C(X45°+8)|Im>

. ]R(y,x45°+g) _ Nr <AR(y)‘C(X45°+8)
I(yx45°+¢) 1, (A (y)|C(x45°+¢)

(82)

n e Ty <Ar(y)‘C(X45°+8) Im> (83)
1 . 11,
=—n =—-—"(x45°
n=--1 KIT(X ) (84)

Furthermore, additional equations for the estimation of the uncertainty of # can be derived
from Eq. (83). Since the errors due to ¢ cancel very well at orientations of the calibrator
exactly A90 apart (i.e. x =+ 1), as we will see in the following sections, a better estimation of
the gain ratio can be retrieved from the geometric mean of the two gain ratios at £45° (Eq.
(85)), which we call A90-calibration. The method of 90° different polariser angles to reduce
errors in polarimetric measurements seems to be common in ellipsometry (Nee 2006) .

= 45° —45° = |- -
M 190 \/’7 (1452 + 2’ (-45°+ ) \/IT(+45°+8) I(-45°+¢) )

While the two calibration signals /r and I are taken at the same time, the two measurements
for the A90-calibration at x45°+¢ are done subsequently, and the atmosphere can change in
between. If the gain ratio #* in Eq. (82) depends on the atmospheric polarisation parameter a,
the A90 gain ratio #*,00 in Eq. (85) depends also on the temporal change of a. In order to
avoid this dependency, we either have to choose an appropriate setup and adjust it so that #*
doesn't depend on a, or we have to choose a calibration range in which a doesn't change with
time. In the following we assume the latter, i.e. that the atmospheric polarisation parameter a

21



does not change in the calibration range between the two calibration measurements at x45°+¢.
This does not mean that the backscatter coefficient, an extrinsic parameter, must not change,
but only that the aerosol composition with its intrinsic parameter a stays the same and that the
contribution of the air molecules to a is negligible. Nevertheless, in Sect. 11 we describe a
method to determine and consequently correct for &, which is one of the major factors in the
a-dependency of n* In the following sections 6 to 10 we derive Ag and I, for several
positions of the calibrator C, and with that we will analyse special cases of the measurements
Is and the retrieved calibration factor #. Figure (4) shows the steps in which the measurements
are corrected for systematic errors by means of the model. If all system parameters of the
model (Egs. (56) and (57)) are known, the cross-talk parameters Gs and Hs can be calculated
(see Egs. (68) to (79)) and we only need to determine the calibration factor # by means of
calibration measurements in step 2 and its correction for cross talk errors (step 3) as explained
in Sects. 6 to 10. Under certain conditions some instrumental parameters can be determined
by means of additional calibration measurements (step 4) described under “special cases” in
Sects. 6 to 10 and in Sects. 11 and 12.

measurements model
1. standard measurements corrections (Sect. 4)
IS = US];‘TOTrmElTEIL (GS + aHS)
nRTR
I, o<nH,I, —H,.I,; =i
]S=]7S<AS|IM>:> 11 77 RTT TR 77 nTz;
5o 6" (G, +H,)— (G + Hy) 5= 1ln
(Gy—Hy)-6"(G,—H,) nl,
2. calibration => gain ratio (Sect. 5)
IS (Xa‘e) = 775 <AS |C(Xa€) Iin> = 77;90
3. gain ratio correction => calibration factor (Sects. 6 to 10)
77;90 = n :%
4. combined calibration measurements determination of instrumental parameters

Is(x,€) =15 (Ag|C(x,¢)

I, (a)>
Do (Sects. 7.2, 8.2)
e S i v, Ve (Sects. 9.1, 9.2, 9.3)
AN = e (Sect 11)
Ay e a Sect. 12
W = 2= sect 19

Figure 4: Four steps for calibrating and correcting the standard measurements for systematic errors by means of
the model equations and additional calibration measurements. On the left side the measurements and their Miiller
matrix representations are listed and on the right side the scalar equations and their parameters, which can be
retreived from our model and from additional calibration measurements.

The most general equation Eq. (86) for our lidar model, with e.g. a calibrator before the PBS,
contains eight optical parameters of the four optical elements and the atmosphere, and four
variables, i.e. the rotation angles of the optical elements and of the laser polarisation. Note,
because detectors only detect the flux of light, the retardation of the polarising beam-splitter
As is irrelevant. For each setup we first derive the general formulations (Eq. (86)). Then, in
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order to reduce the complexity of the equations and to carve out the most important and useful
relations, we neglect certain parameters and variables in the detailed equations of special
cases. We often omit the explicit description of the laser emitter optics Mg (Eq. (87)), which
means that we assume the light emitted to the atmosphere as arbitrarily polarised (see App.
E2) I,=M_I, = TEIL|iE qr Ug VE>. If necessary Ir can be expanded in the final
equations by the appropriate ones in App. E. But we also consider the more simple case of a
rotated linearly polarised laser I, =1, =1, |1 Cry  Sog 0>. Furthermore, it is quite easy to
remove the cross talk of the polarising beam-splitter Mg by means of additional polarisation
filters behind it, which removes many terms in the equation (Eq. (88)). We call such an
analyser “cleaned”. The rotation y of the receiving optics My is very disturbing, which can be
avoided in the very beginning of the lidar design (Eq. (89)). And at last, this paper provides
the tools to determine how good a calibrator must be to be considered as ideal. With such a
calibrator the equations become less complex (Eq.(90)).

4=mMADQ&£@b4ﬁM%U%AMOHQMADH%ﬁﬂAM (86)
I =My (Dg)R C(De, Acs8) My (Do Agsy ) F( I, (87)
Iy =13 My, RC(D. Ac’g)Mo(DoaAo’?/)F(a) I, (88)
I5 =M (Ds)R,C(D, 4,6) Mo (Dg, 4,0)F(a) 1, (89)
I =nMy(Dg)R,  C,, MO(DO,AOJ)F() 1, (90)

6 Calibration with unpolarised input before the receiving optics

Mx m 77777 i *

LNR P moN T

In principle, an additional light source with a known state of polarisation, which is placed
before the telescope, can be used for the calibration. For other states of polarisation of the
calibration light source the equations in Sect. (7.2) can be used together with the appropriate
description of the input Stokes vector. But the beam from an additional light source has some
disadvantages, because it fills the apertures of the individual optical elements differently than
the backscattered light from the lidar laser, and also the distribution of the incident angles on
elements with limited acceptance angles, as dichroic beams splitters and interference filters, is
different. Furthermore, the wavelength band of the light source is usually different from that
of the lidar laser, which introduces wavelength dependent transmission, diattenuation, and
retardation effects. This can lead to errors in the calibration factor, which can additionally be
range dependent. Such errors are very difficult to assess. We therefore prefer to use the
atmospheric backscatter of the lidar laser for the calibration, which provides the same spatial
and angular characteristics and the same wavelengths for the calibration as for the
measurements. Nevertheless, the output Stokes vector Is of an unpolarised light source before
the receiving optics is given by Eq. (91).

Iy =nMR M I, = A;=M;RM, and I, =1, 1)

mn

With the analyser vector from Eq. (D.7) and the unpolarised input Stokes vector I, before the
lidar optics from Eq. (92) we get the calibration signals in Eq. (93).

I,=1I,= ) (92)
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Iy =ng <MsRyMo (7’) Iup = 77sTsTo]up (1 + stczyDo) (93)

The gain ratio can be retrieved directly with Eq. (93)
. _ NIy 1+ yDRDOczy 1+ yDRDoczy

n =— =n 94
I, nT. 1+ yDTDOCZy 1+ yDTDOczy ©4)

Error sources are the unknown receiver optics rotation y and the diattenuation Do. With a
cleaned analyser M; (see Suppl. S.10.10) and y = 0 we get from Eq. (94)

77_* _1-yD,
n 1+ yD, ©3)
. L -1 o
With D, = — —— we get the gain ratios for the two setups y = 1 from
7 +T,
(y=+1) T (y=-1) 17

n Ty’ n T,

As there are no calibrator induced rotational errors ¢ all equations for the standard
measurements of Sect. 4 are with ¢ = 0°.

7 Calibration with a rotator - mechanical or by A/2 plate (HWP)

With an ideal HWP rotator the input Stokes vector is rotated with respect to the coordinate
system, while with the mechanical rotator the polarising beam-splitter and, if so, the receiving
optics are rotated in the opposite direction to achieve the same effect. Mathematically the
latter means a rotation of the coordinate system (see S.5). Furthermore, the rotation with a
HWP includes a retardance of 180° and hence a mirroring of the input Stokes vector (see Eq.
(S.10.13.2)). We combine the two methods in the rotator matrix M,, (Suppl. S.10.15) by
introducing the rotator operator h (Eq. (S.10.15.1)), which is h = +1 for the mechanical rotator
and h = —1 for the HWP rotator.

7.1 Calibration with a rotator before the polarising beam-splitter

Az __ Atmosphere
< M, m W 4 e Laser
o M [V M [Fa | o]l 4@

The general formula for the output Stokes vector Is with a rotation calibrator M,,, before the
polarising beam-splitter is Eq. (97).

I, =n,M;R M, (x45°+&,h)M, (7 )F(a)M,(B)1,(a) =
=nsAs(y)M,, (x45°+&,h) 1, (7 ,a, B,)

With the analyser part A from Eq. (D.5), M, from Eq. (S.10.15.1), and the input Stokes
vector I,, from App. E.4 we get Eq. (98) for the calibration signals, and with the expanded
input Stokes vector Eq. (E.31) we get from Eq. (98) the general calibration signals Eq. (99).

7
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I, (MR M, (x45°+&,h)|1,)
NsTsT 1, I,T,1,,
1|1t o 0 0)|i, 1 I
yDs|| 0 —xs,, —xhc,, 0l|g, —xys,,Ds |9, (98)
Voo xc,, —xhs,, 0|y, B —xyhe,, Dy ||u,, -
0 (\O 0 0 h/|v, 0 v,

=i, — XyDy (Szg%n + hczg”m)

L (e

TOEITEIL T.VS'T

rot

(x45°+&,h)|M,, (y)F(a)I,) _
TOEITEIL

rot

nsIsT,

rot
' 99

=i, +aD (C s u )_X D SZg+h2yDOZE +a(528q5—hczguE)+ (99)
E (0] 27qE 2yE Y. N +hczg+h27 [Woa(szqu +C27u5)+ZOSO<1_2a)VE:|

Since i;, in Eq. (98) is independent of &, x, and y, we can define the function £ in Eq. (100)
and get for the calibration signals Eq. (101) and for the gain ratios #* (Sect. 5) Eq. (102).

E(s.hy,a,B.a) = 2edun DOt
l

in

. #(100
3 SZs+h2;/D0lE + a(szg‘]E - hczg“E) + hc2a+h27 [Woa(szy qr + CZqu) +Zp80 (1 - 2“) VE:| (100)
i +aD0(czqu —szqu)
IS :nSTSY;otIin[l_XyDSE]iin (101)
« 1 T,1—xyD,E 1-xyD.E
' =k Mele T XYERE o, T XY (102)

I, n,T,1-xyD,E '1-xyD,E

Eq. (103) shows the gain ratio from the A90-calibration, assuming that the polarisation
parameter a doesn't change in the calibration range between the two calibration
measurements, i.e. £ = E_(see Sect. 5).

M.100 _ Lo yDE, 1+ yD E. 1 DR2E2 (103)
n 1-yD,E 1+yD,E \1-D,’E*

* Special cases: We immediately see that it is advantageous to use a cleaned analyser (see
Suppl. S.10.10), because with D=1, D =—1 Eq. (102) becomes Eq. (104) and all possible
errors in the A90-calibration from Eq. (103) are removed in Eq. (105), besides the problem of
temporal change of a.

D, =+1,D,=-1=
n _1+xyE (104)
n l-xyE

v [1-E '
77290: 1_E2=]:> N =149 (105)
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* From Eq. (100) we get Eq. (106) without emitter and receiver optics rotation, without laser
rotation, but with calibrator rotation ¢ and with a horizontal-linearly polarised laser I, (Eq.

(E.5)).
y=B=a=0AI,=1,=[]1 10 0)=
D,+a (106)

E(g,h,O,a,0,0) =S,, & ab
at’y

« If additionally without calibrator rotation error ¢, Eq. (106) becomes Eq. (107) and thus n*
and 7 *x9 are independent of the atmospheric polarisation parameter a and any atmospheric
changes (see Eqgs. (102) and (103)).

e=0=>

E(0,h,0,a,0,0) =0 (107)

» A more general case without receiver optics rotation y and without calibrator rotation ¢, but
with unknown laser and emitter optics rotation, Eq (100) becomes Eq. (108).

B hZo[so(l—Za)vE —cOauE]Jr(h—l)auE

with ¥ =& =0= E(0,h,0,a, B, a) === ——
ZE+a OqE

in

(108)

Eq. (108) stays quite complex if we use I with rotated emitter optics (Eq. (E.12)), and even if
we assume a linearly polarised laser (Eq. (E.9)).

* With a horizontal-linearly polarised laser (Eq. (E.13)) aligned with the rotated emitter optics
(a = p) we get from Eq. (100)

with a = AT, =TI, (1+ D)l ¢y, s, 0)=

a

E(s W d.o oc) ~ S25:n2y Do +a[(82gcza —hczgsm) +hczg+h2yW0(s2yc2a +c2ys2aﬂ B
nLy,a,a, h 1+aD0(02y02a _Sz;/sza) B (109)

B Syesnz, Do + a(h02£+h2782y+2aW0 + SZ;;—hZa)

1+ aDoczyﬂa

Note: Dr = 0 means without emitter optics, and Wy = (1 — Zoco).
* Eq. (109) with laser, emitter and receiver optics aligned with each other becomes
with a = =-y Al, =TE1L(1+DE)|1 C,y Say 0>:>
D, +ha (110)
2 v aD,

E(g,h,;/,a,—)/,—y)=s

* Eq. (109) with receiver optics and calibrator aligned =>
with a = B,e=-hy AL, =T,1,(1+D,)|l ¢,, s,, 0)=
hs,, ,»,a(1-Zyc, —h) (111)

1+ aDocN”a

E(-y.hy,a,a,a)=

In summary: the A90-calibration with a cleaned analyser results in a calibration factor #
independent of I, i.e independent of any optics before the calibrator and independent of the
rotation error ¢ of the calibrator. Calibrations without a cleaned analyser include error terms
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which increase rapidly with increasing ¢ and a for the individual +45° calibrations (Bravo-
Aranda et al. 2016), because D7 and Dy in the numerator and denominator have opposite signs
in Eq. (102). The geometric mean of the two +45° calibrations in Eq. (103) removes the
opposite signs and the increasing error with increasing ¢ and a is reduced by orders of
magnitude compared to the individual £45° calibrations (Freudenthaler et al. 2009).

7.2 Calibration with a rotator before the receiving optics

v Atmosphere
M, : Laser

i m el
I; M, I&I i My(y) \} Fla) | Mz(ﬂ) I(2)

The general formula for the output Stokes vector Is with rotation calibrator before the
receiving optics Mo and the polarising beam-splitter My is given in Eq. (112).

I, =n MR M, (y )M, (x45°+¢&,h)F(a)M,(B)1,(a) =
=n5A(v,7 )M, (x45°+&,h) I, (a,B,c)

With As from Eq. (D.7), M, from Eq. (S.10.15.1), and I;, from App. E.3, i.e. Eq. (E.19), we
get Eq. (113) for the calibration signals using the trigonometric relations in Suppl. S.12.

(112)

1, B (MR M, ()M, (x45° +£.h)[F(a) 1) )
NI BT, TT T F T, B
1+ye,, D,Dy (1 0 0 0) i
¢, Dy +yDs (1 - Séy Wo) 0 —xs,, —xhc,, 0 aq,
“\ s, (Dy+yes, DIF,) ||0 e, —xhs,, 0| —au, - (113)
—ySy, DyZyS, 0 0 0  h)|(1-2a)v,

=1+ yoy, DDy )iy = yhs,, DyZ s, (1-2a) v, +
—Xa {DO (qESZS—Zy - huECZS—Z;/ ) - yDy I:Szy W, (qECZS—Zy + huES25—2y ) - (quzs - huECZg)]}

Special cases: Without receiver optics rotation, i.e. y = 0, Eq. (113) becomes Eq. (114), which
is less complex and independent of retardation terms Zpso and Wy, and the gain ratios 7*
(Sect. 5) can be written as Eqgs. (115) and (116).

y=0=

) 114
[S/(nST:STOTrotF‘llTE[L> = (1 + yDODS)lE - Xa(Do + yDS)(qESZC - hchzg) (114)
7" _ (1+yDoDy)iy = %a(Dy + YDy ) (45, —huge,,) (115)
n (1+yDODT)iE _Xa(Do +yDT)(qE525 _h”Eczg)
100 _ (l + yDODR)2 iE2 -a’ (Do + yDR)2 (qE825 - hch26)2 (116)
n \(t+yD,D,)"i," —a*(D, +yD;) (¢S, —huse,,)’

» With a cleaned analyser (see Suppl. S.10.10) Egs. (115) and (116) become Egs. (117) and
(118).
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y =0°,D, =+1,D, =—1=

77_* _ 1-yD, iy + Xya(qES25 - huECZg) (117)
n l+yD,i, - Xya(quzg - h”Eczc)
'w 1—yD
Maoo _ Ylo (118)
n  1+yD,

The gain ratio 7%y in Eq. (118) is independent of the input Stokes vector, i.e. the laser
polarisation, independent of the calibrator type (mechanical or A/2 plate rotation) and of the
calibrator rotation €. Using the two calibration setups Egs. (118) (before the receiving optics)
and (105) (before the PBS) it is possible to retrieve the receiver optics diattenuation parameter
Do . Furthermore, with this setup and the measured gain ratio 7*x9 from Eq. (118) we get the
polarisation parameter a (Eq.(119)) and the backscatter coefficient F;; (Eq.(120)) with Eq.
(78) directly from the measurement signals /z and /r according to Egs. (61) and (65) without
the explicit knowledge of Dy or any other correction.

774901 -1
=yl £ (119)
Nasolr + 1z
F, OCT]Z%IT + 1, (120)

7.3 Calibration with a rotator behind the emitter optics

‘IR Atmcsphere

- M“m VVVVVV = &_W Laser
LN R My [Tre [V s T 4@

The general formula for the output Stokes vector Is with rotation calibrator M., (Eq.
(S.10.15.2)) behind the emitter optic Mg and all derivations therefrom can be derived from the
previous Sect. 7.2 using Eq. (121) and considering the mirror effect of F and the associated
sign changes in the rotation angle (Suppl. S.6.3) when mathematically moving the calibrator
M,,, from behind the emitter optics Mg to before the receiving optics My. Regarding the
rotation and mirror relations see Suppl. S.5 and S.6.

I, =nsMR M, (7 )F(a)M,, (x45°+&,h)M,(B)1,(a)=
=nsMR M, (7 )F(a)R(x45°)R(e)M,M(B)1, («
=1sM;R,M, (7 | R(-x45°)R(-£)M ( (B,

M (121)
=nSMSRyMO(y)Mm(—x45°—g,h)F(a)M (B)I,(a)

—_— ~—

8 Calibration with a linear polariser (P)

A linear polariser is a retarding linear diattenuator (Suppl. . S.10.3). The output of an ideal
linear polariser is linearly polarised light independent of the state of polarisation of the input,
which seems to be ideal for our purpose. Polarising sheet filters are thin and have large
acceptance angles. Hence they can be easily included in existing lidar systems, even in
diverging or converging light paths as close to the telescope focus. However, to achieve an
acceptable uncertainty of the calibration factor, a rather good extinction ratio of the linear
polariser of order 10* and better is necessary. Crystal polarisers exhibit such high extinction
ratios, but the available diameters are limited, they are bulky and have smaller acceptance
angles. Wire grid and liquid crystal polarisers usually don't show high enough extinction
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ratios. A linear polariser is described in the same way as a polarising beam-splitter, which is a
retarding diattenuator (Suppl. S.4 and S.10.3 ff), with high diattenuation (D, = 1). Since the
standard measurements have to be performed without the linearly polarising calibrator, there
is no rotational misalignment ¢ for the standard measurement signals of Sect. 4. As the
equations become too complex with a real linear polariser with diattenuation and retardation,
we use a real linear polariser only in Sect. 8.1 to show as an example how the uncertainty of
the extinction ratio influences the accuracy of the calibration factor, and else we use an ideal
linear polariser. The general formula with a real linear polariser can be found in App. C.2.

8.1 Calibration with a linear polariser before the polarising beam-splitter

‘I R Atmospher

M, mm ‘ i ] Laser

A ZE O O) O
I =nM(R(y)M, (x45°+&)M, (7 )F(a)M,(B)1,(a) =
=n5A;(y)M,(x45°+¢) 1, (y,a,B,c)

With Eq. (D.5) for the analyser part Ag, Eq. (S.10.6.1) for the rotated linear polariser, and I,
from App. E.4 we get the general calibration signals Eq. (123).

(122)

I (MR, M, (x45°+¢£)|,,) _
nsIsTp1,, IT,1,
1 -xys,, D,D; i
— _XS2£DP + yDS (1 - CgeWP) qin — 123
XCy,Dp = y8,,¢,, WpDg || Uin (123)
_XyCZSZPSPDS Vin
= im + yDS I:q”t - C2¢EI/VP (02£q[n + SZeuin):' -
_X[DP (S2sqin - chuin) + yDy (stDPiin +C,,.ZpSpV,, )}
* Special cases: Without calibrator rotation error ¢ Eq.(123) becomes Eq. (124).
e=0=>
I—S =1, +yD; [1 - WP] din T+ X[”mDP - stZPSPVin] = (124)
nsIsTpl,,

= iin + XDPuin + yDSZP (CPqin —SpY; )

mn

» We get with a cleaned analyser and horizontal-linearly polarised input I;,, with Eq. (124) the
gain ratios (Sect. 5) in Eq. (125).

£=0,D, =+LDy,=-LI,=|1 1 0 0)=
' 1-yZ., (125)
n l+yZye,

» Using Eq. (S.10.10.8) for the extinction ratio p of the real linear polariser, we get the
approximation Eq. (126) for the gain ratios depending on p, with which we can estimate the
error of the gain ratio if we use a real polariser with extinction ratio p for the measurements
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but assume an ideal polariser as calibrator in the correction equations. Eq. (126) with p = 10”
and p = 10, e.g., gives relative errors of the gain ratios of about 1.3% and 8%, respectively.

with p =k, /k, and k, < k;, =

_1-2ypc, (126)
1+2y\/_c ~1- 4Y\/_CP

» With an ideal linear polariser Eq.(123) becomes Eq. (127), and the gain ratios Eq. (128) are
independent of I;,, i.e. independent of the laser polarisation, of the atmospheric depolarisation,
and of any optics before the calibrator. The error due to the calibrator rotation ¢ is largely
reduced with the A90-calibration in Eq. (129) compared to the £45°-calibration in Eq. (128).

D,=1=>W,=1,Z,=0=
I

N _(1_ B _ )
W - (1 XySZgDS)<1 XSZg XCZE 0 l[lz q[n uin Vm> - (127)
Xys2g [lm Squm ngum):|
" 1-xys, D
n 1-xys,.D;
* 2
Maw _ [L=85 Dy’ (129)

n 1-s, <2DT2

&

« If additionally a cleaned analyser is used (see Suppl. S.10.10), Egs. (128) and (129) become
Egs. (130) and (131). Eq. (130) is of the form of Eq. (193) and can be used to determine € (see
Sect. 11). Eq. (131) shows that the A90-calibration with a cleaned analyser is free of ¢ error.

with D, =LW,=1,Z,=0,D, =+1,D, =-1=

n_l+xys, (130)
n  l-xys,,

o _77RT1;

Maoo =1 =Ty (131)

8.2 Calibration with an ideal linear polariser before the receiving optics

v Atmcsphere
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I =nsMR(y)M, (7 )M, (x45°+¢)F(a)M,(B)1, (a) =
=n5As(y.y )M, (x45°+ €)1, (a, B.a)

With Eq. (D.7) for the analyser part As, Eq. (S5.10.8.6) for the ideal linear polariser Mp, and
any of the input Stokes vectors I, of App. E.3 we get Eq. (133) for the calibration signals /s.
Since the last term of Eq. (133) is independent of the analyser diattenuation parameters Ds,
this term cancels in the ratio of the gain ratios (Sect. 5) in Eq. (134), which are therefore
independent of the input Stokes vector.

(132)
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with D, =1=

1, (MR M, (7)|M, (x45°+ £)[F(a) I;) _
ML ToTp by T, I T TR\ Te,
1+ye, DD, 1 1 i
~ ¢y, Dy +yDs (1 - S;yWO) —-XS,, \/ —XS,.|| aq ~ (133)
S5, (Do +Ye,, DSWO) XC,, XC,, —au, =
—ys,, DyZoS, 0 0 ||(1-2a)v,
= [(1 + yczstDo) -X {szgfzyDO +yD, [sze —8,,C 2, Wp ]} :||:ZE - xa(szng + czguE)]
T]_* _ (1 + yCZ;/DODR) - X|:S2g—27DO + yDR (825 - S2yc2g—2yW0):| (134)

N (1+ye, DyD;) - X[ $1, 2, Do + YDy (85, = 8,0, o Wy |

* Special cases: Eq.(134) gets neither » with a cleaned analyser alone (Eq. (135)) nor * without
receiver optics rotation y alone (Eq. (136)) very simple, but * with both conditions Eq. (137) is
of the form of Eq. (193) and can be used to estimate the calibrator rotation ¢ (see Sect. 11).
The corresponding A90-calibration in Eq. (138) can be used together with the calibration
measurements which directly yield # (see Egs. (131) or (105), for example) to determine the
diattenuation parameter Do of the receiving optics.

with D, =1,D, =+1,D, = -1=

nt (1=ves, Do) = X520 5, D0 = ¥(52, =53,00, 2, ) (135)

n ) (1 + yC2yD0) - X|:S26—2yDO + Y(Szg - SZ}/CZS—Z}/WO):|
with D, =Ly =0=
77_*_ (1+YD0DR>_X523[D0 +yDR] (136)

n (1 + yDODT) —XS,, [DO + yDT]

with D, =1,D, =+1,D, =-Ly =0=
n _ (1_ YDO) - sts(Do - y) _1=yD, 1+xys,, (137)

n a (1+yD0)—stg(D0 +y) a 1+ yD, 1-xys,,

'w  1—yD,
a0 _1=¥Dy (138)
n  l+yD,
8.3 Calibration with an ideal linear polariser behind the emitter optics
‘IR _________ ______"»_L\tmcsphere
M, m m Laser
LMNR| M [Fa | o T Ll
I, =n MR M, (7 )F(a)M,(x45°+&)M(B)1, (a) = (139)

= nSAS(y,y/,a)MP(X45° + S)Iin(,B,Ol)
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With Eq. (D.13) for the analyser part Ag, Eq. (S.10.8.6) for the ideal linear polariser Mp, and
any of the emitter Stokes vectors Ir of App. E.2 we get the calibration signals /s in Eq. (140).
Since the the last term of Eq. (140) is independent of analyser diattenuation parameters Ds, it
cancels in the ratio of the gain ratios (Sect. 5), and the gain ratios in Eq. (141) are independent
of the input Stokes vector.

with D, =1=

I, B <MSRyMo(y)\F(a)MP(x45°+g)|1E) B
T T, FTol, T To b Tpl B
1+ye, DD, 1 1,
a[czyDO +yDy (1 - S;Wo)] —xs,, \ [ =x8,, |7z \ (140)
—as,, (DO + yczyDSWO) XCy, XCo, || Uk -
—(1-2a) ys,,DsZ 3, 0 0 {fve

= [(1 + yczstDo) —ax { S2¢42, Do + YD I:szg T82,Cociay WO:H :||:ZE - X(SngE - nguE):I

77_* _ (1 + yc2yD()DR) - Xa[s28+2yD() + yDg (Szg + Szyczc+2yW0):| (141)
n (1 + ycz;/DoDT) - Xa|:szg+2yDo +yDy (Szg +8,,Coi0y Wo):l

* Special cases: Eq.(141) with a cleaned analyser becomes Eq. (142), without receiver optics
rotation Eq. (143), and with both conditions Eq. (144). Eq. (144) is of the form of Eq. (199)
and can be used to determine € (see Sect. 11). As before in Eq.(138) the corresponding A90-
calibration becomes Eq. (145),

with D, =1,D, =+1,D, =—1=

' (1=3e, Do) =xa[ 0,00, Dy = ¥(2, 455, €000, 0 )| (142)

7 - (1 + yczyDO) - Xa[szﬁzyDO + y(szg +$,,Cop0n, WO)J
with D, =Ly =0=
n' _(1+yD,Dy) —xas,, [ D, + yDy] (143)

n (1 + yDODT) —Xas,, [DO + yDT]

with D, =1,D, =+1,D, =-1Ly =0=
17_* B (1 — yDO) — Xaszg(DO — y) B (1 — yDO)(l +xyaszg) (144)

n (1+yDO)—xas28(DO+y) (1+yD0)(1—xyas2£)

77290 _ 1-yD, (145)
n l+yD,

9 Calibration with a A/4 plate (QWP)

A M4-plate (QWP) is a retarding linear diattenuator (S.4) with 90° phase shift between the
polarisation parallel and perpendicular to the fast axis and without diattenuation (S.10.16 ff).
Further details can be found in Bennett (2009a), Bennett (2009b), and Chipman (2009b).
Oriented at +45° relative to incident linear polarisation, its output is circularly polarised. Since
the equations with a real QWP with retardation error ® (Suppl. S.10.16) are too complex, we
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consider @ only in Sect. 9.1 to show with an example how this uncertainty influences the
accuracy of the calibration factor. The general formula with a real QWP can be found in App.
C.3.

9.1 Calibration with a A/4 plate before the the polarising beam-splitter

ALz

- Mkmm --------- _ Laser
LN R owl” MY [Fo| | s T 2@
I, =nMR M, (x45°+&,0)M, (7 )F(a)l, =
nSAS(y)MQW(x45°+8,a))1m(;/,a,ﬂ,a)

With Eq. (D.5) for the analyser part As, Eq. (S.10.16.3) for the A/4 plate Moy with phase shift
error ®, and with the input Stokes vector I;, from App. E.4 we get the calibration signals /s in
Eq. (147).

(146)

Ay =90°+0 =
L (MR, |M,, (x45°+£,0)|1,) _

NsTsTowls, NsTTywl,,

1 (/1 0 0 0 ;

( L, 1| (147)

_ yDS O SZS - CZsSco _525025 (1 + Sa)) _XCZSCCU qin _

O O _SZEC2£ (1 + sw) Cis - Sgesw _XSZng uin -

0 (\O0 Xc,,C, X8,,C, =S, v,

= lin + yDS |:S25 (Squin - C2suin) - CZssw (CZSqin + SZeuin) - XCZngvin]

* Special cases: For the investigation of the effect of the phase shift error ® we neglect the
rotation error € in Eq. (147) and get the calibration signals Eq. (148) and the gain ratios Eq.
(149).

e=0=

Iy =TTy, 1, [im — ¥Dy (quw + XCwV,-,,)] (148)

77* _ iin B yDRS(uqin - XyDRC(uVin
TI iin - yDTquin - XyDTC Vi

@ " in

(149)

» With a cleaned analyser, the gain ratios from Eq. (149) become Eq. (150) and for the A90-
calibration Eq. (151), from which we can estimate the influence of a phase shift error .

with £ =0,D, =+1,D, = —1=

n_* _ iin + ysmqin + Xycwvin (150)
77 iin - yswqin - Xycwvin
* . 2 2.2
77490 _ (Zin + yswqm) - Cw vin (15 1)
Al 2 2 2
77 (lin - yswqin) - Cw vin

» Without phase shift error ® in Eq. (147) but with calibrator rotation error ¢ we get the
calibration signals Eq. (152) and the gain ratios Eq. (153).
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0o=0=>

I; = 77sTSTQWIin {iin +yDy I:SZS (S2sqin - 026”1"1) - XC28Vi"]} 2

T]_* — im + yDRS26 (SZSqln B cZguin) - XyDRCZa‘vin (153)
n G, +yDys,, (S2gqin - ng“m) - xyDyc,, v,

w=0,D,=+1,D, =—-1=

¥ . 2 2.2
T]Ago _ (lin - ys2g (SZEqin - c2£uin)) - 028 v[n (154)
n Al 2 2 2
(lin + ys25 (Szgqin - CZSMIn)) - C2s vin

The terms without the x-factor in Eq. (150) containing @ and in Eq. (153) containing & are not
compensated with the A90-calibration in Eq. (151) and Eq. (154), even if a cleaned analyser is
used. This is a disadvantage of the QWP compared to the linear polariser (see Eq. (129)).

» From Eq.(153) without calibrator rotation ¢ we get the gain ratios Egs. (155) and (156).

w=¢=0=>

n_* i, —XyDpv, (155)
n i, —xyD,

Maoo _ (156)
n

» With a cleaned analyser Eq. (156) becomes Eq. (157).

w=¢=0,D,=+1,D, =-1=

(157)

Mago =1
* The advantage of the QWP calibrator is that we can retrieve from Egs. (157) and (155) with
a cleaned analyser the degree of circular polarisation v;, /i;, of the light before the polarising
beam-splitter according to Eq. (158). Bear in mind that n* and n*9 in Eq. (158) are values
directly derived from measured signals. The errors due to uncertainties in € or ® can be
estimated by means of equations earlier in this section.

w=¢=0,D, =+1,D, =-1=
Vi 10 =1 (158)

Ly XY T 4140

9.2 Calibration with an ideal A/4 plate before the receiving optics
m .
M(7) )/ |[QW]

= nSAS(y,;/)MQW(x45° +¢e)1,(a,B.a)

With Eq. (D.7) for the analyser part As, an ideal A/4 plate Moy Eq. (S.10.17.3), and with an
input Stokes vector I, from App. E.3 we get the general calibration signals /s in Eq. (160).

Laser

M) [ 1D

(159)
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I B (MR M, (7)|M,, (x45°+&)|F(a)M,1, )

ST T Tow Ful,l, T ToTow BT,
1+ ye,, DgD, (1 0 0 0 ) i
| € Po+¥Ds (1 -s;, Wo) 0 s, -s,C,, -XC,, aq; ~
\ sy (D tye, D) (|0 s e xs, || —aw, |
—ys,, DsZ,8, 0 xc,, XS,, 0 (1 - 2a) Ve (160)
1+ yczyDSDO ;
83,0082, 5, + YD; [sis —8,,8,, WpCy, 5, = XCy,S,, 2080] a;E
- —cngoszg_zy —yDq [skczg —C,,8,, Woczg_zy + stgszyZOSOJ —au,
—X{Doczgfzy +yDy [czg +8,, WyS,, o, ]} (1 B 2a) Ve

* Special cases: Without receiver optics rotation y we get from Eq. (E.19) and Eq.(160) the
calibration signals Eq. (161) and the gain ratios Eq. (162).

y=0=>

I _ (As(y.0)|M,, (x45°+ ) |F(a)M,I,) _
nSTSTOTQWFIITEIL TSTOTQW T,

1+yD,D, ip
_ S;a (Do +yDS) aqg _ (161)

=€y, Sy, (Do + st) —aug
—XC,, (DO + yDS) (1 — Za)vE

=(1+yDgD, )iy +(D, + yDS)[szga(szng +Cy; ) = XCy, (1 - 2a)vE]
y=0=
77_* _ (1 + yDRDO)iE + (Do + yDR)|:S25a<525qE + ng“E) —XCy, (1 - 2a)VE:| (162)
n (1 + yDTDO)iE + (DO + yDT)[szga(szng + czguE) — XC,, (1 - 2a)vE]

* Eq.(162) with a cleaned PBS (Suppl. S.10.10) becomes Eq. (163), and without calibrator
rotation ¢ Eq.(162) becomes Eq. (164).

y=0,D, =+1,D =—-1=

77_* _1-yD, i, — y[szca(szqu +CZSME) —Xc,, (1 —2a)vE] (163)
n 1+yD, i, + y[szga(szng +czguE) —XC,, (1 —2a)vE]

y=e=0=>

n' _(1+yDyDy) iz —X(Dy + yDy ) (1-2a) v, (164)

» With a cleaned analyser and without calibrator rotation ¢ the gain ratios in Eq.(162) become
Eq. (165) and for the A90-calibration Eq. (166).
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y=¢=0,D,=+1,D, =-1=

77_*_ 1-yD, iy +xy(1—2a)v, (165)
n 1+yD, i, —xy(l—Za)vE
'w 1—yD
M 490 _ YLy, (166)
n 1+yD,

* Eq. (165) can be rearranged with Eq. (166) to Eq. (167), from which we get the degree of
circular polarisation vg/ir of the beam behind the emitter optics in Eq. (168). The atmospheric
polarisation parameter @ must be estimated from a standard measurement, and if we use an
atmospheric range without aerosols it becomes a =~ 1. While v;, in Eq. (158) includes the
mostly unknown retardation terms of the receiving optics, vz in Eq. (168) is free of them and
hence a better estimation for the elliptical polarisation of the laser.

y=¢=0,D,=+1,D, =-1=
n ip+xy(l-2a)v, - (167)
77:90 Ip — XY(I - 2“)"5

Vg 1 77* - 77;90

£ = 4 (168)
Iy XY(I_za) n +1 490
9.3 Calibration with an ideal A/4 plate behind the emitter optics

A

. | 7 /\/ Laser

I MAIN|| || K @M{(ﬂ) 49

I =nMR(y)M, (7 )F(a)M,,, (x45°+&)M,(B)1, (a) = (169)

=1Ag (y,y/,a)MQW(X45° + g)Im (ﬁ,a)

With Eq. (D.13) for the analyser part As, an ideal A/4 plate Moy Eq. (S.10.17.3), and with an
input Stokes vector I, from Eq.(E.8) we get the general calibration signals /s in Eq. (170).

DR R (s
nSTSTOEITQWTEIL TSTOEITQWTEIL
1+vyc, D.D,c '
S R 0 0 Vi (170)
— a|:C27D0 + YDS (1 - s27 WO)i| 0 Sg‘g _SZgCZg _Xczg qE
—as,, (DO + yczyDSWO) 0 -s,.c,, Cﬁg —xs,, ||uz
0 XC,, XS,, 0 Vv,

—(1 - 2a)yszyDSZOSO

* Special cases: Equivalent to Sect.9.2 we get from Eq. (170) without receiver optics rotation
y the calibration signals in Eq. (171).
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with y =0=

1+yD¢D, iy
L _(A(v.0.0)[My, (x45°+ €)M 1) [ s3.a(Dy+yDs) gz \  (171)
nSTSTOTQWElTEIL TSTOTQWFHTEIL _czsszsa(Do + st) Ug

—xczga(DO + yDS) Ve

* From Eq. (171) without calibrator rotation & we get the gain ratios Eq. (172), ¢ with
additionally a cleaned analyser we get Eq. (173), and with the corresponding A90-calibration
Eq. (174).

with y =g=0=

77_*_ (1+yDRD0)iE—Xa(DO+yDR)vE (172)

n <1+yDTDO)iE —xa(DO +yDT)vE

with y =¢=0,D, =+1,D,=-1=

77_* _1-yD, iy +xyavy (173)
n 1+yD, i, —Xxyav,
oo 1—yD,
Maw _ 1 =Y (174)
n 1+yD,

* Eq. (173) can be rearranged with Eq. (174) to Eq. (175) from which we get the degree of
circular polarisation vz/ir of the beam behind the emitter optics if the atmospheric polarisation
parameter a is known, as e.g. when we use the lidar signals from an atmospheric range
without aerosols where a = 1.

N _iptxyave _ve _ 10 —m

* . . - * *
Naso g —Xyavg Ip  Xyan +1,y

(175)

10 Calibration with a circular polariser (CP)

The use of a circular polariser seems to be ideal for the calibration, but the uncertainties of a
real circular polariser are usually not provided by manufacturers and might be difficult to
determine. A real CP is mostly a combination of a linear polariser followed by a QWP at z45°
(z = #£1) (see Suppl. S.10.18), and therefore it combines the uncertainties of both (see Sects. 8
and 9). Before the results of a circularly polarising calibrator can be trusted, the diattenuation
of the linear polariser and the phase shift uncertainties should be determined and the error
assessment performed using the general Eq. (C.10) for the calibration signals. If we consider
all possible error terms, the Miiller matrix for a real CP becomes too complex for this
investigation, wherefore we assume a circular polariser with phase shift error ® but with an
ideal linear polariser from Eq. (S.10.18.4) in the following in order to show the possibilities of
this calibrator.

10.1 Calibration with a circular polariser before the polarising beam-splitter

ALz

Mxm@ 777777777 e Laser
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I =M R M, (2,x45° +&,0)M,, (7 )F(a)M,(B)1, (a) =

(176)
= nSAS(y)MCP(z,X45° + s,a))ll.n(}/,a,,B,a)

With A from Eq. (D.5), the circularly polarising calibrator M¢p with retardation error » from
Eq. (S5.10.18.4), and the input Stokes vectors I,, from App. E.4 we get Eq. (177) for the
calibration signals /5. As the last term of Eq. (177) is independent of Ds, it cancels out in the
gain ratios Eq. (178), which is therefore independent of the input Stokes vector, but still
includes € and o terms.

L <MSRy\MCP(z,x45°+g,a))|1m> B
NsTsIcpl, ITopl,,
1 1 1 iin 1 iin
— yDS XSZSSOJ _XSZ£ qin — [1 + XstszgSw] _XS2£ qin — (1 77)
0 _XCZSSw XCZ& uin Xczg uin
0 zc,, 0 ||v, 0 ||v,
= (1 + XyDSSZSSaJ)I:iin - X(SZa‘qin - CZsuin)]
N _1+XyDgs,,8, (178)

n o 1+xyDs,s,
* If w is zero, we have an ideal circular polariser with which we get the gain ratio
independently of &, and if ¢ is zero w doesn't matter (Eq. (179)).
0wo=0ve=0=>
m _4 (179)

» With a cleaned analyser we get from Eq. (178) Eqgs. (180) and (181), which show that the
deviations of the gain ratios are fully compensated by the A90-calibration. w can be
determined by means of the successive approximation in Sect. 11, Egs. (198) ff.

D, =+1D,=-1=

N _1-xys,s, (180)
n  1+xys,,s,

Maso _ 1 (181)
n

10.2 Calibration with a circular polariser before the receiving optics
Laser

O g i
Q . yp‘{ﬂ) I(o)

O(;/)MCP(Z,X45°+g,a))F(a)ME(ﬁ)IL(a) =

(182)
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With A from App. D.2, M¢p with retardation error @ from Eq. (S.10.18.4), and I;, from App.
E.3 we get Eq. (183) for the calibration signals /.

I, (MR M, (7)| M, (2x45°+ &,0)|F(a)M,1,)
USTSTCPTOEITE[L - ]jS'TOTCPFvl ITE[L -
1+ye, DD, 1 1 i
¢y, Do + yDs (1 -85, Wo) XS,,S,, —XS,, aqy
- s, (Do + YCZstWo) —xc,8, [\ xcp, || —au, | (183)
—ys,, DsZ,5, zc,, 0 (1 - Za) Ve

1+yDy (czyDO - szyZOstcw) +
= [iE —xa(szng +czguE)]

+Xs, [Doszgfzy +yDy (Sza =8, WoCy, s, )]
As the last term of Eq. (183) is independent of Dy, it cancels out in the gain ratio. However,
as long as the receiver optics rotation y doesn't vanish, the gain ratios include deviations
which don't cancel with the A90-calibration, even if we * use a cleaned analyser (Eq. (184))
and ¢ additionally an ideal circular polariser (Eq. (185)) or ¢ without calibrator error € (Eq.

(186)).
D, =+LD, =-1=

n 3 1- Y(CzyDo - SzyZOSOZCa)) X8, |:DOS28—2}/ - Y(szg =83, WoCss sy )} (184)

n 1+ y(czyDO - szyzosozcw) + XS, [Doszg_zy + y(szg =85, WoCy, s, )}

D, =+1,D,=-1l,0=0=

,7_* _ 1- y(czyDO - SzyZOSO) (185)
n B 1+y(c27D0 _Szyzoso)
DT

=+LD,=-Le=0=

n 1 y(CzyDo - szyZostcw) —XS,8,, [DO - yWoczy] (186)

n - 1+ y(czyDO — szyzosozcw) —XS,8,, [DO + yWoczy]

* From Eq. (183) without receiver optics rotation y we get Eq. (187), and

« with additionally a cleaned analyser the Eqs. (188) and (189) are the same as in the previous
sections but with the pre-factor of Eq. (189).

n" B 1+ yD.D, +Xxs,s,, (DO + yDR)

:0 _—

y==v= n 1+yD,D, +xs,s,, (D, +yDy) (187)
n°  1-yD, 1—xys,s,,

—0,D, =+1,D, = —1 no_ w52

Y o =L = n 1+yD, 1+xys,s,, (188)

n _1-yD,
=0,D,=+1,D,=-1|Alo=0ve=0>—=—""= 1
[r =0.Dp =+1,D, = =1 A[ 1= =1, (189)
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10.3 Calibration with a circular polariser behind the emitter optics

ALz

P _‘_O Laser
MY | Fa) Q}}ﬁ(ﬂ) 1(9)
I, =n,MR M, (7 )F(a)M,(z,x45°+&)M,(B)1, (a) =
:nSAS(y,y,a)MCP(Z,x45°+8)IE(ﬂ,a)

With A from App. D.3, Mc¢p with retardation error @ from Eq. (S.10.18.4), and I;, from App.
E.2 we get Eq. (191) for the calibration signals /s, which differs from Eq. (183) in the last
section just by the prefactors depending on the atmospheric polarisation parameter a. The
same holds for the gain ratios derived with a ¢ cleaned analyser in Egs. (192) compared to Eq.
(184) and all the subsequent derivations there.

A

(190)

I, _ (M{RM,,(7)F(a)| M, (zx45° + £,0) M1, ) _
NsTsTo L IepTyd, TSI R\ TepT
1+ yczyDSDOc 1 1 i,
a[CZVDO +¥Ds (1 B Si?’ WO)] X8,:5,4 XS ||9E \ _
—as,, (Do + yczstWo) —XC3,80 XCye ||UE (191)
—(1-2a)ys, DZps, || %o 0 lve
1+ yDq (czyDO - (1 - 2a) szyZostcw) +
= [iE - X(SquE + ng”E)]
+Xasa) |:DOSZS—2;/ + yDS (523 - SZy WOC25—27 )j|
D, =+1,D, = 1=
77_* B 1- Y(CZ;/DO —8y (1- 2“) ZOSOZCM) +Xas, |:DOS25—27 B Y(szs =85, WoCas sy )J (192)

N1+ y(czyDO —s,, (1-2a) ZOSOZCw) +xas,, [Doszg_zy + y(szg =5, WoCssss, )]

11 Determination of the calibrator rotation €

The calibration measurements can be used to determine and consequentially correct the
calibrator rotation ¢, which is especially important for the rotation calibrator (Sect. 7), because
here the rotation error ¢ is also present in the standard measurements and has to be corrected,
either mechanically before the measurements or analytically after the measurements. If the
+45° calibration measurements can be described or approximated by Eq. (193) with f(y....)
being a function of any parameter but not of x and ¢, it is possible to estimate the calibrator
rotation ¢ by means of the relative difference of the £45° gain ratios as in Eq. (194) and using
the tangent half-angle substitution (Suppl. S.12.1) to achieve ¢ from Eq. (195). Note: # is
assumed to be unknown.

U . (193)

1-xs,,
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I+s,, _l—szg
77*(}’,+45°+8)—n*(y,—45°+8) l-s,, 1+s,,  2s,
Y = — & £ _ e
(¢) n (y+45°+8)+n (y,—-45°+5) L+s,, +1—Szg 1452, (194)
l-s,, 1+s,,

e(Y) :O.S*arcsin[tan(O.S*arcsin[Y])] (195)

With the assumption sin(2¢ ) << 1 we get a good approximation for € in the simple Eq. (196),
which deviates by about 5% at ¢ = 6° and Y(e) = 0.4.

s,, <1=> Y(¢)=2s,,=> &~025*Y (196)

Eq. (193) is applicable in Egs. (130) and (137) for the linear polariser calibrator, and it is a
good approximation for Eq (144) if the atmospheric polarisation parameter a = 1. For the
rotation calibration before the receiving optics (Sect. 7.2, Eq.(117)) we have to assume that a
~ 1 and additionally that the laser beam behind the emitter optics is horizontal-linearly
polarised. Eq.(117) can then be approximated by Eq. (197).

with y =0,D, =+1,D, =-Li, =g, =lu, =v,=0,a~1=

77_*~ 1-yD, 1+xs,, (197)

n - I+yD, 1-xs,,

If instead of Eq.(193) we have a form as Eq. (198) (see Suppl. S.12.1), we get Egs. (199) and
(200). If € is known, Eq.(200) can be solved for K, which yields Eq. (201).

*

n 1+ Kxs, .

— = f(yo) /2% with K <1 (198)

n /1, )1—sz2£ e

Y(g,K)E n*(y,+45 +8,K)—17*(y,—45 +8,K) _ 2Ks2262 (199)

n (y,t45°+e,K)+n (y,-45°+6,K) 1+K’s;,
& = Larcsin {itan(arcsm[Y(g,K)]\} (200)
prem el T )

K=|: ‘ 1 tan(arcsin[Y(s,K)]\} 201)

sin2g L 2

If the true ¢ and K are unknown, we can retrieve them by successive approximation. With K <
1 we find as a first approximation & from Eq. (202) and make the next calibration
measurement after adjusting the calibrator rotation by —¢;, which results in the actual position
(¢ — &) and the corresponding Eq. (203).

& = larcsin{can(arcsmlzy(g’K):I\:| <& (202)
2 2 J
2Ks,
(e-¢)
Yle-¢,K)=
(e -euK) =17 s, . (203)
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Using the calibration measurements at the two positions ¢ and (¢ — ¢;) with Egs.(199) and
(203), we get an estimation of the true ¢ with Eq. (205) derived from the ratio in Eq. (204).

Y(e-8,K) (4K ) 2Ky, ) Sy (£-8) —1-4 (204)
Y(z.K) (1 +Kzs§(g_gl))2Kszg S5, & ¢

Y(&,K)
g~ &
Y(e,K)-Y(e—¢.,K)

(205)

Finally, with known ¢, we can use Eq. (201) to estimate K.

12 Determination of the rotation a of the plane of polarisation of the emitted
laser beam.

The orientation of the plane of polarisation of the laser beam is in general specified by
manufacturers just as vertical or horizontal, without specifying the reference and the
accuracy. Furthermore, the assembly of the laser with the telescope and the receiver optics in
a lidar system can often not be done with similar accuracy as the assembly of the optical
elements in the receiver optics, and the necessary alignment mechanisms for the tilt between
the laser and telescope axes additionally introduces variability and uncertainty. On top of that,
the adjustments may change after every laser maintenance. Therefore it is desirable to
determine the laser rotation once in a while.

Using the calibrator equations for the calibrator before the receiver optics from App. C with
an analyser without receiver optics rotation (y = 0; Eq. (D.8)), i.e.

y =0°=(A|(y.0°) = (MR, M, (0°) = 7,7 (1+ yD;D, D,+yDs 0 0=

:<MSYO(O°) :TSy0<1 Dy, 0 0\ :
= A, =4;=0

with elliptically polarised emitted laser light as Eq. (E.25),

I""(a’b’a) = F(a)IE :‘1 abc,, —abs,, (1—261) “1_b2> >

I ET,

m

and with ideal calibrators, we get the signals for the four ideal calibrator types in Egs. (206)
to (209).

Iy (Ag|M,,(x45°+¢&,h)

nSIin I

in

= Agi,, + Ashv,, — X[(Sng§ - CZsA;)qin + (CzsA§ + stA;)h”m] =

L) _

(206)

= TSyO (1 N XabDSyOS%*hZ“)

D,=1=
1 A M, (x45°+¢)|1, )
nSTilin = < S| P(Tpll-n )| > = |:Aé' + X(C2£A; - sZaAé)][lin + X(C‘Zsuin - SZSqin):I = (207)

=Ts0 (1 - stgDSyo)(l — Xabs,, +2g) =Ts0 |:1 + abDSyOS2£SZa+25 - X(sstSyo +abs,, +2g)]
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= Agi, — (Szgz‘ls2 - ngAg)(Szgqm - ng“m) - X[Ag (ngqm + S25uin> + (CZEAS2 + stA;)Vm] -
-7, [1 — abDyy05,,55, 1, + XDy 00, (1-2a)1-b” }
w=0,D,=1=

I <AS|MCP(Z,X45°+8) Im> X e

= =|A4. +2z4 o - )=

nSTCPIin TCPIin ( S + S ) (lm X(C2£um Squm )) (209)
= T:?yO (1 + Xab52a+26)

Egs. (206) and (209) are of the type of Eq. (193), wherefore the solutions described in Sect.
11 can be applied, but only to determine ¢ + a. In order to determine o alone, &€ must be

known, or a series of measurements with variable ¢ are fitted to the gain ratios #* formulated
with one of the Egs. (206) to (209), as explained by Alvarez et al. (2006).

Furthermore, for the case of the linear polariser calibrator (Eq. (207)), an unpolarised light
source (i.e. i =1 and gi, = u:, = vin = 0 ) before the receiver optics / telescope gives Eq. (210)
from Eq. (207), which is of the type of Eq. (193), and with a cleaned analyser Dg,o = £1.

DP:1’ lin:I’ qm:um:vin:():>

A M, (x45°+¢)|1, 210
Lo (M, (x diLl - Tsyo(l _XSZ.SDSYO) o
NsTpL, Tp1,,
13 Assumptions and constraints of the model
1. The correction of the standard signals (Sect. 4) and of the calibration factor (Sects. 5

ff) are only applicable in scattering ranges without aerosol or with randomly oriented, non-
spherical particles with rotation and reflection symmetry as described in Sect. 2.1, and not for
clouds with oriented particles as in cirrus and rain clouds (Kaul et al. 2004; Hayman et al.
2014; Volkov et al. 2015). However, the scattering volume for the calibration measurements
can be chosen to avoid oriented particles in the calibration range, and then the calibration
corrections in Sects. 5 to 10 can be applied for the retrieval of the calibration factor # = (#z Tk)
/ (nr Tr), which itself is general for the considered types of lidar set-ups in Fig. (1).

2. We assume that the extinction in the range between the lidar and the scattering volume
is polarisation independent and that signal contributions due to multiple scattering can be
neglected.

3. We assume that the atmospheric depolarisation in the calibration range does not
change between the two measurements of the A90-calibrations. This can be verified by
comparison of standard measurements before and after and possibly between the two
calibration measurements.

4. Not considered are range dependent effects as the overlap function and the range
dependent transmission and polarisation of interference filters and dichroic beam-splitters,
which is caused by the range dependent incident angles on the optics.

5. We assume that the optical elements of the lidar do not depolarize. Such depolarization
can be caused by optical elements inside the emitter and receiver optics, which are not well
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aligned with their optical axes, and by variable retardation or diattenuation over the aperture
of optical elements, for example due to crystalline (e.g. CaF, and MgF, lenses) or stress
birefringence. The latter can be present in all optical elements if they are inappropriatel
restrained in their holders. Larger optics, as e.g. telescope windows, can exhibit inherent
stress birefringence due to annealing and/or their own weight. Such optical elements can
easily be visually inspected by means of crossed polarising sheet filters before and after the
sample. Furthermore, non-parallel (converging or diverging) incident beams on optics with
polarisation effects depending on the incidence angle will cause depolarisation. The
manufacturers specification of dedicated polarisation optics should be sufficient to determine
the maximum allowable divergence of the incident beam, but, for example, the coatings of
90° reflecting mirrors in Newtonian telescopes are usually not sufficiently specified to
determine their polarisation effects. The depolarising effects of optics can additionally depend
on the state of polarisation of the incident beam.

14 Summary and conclusions

The presented equations can be used to analyse the effects of polarising optics of a variety of
lidar systems and to assess the accuracy and error of several calibration techniques. From the
parameters of the optics, which are either given by the manufacturers or measured (some can
be measured by means of procedures described in this work), we determine the general signal
parameters Gs and Hs in Sect. 4 for the correction of the measured signals and the derived
linear depolarisation ratio regarding polarisation effects of the lidar system. They are
independent of the atmospheric depolarisation. Additionally we need calibration
measurements for the unpolarised gain ratio of the cross to the parallel signal. They can
depend on the atmospheric depolarisation and must also be corrected for polarisation effects
of the lidar system as described in Sects. 5 to 10. We show how this dependence can be
avoided or minimized and presented correction formulas for the gain ratio for all cases.

Major findings are, that a cleaned analyser and no rotation of the receiving optics with respect
to the laser polarisation avoid many error terms and allow to determine and correct other
misalignments and the optics diattenuation, and that the A90-calibration can decrease the error
of a single +45° calibration into insignificance.

We show that a linear polariser as calibrator should have a very good extinction ratio in order
to avoid large calibration errors (Eq. (126)). The advantage of a sheet polariser (and A/4 sheet
filters) is its tenuity, wherefore it can be included in many existing lidar systems with minimal
space requirement, for example with a sheet holder as shown in Fig. 5. Such a sheet holder
guarantees an accurate A90° rotation of the sheet, wherefore the absolute accuracy of the 45°
orientation is not important. Together with an existing calibration technique or inserted at
different positions, the filter holder can be used to determine the diattenuation of the optics
between the two positions (see Eqs. (131) and (138) / (145)). Furthermore, the determination
of the calibration factor with an ideal linear polariser calibrator is always independent of
changes of the input light and hence independent of the atmospheric depolarisation, in
contrast to the other calibrators. Plastic sheet filters can easily be cut to be used in a rotation
holder as in Fig. 6, so that the filter can be automatically rotated to A90° positions and out of
the optical path for standard measurements. Large acceptance angles of linearly polarising
sheet filters allows the mounting close to the telescope focus where we have some free space
and the filter diameter and mechanical mounting can be small due to the small beam diameter.
However, it should be considered that the direction of the polarising structure of a sheet filter
is not necessarily constant over the whole sheet, which is usually not specified by the
manufacturers and should be inquired before the purchase.
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M4 plates and circular polariser made of sheet films have similar constraints. Furthermore, the
A90-calibration doesn't work with a A/4 plate, because the +45° errors don't compensate (Eqgs.
(154), (164)), but in exchange we can determine with it the amount of circular polarisation
(Egs. (158) and (168)). In contrast to that, the ideal circular polariser calibration does not
depend on the rotation error ¢ and the input light polarisation at all and doesn't need a A90-
calibration, but inherent errors of a real circular polariser, which usually are not sufficiently
specified by manufacturers, would be difficult to assess, and the resulting error equations are
complex.

While all optical calibrators exhibit wavelength dependency and have the disadvantage of
possible inhomogeneities over the surface and other optical errors as inaccurate phase shift or
cross-talk, which would add a system depolarisation, the only possible error source of the
mechanical rotation calibrator (Sect. 7) is the accuracy of the rotation itself. Although more
bulky, it is the most reliable calibrator if used with a cleaned analyser and accurate A90°
rotation (Eq. (105)). It is independent of wavelength, has no internal uncertainties, and is
insensitive to temporal changes and degradation.

+45° position

-45° position

reference base reference base

Figure 5: Simple holder for sheet filters (linear polariser or A/4 plate) with accurate
positioning for the A90-calibration.

Figure 6: Linearly polarising sheet filter cutout for use in a rotation mount. The optical axis of
the filtered light beam is in the centre of the red circle. Reproduced with permission from
Kolbl (2010).

15 Acknowledgements

The financial support for EARLINET in the ACTRIS Research Infrastructure Project by the
European Union’s Horizon 2020 research and innovation programme under grant agreement
n. 654169 and previously under grant agreement n. 262254 in the 7thFramework Programme
(FP7/2007-2013) is gratefully acknowledged.

45



References

Alvarez, J. M., Vaughan, M. A., Hostetler, C. A., Hunt, W. H. and Winker, D. M.: Calibration
Technique for Polarization-Sensitive Lidars, J. Atmos. Oceanic Technol., 23, 683-699, 2006.

Anderson, R.: Polarization and atmospheric backscatter coefficient measurements, Appl. Opt.,
28, 865-874, 1989.

Ansmann, A. and Miiller, D.: Lidar and Atmospheric Aerosol Particles, in: Lidar, 102, ,
Weitkamp, C. (Ed.), Springer New York, , 105-141, 2005.

Ansmann, A., Tesche, M., Seifert, P., GroB3, S., Freudenthaler, V., Apituley, A., Wilson, K. M.,
Serikov, 1., Linné, H., Heinold, B., Hiebsch, A., Schnell, F., Schmidt, J., Mattis, ., Wandinger,
U. and Wiegner, M.: Ash and fine-mode particle mass profiles from EARLINET-AERONET
observations over central Europe after the eruptions of the Eyjafjallajokull volcano in 2010, J.
Geophys. Res., 116, 2011.

Azzam, R. M. A.: Ellipsometry in: Handbook of Optics, Volume I (3rd Edition), Chapter 16,
McGraw-Hill, , 2009.

Behrendt, A. and Nakamura, T.: Calculation of the calibration constant of polarization lidar
and its dependency on atmospheric temperature, Opt. Express, 10, 805-817, 2002.

Bennett, J. M.: Polarization in: Handbook of Optics, Volume I (3rd Edition), Chapter 12,
McGraw-Hill, , 2009a.

Bennett, J. M.: Polarizers in: Handbook of Optics, Volume I (3rd Edition), Chapter 13,
McGraw-Hill, , 2009b.

Beyerle, G.: Untersuchungen stratospharischer Aerosole vulkanischen Ursprungs und polarer
stratosphdrischer Wolken mit einem Mehrwellen-Lidar auf Spitzbergen (79°N, 12°E),
Berichte zur Polarforschung (Reports on Polar Research), 138, 1994.

Biele, J., Beyerle, G. and Baumgarten, G.: Polarization Lidar: Correction of instrumental
effects, Opt. Express, 7, 427-435, 2000.

Bockmann, C. and Osterloh, L.: Runge-Kutta type regularization method for inversion of
spheroidal particle distribution from limited optical data, Inverse Problems in Science and
Engineering, 22, 150-165, 2014.

Borovoi, A., Konoshonkin, A. and Kustova, N.: Backscatter ratios for arbitrary oriented
hexagonal ice crystals of cirrus clouds, Opt. Lett., 39, 5788-5791, 2014.

Boucher, O., Randall, D., Artaxo, P., Bretherton, C., Feingold, G., Forster, P., Kerminen, V.-
M., Kondo, Y., Liao, H., Lohmann, U., Rasch, P., Satheesh, S., Sherwood, S., Stevens, B. and
Zhang, X.: 7 in: Clouds and Aerosols, Cambridge University Press, Cambridge, United
Kingdom and New York, NY, USA, 571-658 2013.

Bravo-Aranda, J. A., Belegante, L., Freudenthaler, V., Alados-Arboledas, A., Nicolae, D.,
Granados-Mufioz, M. J., Guerrero-Rascado, J. L., Amodeo, A., D'Amico, G., Engelmann, R.,
Pappalardo, G., Kokkalis, P., Mamouri, R., Papayannis, A., Navas-Guzman, F., Olmo, F. J.,
Wandinger, U. and Haeffelin, M.: Assessment of lidar depolarization uncertainty by means of

a polarimetric lidar simulator, Atmospheric Measurement Techniques Discussions, 2016, 1-
35, 2016.

46



Bravo-Aranda, J. A., Navas-Guzman, F., Guerrero-Rascado, J. L., Pérez-Ramirez, D.,
Granados-Mufioz, M. J. and Alados-Arboledas, L.: Analysis of lidar depolarization calibration
procedure and application to the atmospheric aerosol characterization, International Journal of
Remote Sensing, 34, 3543-3560, 2013.

Breckinridge, J. B., Lam, W. S. T. and Chipman, R. A.: Polarization Aberrations in
Astronomical Telescopes: The Point Spread Function, Publications of the Astronomical
Society of the Pacific, 127, pp. 445-468, 2015.

Burton, S. P., Hair, J. W., Kahnert, M., Ferrare, R. A., Hostetler, C. A., Cook, A. L., Harper, D.
B., Berkoff, T. A., Seaman, S. T., Collins, J. E., Fenn, M. A. and Rogers, R. R.: Observations
of the spectral dependence of particle depolarization ratio of aerosols using NASA Langley
airborne High Spectral Resolution Lidar, Atmospheric Chemistry and Physics Discussions,
15, 24751-24803, 2015.

Burton, S. P, Vaughan, M. A., Ferrare, R. A. and Hostetler, C. A.: Separating mixtures of
aerosol types in airborne High Spectral Resolution Lidar data, Atmos. Meas. Tech., 7, 419-
436, 2014.

Cairo, F., Donfrancesco, G. D., Adriani, A., Pulvirenti, L. and Fierli, F.: Comparison of
Various Linear Depolarization Parameters Measured by Lidar, Appl. Opt., 38, 4425-4432,
1999.

Cao, X., Roy, G. and Bernier, R.: Lidar polarization discrimination of bioaerosols, in: , 7672,
Chenault, D. B. and Goldstein, D. H. (Ed.), :76720P+, 2010.

Chipman, R. A.: Mueller matrices in: Handbook of Optics, Volume I (3rd Edition), Chap. 14,
McGraw-Hill, , 2009b.

Chipman, R. A.: Polarimetry in: Handbook of Optics, Volume I (3rd Edition), Chap. 15,
McGraw-Hill, , 2009a.

Clark, N. and Breckinridge, J. B.: Polarization compensation of Fresnel aberrations in
telescopes, in: , 8146, (Ed.), :814600-814600-13, 2011.

Clarke, D.: Stellar Polarimetry, Wiley-VCH Verlag GmbH & Co. KGaA, , 2009.

David, G., Miftre, A., Thomas, B. and Rairoux, P.: Sensitive and accurate dual-wavelength
UV-VIS polarization detector for optical remote sensing of tropospheric aerosols, Appl. Phys.
B: Lasers Opt., 108, 197-216, 2012.

David, G., Thomas, B., Coillet, E., Miffre, A. and Rairoux, P.: Polarization-resolved exact
light backscattering by an ensemble of particles in air, Opt. Express, 21, 18624-18639, 2013.

Del Guasta, M., Vallar, E., Riviere, O., Castagnoli, F., Venturi, V. and Morandi, M.: Use of
polarimetric lidar for the study of oriented ice plates in clouds, Appl. Opt., 45, 4878+, 2006.

Di, H., Hua, D., Yan, L., Hou, X. and Wei, X.: Polarization analysis and corrections of
different telescopes in polarization lidar, Appl. Opt., 54, 389-397, 2015.

Eloranta, E.: in: High Spectral Resolution Lidar, Springer New York, , 143-163 2005.

Eloranta, E. W. and Piironen, P.: Depolarization measurements with the High Spectral
Resolution Lidar, Seventeenth International Laser Radar Conference, Sendai, Japan, , 1994.

Engelmann, R., Kanitz, T., Baars, H., Heese, B., Althausen, D., Skupin, A., Wandinger, U.,
Komppula, M., Stachlewska, I. S., Amiridis, V., Marinou, E., Mattis, 1., Linné, H. and

47



Ansmann, A.: EARLINET Raman Lidar PollyXT: the neXT generation, Atmospheric
Measurement Techniques Discussions, 8, 7737-7780, 2015.

Esselborn, M., Wirth, M., Fix, A., Tesche, M. and Ehret, G.: Airborne high spectral resolution
lidar for measuring aerosol extinction and backscatter coefficients, Appl. Opt., 47, 346-358,
2008.

Flynn, C. J., Mendoza, A., Zheng, Y. and Mathur, S.: Novel polarization-sensitive micropulse
lidar measurement technique, Opt. Express, 15, 2785-2790, 2007.

Freudenthaler, V., Esselborn, M., Wiegner, M., Heese, B., Tesche, M., Ansmann, A., Miiller,
D., Althausen, D., Wirth, M., Fix, A., Ehret, G., Knippertz, P., Toledano, C., Gasteiger, J.,
Garhammer, M. and Seefeldner, M.: Depolarization ratio profiling at several wavelengths in
pure Saharan dust during SAMUM 2006, Tellus B, 61, 165-179, 2009.

Freudenthaler, V., Seefeldner, M., Gro S. and Wandinger, U.: Accuracy of linear depolaristion
ratios in clear air ranges measured with POLIS-6 at 355 and 532 nm, in: 27th International
Laser Radar Conference, , (Ed.),, 2015.

Gasteiger, J. and Freudenthaler, V.: Benefit of depolarization ratio at A = 1064 nm for the
retrieval of the aerosol microphysics from lidar measurements, Atmos. Meas. Tech., 7, 3773-
3781, 2014.

Gasteiger, J., Wiegner, M., Gro8}, S., Freudenthaler, V., Toledano, C., Tesche, M. and Kandler,
K.: Modelling lidar-relevant optical properties of complex mineral dust aerosols, Tellus B, 63,
725-741, 2011.

Geier, M. and Arienti, M.: Detection of preferential particle orientation in the atmosphere:
Development of an alternative polarization lidar system , Journal of Quantitative
Spectroscopy and Radiative Transfer , 149, 16 - 32, 2014.

Gimmestad, G. G.: Reexamination of depolarization in lidar measurements, Appl. Opt., 47,
3795-3802, 2008.

Goldstein, D.: Polarized Light, Marcel Dekker, , 2003.

GroB3, S., Freudenthaler, V., Wirth, M. and Weinzierl, B.: Towards an aerosol classification
scheme for future EarthCARE lidar observations and implications for research needs, Atmos.
Sci. Lett., , n/a-n/a, 2014.

Hair, J. W., Hostetler, C. A., Cook, A. L., Harper, D. B., Ferrare, R. A., Mack, T. L., Welch,
W., Izquierdo, L. R. and Hovis, F. E.: Airborne High Spectral Resolution Lidar for profiling
aerosol optical properties, Appl. Opt., 47, 6734-6752, 2008.

Hauge, P., Muller, R. and Smith, C.: Conventions and formulas for using the Mueller-Stokes
calculus in ellipsometry, Surf. Sci., 96, 81-107, 1980.

Hayman, M.: Optical Theory for the Advancement of Polarization Lidar, ,, 2011.

Hayman, M., Spuler, S. and Morley, B.: Polarization lidar observations of backscatter phase
matrices from oriented ice crystals and rain, Opt. Express, 22, 16976-16990, 2014.

Hayman, M., Spuler, S., Morley, B. and VanAndel, J.: Polarization lidar operation for
measuring backscatter phase matrices of oriented scatterers, Opt. Express, 20, 29553-29567,
2012.

Hayman, M. and Thayer, J. P.: Explicit description of polarization coupling in lidar
applications, Opt. Lett., 34, 611-613, 2009.

48



Hayman, M. and Thayer, J. P.: General description of polarization in lidar using Stokes
vectors and polar decomposition of Mueller matrices, J. Opt. Soc. Am. A, 29, 400-409, 2012.

Houston, J. D. and Carswell, A. 1.: Four-component polarization measurement of lidar
atmospheric scattering, Appl. Opt., 17, 614-620, 1978.

van de Hulst, H. C.: Light scattering by small particles, Dover Publications, New York, 1981.

Hunt, W. H., Winker, D. M., Vaughan, M. A., Powell, K. A., Lucker, P. L. and Weimer, C.:
CALIPSO Lidar Description and Performance Assessment, J. Atmos. Oceanic Technol., 26,
1214-1228, 2009.

Kahnert, M., Nousiainen, T. and Lindqvist, H.: Review: Model particles in atmospheric optics
, JQSRT, 146, 41 - 58, 2014.

Kaul, B. V., Kuznetsov, A. L. and Polovtseva, E. R.: Measurements of backscattering phase
matrices of crystalline clouds with a polarization lidaR, Atmospheric and Oceanic Optics, 5,
381-383, 1992.

Kaul, B. V., Samokhvalov, I. V. and Volkov, S. N.: Investigating Particle Orientation in Cirrus
Clouds by Measuring Backscattering Phase Matrices with Lidar, Appl. Opt., 43, 6620-6628,
2004.

Kolbl, C.: Depolarization of lidar signals in the arctic atmosphere; Calibration and
optimization of the ALOMAR Troposphere Lidar, , , 2010.

Liu, Z., McGill, M., Hu, Y., Hostetler, C., Vaughan, M. and Winker, D.: Validating Lidar
Depolarization Calibration Using Solar Radiation Scattered by Ice Clouds, IEEE Geosci.
Remote Sens. Lett., 1, 157-161, 2004.

Lu, S.-Y. and Chipman, R. A.: Interpretation of Mueller matrices based on polar
decomposition, J. Opt. Soc. Am. A, 13, 1106-1113, 1996.

Mattis, 1., Tesche, M., Grein, M., Freudenthaler, V. and Miiller, D.: Systematic error of lidar
profiles caused by a polarization-dependent receiver transmission: quantification and error
correction scheme, Appl. Opt., 48, 2742-2751, 2009.

McGill, M., Hlavka, D., Hart, W., Scott, V. S., Spinhirne, J. and Schmid, B.: Cloud Physics
Lidar: instrument description and initial measurement results, Appl. Opt., 41, 3725-3734,
2002.

Mishchenko, M., Travis, L. and Lacis, A.: Scattering, absorption, and emission of light by
small particles, Cambridge University Press, , 2002.

Mishchenko, M. I. and Hovenier, J. W.: Depolarization of light backscattered by randomly
oriented nonspherical particles, Opt. Lett., 20, 1356-1358, 1995.

Miiller, D., Hostetler, C. A., Ferrare, R. A., Burton, S. P., Chemyakin, E., Kolgotin, A., Hair, J.
W., Cook, A. L., Harper, D. B., Rogers, R. R., Hare, R. W., Cleckner, C. S., Obland, M. D.,
Tomlinson, J., Berg, L. K. and Schmid, B.: Airborne Multiwavelength High Spectral
Resolution Lidar (HSRL-2) observations during TCAP 2012: vertical profiles of optical and
microphysical properties of a smoke/urban haze plume over the northeastern coast of the US,
Atmospheric Measurement Techniques, 7, 3487-3496, 2014.

Miiller, D., Wandinger, U. and Ansmann, A.: Microphysical Particle Parameters from
Extinction and Backscatter Lidar Data by Inversion with Regularization: Theory, Appl. Opt.,
38, 2346-2357, 1999.

49



Muller, R.: Definitions and conventions in ellipsometry, Surf. Sci., 16, 14-33, 1969.

Nee, S.-M. F.: Errors of Mueller matrix measurements with a partially polarized light source,
Appl. Opt., 45, 6497-6506, 2006.

Nemuc, A., Vasilescu, J., Talianu, C., Belegante, L. and Nicolae, D.: Assessment of aerosol's
mass concentrations from measured linear particle depolarization ratio (vertically resolved)
and simulations, Atmospheric Measurement Techniques, 6, 3243-3255, 2013.

Nisantzi, A., Mamouri, R. E., Ansmann, A. and Hadjimitsis, D.: Injection of mineral dust into
the free troposphere during fire events observed with polarization lidar at Limassol, Cyprus,
Atmospheric Chemistry and Physics, 14, 12155-12165, 2014.

Nousiainen, T., Kahnert, M. and Lindqvist, H.: Can particle shape information be retrieved
from light-scattering observations using spheroidal model particles?, JQSRT, 112, 2213 -
2225, 2011.

Pérez-Ramirez, D., Whiteman, D. N., Veselovskii, I., Kolgotin, A., Korenskiy, M. and Alados-
Arboledas, L.: Effects of systematic and random errors on the retrieval of particle

microphysical properties from multiwavelength lidar measurements using inversion with
regularization, Atmos. Meas. Tech., 6, 3039-3054, 2013.

Pal, S. R. and Carswell, A. I.: Polarization Properties of Lidar Backscattering from Clouds,
Appl. Opt., 12, 1530-1535, 1973.

Pezzaniti, L. J. and Chipman, R. A.: Angular dependence of polarizing beam-splitter cubes,
Appl. Opt., 33, 1916-1929, 1994.

Platt, C. M. R.: Lidar Observation of a Mixed-Phase Altostratus Cloud, J. Appl. Meteor., 16,
339-345, 1977.

Reichardt, J., Baumgart, R. and McGee, T. J.: Three-Signal Method for Accurate
Measurements of Depolarization Ratio with Lidar, Appl. Opt., 42, 4909-4913, 2003.

Roy, G., Cao, X. and Bernier, R.: On the information content of linear and circular
depolarization signatures of bioaerosols, in: , 8018, (Ed.), :801807-801807-8, 2011.

Sassen, K.: The Polarization Lidar Technique for Cloud Research: A Review and Current
Assessment, Bull. Amer. Meteor. Soc., 72, 1848-1866, 1991.

Sassen, K.: in: Polarization in lidar, in Lidar: Range—Resolved Optical Remote Sensing of the
Atmosphere, Springer, , 19-42 2005.

Sassen, K. and Benson, S.: A Midlatitude Cirrus Cloud Climatology from the Facility for
Atmospheric Remote Sensing. Part II: Microphysical Properties Derived from Lidar
Depolarization, J. Atmos. Sci., 58, 2103-2112, 2001.

Schotland, R. M., Sassen, K. and Stone, R.: Observations by Lidar of Linear Depolarization
Ratios for Hydrometeors, J. Appl. Meteor., 10, 1011-1017, 1971.

Seldomridge, N. L., Shaw, J. A. and Repasky, K. S.: Dual-polarization lidar using a liquid
crystal variable retarder, Opt. Eng., 45, 106202+, 2006.

Shimizu, A., Sugimoto, N., Matsui, 1., Arao, K., Uno, 1., Murayama, T., Kagawa, N., Aoki, K.,
Uchiyama, A. and Yamazaki, A.: Continuous observations of Asian dust and other aerosols by
polarization lidars in China and Japan during ACE-Asia, Journal of Geophysical Research:
Atmospheres, 109, n/a-n/a, 2004.

50



Skumanich, A., Lites, B. W,, Pillet, V. M. and Seagraves, P.: The Calibration of the Advanced
Stokes Polarimeter, The Astrophysical Journal Supplement Series, , 357+, 1997.

Snels, M., Cairo, F., Colao, F. and Di Donfrancesco, G.: Calibration method for depolarization
lidar measurements, Int. J. Remote Sens., 30, 5725-5736, 2009.

Socas-Navarro, H., Elmore, D., Asensio Ramos, A. and Harrington, D. M.: Characterization
of telescope polarization properties across the visible and near-infrared spectrum, A&A, 531,
A2,2011.

Spinhirne, J. D., Hansen, M. Z. and Caudill, L. O.: Cloud top remote sensing by airborne
lidar, Appl. Opt., 21, 1564-1571, 1982.

Steinborn, E. and Ruedenberg, K.: Rotation and Translation of Regular and Irregular Solid
Spherical Harmonics, in: , 7, , Lowdin, P.-O. (Ed.), Academic Press, , 1 - 81, 1973.

Sugimoto, N. and Lee, C. H.: Characteristics of dust aerosols inferred from lidar
depolarization measurements at two wavelengths, Appl. Opt., 45, 7468-7474, 2006.

Sugimoto, N., Matsui, I., Shimizu, A., Uno, 1., Asai, K., Endoh, T. and Nakajima, T.:
Observation of dust and anthropogenic aerosol plumes in the Northwest Pacific with a two-
wavelength polarization lidar on board the research vessel Mirai, Geophys. Res. Lett., 29,

1901+, 2002.

Veselovskii, 1., Whiteman, D. N., Korenskiy, M., Kolgotin, A., Dubovik, O., Perez-Ramirez,
D. and Suvorina, A.: Retrieval of spatio-temporal distributions of particle parameters from

multiwavelength lidar measurements using the linear estimation technique and comparison
with AERONET, Atmos. Meas. Tech., 6, 2671-2682, 2013.

Volkov, S. N., Samokhvalov, 1. V., Cheong, H. D. and Kim, D.: Investigation of East Asian
clouds with polarization light detection and ranging, Appl. Opt., 54, 3095-3105, 2015.

Winker, D. M., Vaughan, M. A., Omar, A., Hu, Y., Powell, K. A., Liu, Z., Hunt, W. H. and
Young, S. A.: Overview of the CALIPSO Mission and CALIOP Data Processing Algorithms,
J. Atmos. Oceanic Technol., 26, 2310-2323, 2009.

: Handbook of Optics, Volume I - Geometrical and Physical Optics, Polarized Light,
Components and Instruments (3rd Edition), Bass, M. (Ed.). McGraw Hill Professional, ,
2009.

51



16 Appendix

App. A Acronyms and shortcuts

a
ag

!

a

Ts
T, R R

Zo

Wo

S2e
So, Co

A

¢p ¢S
W
¢

Polarisation parameter of the atmospheric volume; see Eq. 9

Polarisation parameter of the light beam leaving the laser

a' = aa,, combined laser-atmosphere polarisation parameter

Rotation of the plane of horizontal-linear polarisation of the laser around the z-
axis (laser rotation)

Rotation of the emitter optics around the z-axis

Rotation of the receiver optics around the z-axis

cos(2e)

Volume linear depolarisation ratio of the atmospheric scattering volume; see
Eq. (12)

Calibrated signal ratio, but including cross talk and alignment errors
Diattenuation parameter (see Sect. 2.2)

error angle of the A90-calibration setup

Electronic amplification of individual transmitted/reflected channels

n = nrlr / nrTr calibration factor including only the electronic amplification
and the optical diattenuation of the polarising beam-splitter

Gain ratio i.e. the measured, apparent calibration factor #* of the polarisation
channels, i.e. the calibration factor # including the cross talk from optics before
the polarising beam-splitter and from system alignment errors

A90-gain ratio n’, = \/77*(+45° +&)n"(—45°+¢); measured, apparent

calibration factor retrieved with the A90-calibration method

Power/flux of the light beam [watt/lumen] (colloquially: intensity)

Stokes vector of the light beam

Linear depolarisation ratio = 0

Miiller matrix of the atmospheric scattering volume in backscattering direction
Element ij of F

Cross-talk parameters (Sect. 4.1)

Correction of the measured gain ratio #* to get the calibration factor # (Sect. 5)
Miiller matrix of the polarising beam-splitter s , e.g a polarising beam-splitter
cube, in the transmission 7 and reflection ¢ path.

Polarising beam-splitter

Transmission of matrix M for unpolarised light (alias average transmission)
Intensity transmission and reflection coefficients of the polarising beam-
splitter for parallel p and perpendicular s linearly polarised light with respect to
the plane of incidence.

Z,=+1-D,’

W,=1-Z,c,=1-c,/l-D,’

sin(2¢)

sin(4o), cos(40)

Retardation = differential phase shift of the p and s polarised light: ¢” — ¢’
Phase shift of the p and s polarised light

Rotation of the calibrator around the z-axis

General rotation around z-axis
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< First row vector of a matrix; analyser vector; bra-vector.

> Stokes vector of the input; always a column vector; ket-vector.

Setup parameters:

h Binary operator to select either manual rotation (h = +1) or rotation by means
ofa M2 plate (h=-1)

X, Z Binary operators to select calibration angles of +45° (x, z=+1) or —45° (x, z=
-1)

y Binary operator to select standard measurement setup angles of +0° (y =+1) or
+90° (y =-1)

App. B The <bra|ket> notation

Superscript ' means the transposition of a row vector to a column vector and vice versa, while
the |ket> and <bra| vector symbols always stand for a column vector and row vector,
respectively. That means:

( a\ a
b T b
. (a c ) |a c > - (B.1)
d d
are forms of column vectors, and
(a\T a
b b
(a b ¢ d) = = <a b ¢ d| = (B.2)
c c
d d

are forms of row vectors.
App. C The calibration equation

The general equation for the calibration signals Eq. (81) can be written similar to Kaul et al.
(2004) using general expressions for the analyser row vector <As| (see App. D) and for the
input Stokes vector |I,,> (see App. E)) as in Eq. (C.1), irrespective of the actual position of the
calibrator.

A;‘ iin
I—S=<A |C(x45°+¢)|1,) = Ly [ A5 C(x45°+¢) Din (C.1)
Ns * " nsI A; U, .
A; vin

For certain setups the fully expanded equations are very complex. But sometimes slighty
expanded versions are sufficient to achieve significant insights. Demerging the (+45° + g)
rotation from the calibrator, as in Eq. (C.2), or just the &€ — rotations, as in Eq. (C.3), and
applying the appropriate parts to the analyser and to the input Stokes vector can help to show
general relations. For this purpose we define the rotated analyser vector <Aj. | and the rotated
input Stokes vector |I;,. > as shown in Eq. (C.3).
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I =nq <AS|C(X45° + 5)|Im> =

=1y (Ag|R(x45° + &) C(0)R(-x45°—¢)|1,) =
A1 0 0 0y (1 0 0 0i,
Iy _ Asz 0 -xs,, —-xc,, O c(0) 0 —xs,, xc,, Oflg, \ _
nell,, A (|0 xc,, -—xs,, 0 0 —xc,, —xs,, O0]|u,
400 0 0 1 0 0 0 Uy, (C2)
A; iin A;‘ iin
x(c,, A; —s,, 45 x(c, u —s, g xA> XU,
_ ( 2¢°°S 2 S) C(O) ( 2¢%in 2£q1n) S,zg C(O) in,e
_X(CZ&,A; aF SZ;:A;) _X(ngq[}’l + SZauin) _XAS,g _Xqin,e
A; vin A; vin
Iy =ns(As|C(x45° + €)1, ) =
=15 (A |R(+£)C(x45°)R (=) |1,) =15 (A, |C(x45°)| 1, ) =
A1 0 0 0) (10 0 0)i,
1 A0 ¢, -s,. O 0 ¢, s, Ollg
S _ .;‘ 2¢ 2¢e C(X450) 2¢ 2¢ qm —
nST:?Iin AS 0 SZ& C2s 0 0 _S28 c2£ 0 uin (C 3)
A;(\NO 0 0 1 0 0 0 Uy, '
A i A i
A +s, Al C,.q. +S,.1u, A2 A
— C2e i s2g Z‘ C(X450) 2€qm 2¢"in — i,g C(X450) qm,a
Cy Ay — 8, 4g Coclhin = 52:4;, Sz U ¢
A3 v, A v,
Note the exchange of places of A’s. and A4%. and of i, and u;,. between Egs. (C.2) and
(C.3).
App. C.1 Calibration with a rotator

From Egs. (C.1), (C.3), and (S.10.15.2) we get the general calibration signals Eq. (C.4) with
analyser vectors <A| from App. D and input Stokes vectors |I,,> from App. E.

L (AgIM,, (x45°+¢&,h)|1,) _
T]SYTS'Iin ]in
Al 0 0 0\|i,
_ A0 —xs,, —xhc,, 0}|g, _
A0 xc,, —xhs,, 0]|u,
A0 0 0 h)|v,

(C.4)

= Agi,, + Ashv,, — X[(stA§ - ngA;) Gin + (cng§ + Sngg) h“m} =

_ s 4
= Ay, + Ashv, + x[

3
AS,sqin

Aé’ghum}
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App. C.2 Calibration with a linear polariser

From Eq. (C.3) and (S.10.7.1) we get the general calibration signals Eq. (C.5) with analyser
vectors <A| from App. D and input Stokes |I;, > vectors from App. E. With an ideal linear
polariser Eq. (C.5) reduces to Eq. (C.6).
Iy =15 (Ag|M, (x45° + &)|I,) = s (Ag|R(+&) M, (x45°) R(—¢)
A1 0 xD, 0 Vi,
I _ A;,g 0 ZpCp 0 —XZpSp U
NsIsTp1,, A;,g XD, 0 1 0 Ui e (C.5)
43N0 xZps, 0 Z.cp |V

in

I,)=

1. 3 2 4
ASlin + AS,suin,s + ZPCP (AS,gqin,s + ASvin) +

x| Dy (A, + 43 1,) — Z,8, (4 v, - 43q,,., ) |

in,e S.e%in in

= A;wl ar A3 u. + X(A;u + A3 i ) = (A;‘ + XA;E)(Zm + Xuin,s) (C6)

in S,e%in, ¢ in,e S,e%in
nST:S'TPIin

App.C.3 Calibration with a A/4 plate (QWP)

From Eq. (C.2) and Eq.(S.10.11.1) for the A/4-plate with retardation error ® as in Eq. (C.7) we
get the general calibration signals Eq. (C.8) with an analyser vectors <A| from App. D and
input Stokes vectors |I;,> from App. E.

Ay =90+ = ¢, =-8,, Sop =C, (C.7)
I _<AS|MQW(X45°+8,60) Im> B
77sTSTQW1m TSTQW]in
(A5|R(x45°+£)M,,, (0,0) R(—x45°—¢)|1,,)
TSTQWIin
A (1o o 0] i, (C.8)
_ XA;’S 0 1 0 0 XUy, o\
- _XA;g 0 0 _sa) Ca) _Xqin,s -
A; 0 0 _C(u _sa) Vin
= A;'iin + A;‘,suin,g - Sa) (A.Sz‘,gqin,s + A;vin) - ch (_A;qin,e + A.Sz',gvin)
ow=0=
I (As|My, (x45°+6,0)[1,) 3 4 2
= =Aid + A: u. . —x|—A.q. A v, | =
T]STSTQWIM TSTQWIl«n 5lin + S,guzn,s X( Sqm,g + S,svm) (C9)

= A;'iin - (SZSAé - CZSA;)(S25qin - C28uin) - X|:_AA3 (CZSQin + S25uin) + (CZSASZ + SZSA;)Vin:|
App.C.4 Calibration with a circular polariser (CP)

From Eq. (C.2) for a circular polariser composed of a linear polariser and a A/4-plate with
retardation error ® as in Eq. (C.7) we get the general calibration signals Eq. (C.10) with
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analyser vectors <A| from App. D and input Stokes vectors |I;,> from App. E. Note that z =
+1 discerns between a right and left circular polariser, and x = *1 between the +45°
orientations of the whole circular polariser. With an ideal linear polariser this quite complex
equation reduces to Eq. (C.11), with an ideal QWP without retardation error to Eq. (C.12), and
to Eq. (C.13) with both constraints, i.e. for an ideal circular polariser. Since only the terms
with an x in Egs. (C.11) to (C.13) are compensated by means of the A90-calibration, neither
of the two constraints alone is sufficient to reduce the uncertainty.

I, (AgM(zx45°+¢)|1,)
NsTsTepd, B ITepd,, B
 (AR(x45°+£) M, (245°,0)M, |R(—x45°—¢)1,)
TSTQWTPIin

A |1 0 0 011 D, 0 0| i,
x4;, ||0 -s, O -zc,|| D, 1 0 0 || xu,, \ (C.10)
—x42,[l0 0 1 0 0 0 Zec, ZiSp||—Xq,,,
48 N0 zc, 0 -s 0 0

[0}

~Z,8, Z,Cp v,

m

(A; +A;‘zcwDP)im +(A§,gZPCP —z4; ¢ ZPsP)qm’g — A s, u, , —Als, Z.cv, +

S.e~w S,eY0™in, e

. 3
= —AS,gs
+X

. 4
Dyi, — ASSwZPSPqin,s +

[0

+(A;DP + A_?zcw)um’g = (A;ESP + Ag,gzcwcP) Zpv,

From Eq.(C.10) we get with different conditions:
D,=1,7Z,=0=

ﬁ:(fg v2e, 4 —s, x4, ) (i, + xu,,, ) (C.11)
o=0=

I (A; * A;ZDP)iin +(ASZ,EZPCP - ZA;,SZPSP)%,E (C.12)
e el +X|:(A;DP + ZA;)MM’E — (Aé,gSP + ZA;‘ECP)ZPVM]

@ :O,DP :l’ZP =0

_ . (C.13)
nszg';cplin - (Aé i ZA;)(Z[” Xui”’f)

App. D The analyser row vector <Ag|

The general formulation for the Stokes vector of a standard lidar signal I at the detector in the
reflected channel, I, and transmitted channel, Ir, is

I =nSMSRyMO(7)F(a)ME(ﬂ)IL (D.1)

Only the first Stokes parameter is directly measured, and therefore we can reduce the
complexity of the full matrix equations to an inner product between the analyser row vector
<Aj| and the input Stokes column vector 7;, similar to Kaul et al. (1992) and Volkov et al.
(2015) as in Eq. (D.2):
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Iy =(Ag

I,) (D.2)

In case of a calibration measurement, we place a calibrator with matrix C between the input
Stokes vector and the analyser vector:

I = (A |C|L,,) (D.3)

As calibrators we use a mechanical rotator, a rotation of the plane of polarisation by means of
a M2 plate (HWP), a linear polariser, a A/4 plate (QWP), and a circular polariser. We can place
the calibrator anywhere in the optical setup, with different results. In the following we
develop the general expressions of the analyser vector in App. D and of the input Stokes
vector in App. E for the different setups.

App. D1 <As| with C before the polarising beam-splitter

‘IR Atmosphere
M, m ‘—‘ i Laser
I MeX[R| €|/ M) “Fa) IML(5) I(0)
I, =nyM;R CMFI, = A, = MR, D4

The analyser part consists of a polarising beam-splitter My and an optional 90° rotation of the
detector setup R, (see Eq.(47))

(As| _(MR,| _
T
(1 Dy, 0 0 Y1 0 0 0) (1 yD 0 0 ) 1
| Ds 1 0 0 0y 00 Dg y 0 0 yDy
Vo 0 Zey, Zsg||0 0y ol \|0 0 yZes, Zsg|l \ 0
0 0 Zsy Zgeg/\O0 0 0 1 0 0 -~yZs, Zcg 0
(D.5)
App. D.2 <As| with C before the receiving optics
il Atmosphere
l!lnm | o Laser
L[ R, M N €] Fa) | B I,(e)
I;=n MR M, CFI, = A;=M,RM, (D.6)

Using Eq. D.5 we get

(As(yr)| _ (MR, M, (r) _

TOZ?S' TOTS
1|1 ¢,,D, s,, Dy 0 ) 1+yce,, Dy D
2 D, +yDg(1—s3 W, (D.7)
yDg|| ¢, Do 1=s3, Wy sy, Wy =8y, Zoso | [ CoyPo Y s( S2y 0)
0 |[85,D0 85,6, Wy 1=c3, W, ©,Zos, S5, (DO +yce,, DSWO)
0 0 $5,Z08  —C2,Z080 Zc, —y85, DsZy5,

Simplifications: A rotation y of a retarding diattenuator Mo between the calibrator and the
polarising beam-splitter My complicates the equations considerably. In case Mo is not rotated
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(y = 0), the matrices Ms, the optional 90° rotation Ry, and M, and can be combined to a new
polarising beam-splitter module Mjy,» according to S.10.10, and all equations developed for
the Sect. 7.1 case can be applied in Sect. 7.2. For y = 0° Eq. (D.7) becomes

y =0°=
(Ag](y.0°) = (MR M, (0°) = T,7, (1+ yDsD, D,+yD; 0 0= (D.8)
= (M, (0°)| =Ty (I Dy 0 0
. D, +yD
with Ty, = T,T, (1+ yDD,) and Dy, = ﬁ (D.9)

With a cleaned analyser we get from Eq. (D.9)

D, =-1D, =+1=

Dgyo = yDs, Dpyo ==y, Dpo=+y (D.10)
Trwo = ToTo(1=YD,), Tpyo =T,T;(1+yD,)

y
and explicitly with Egs. (S5.10.10.11) and (S.10.10.14)
Dy=-1,D, =+l y=+1=

Troo =TyTp(1-D,) =0.5T;k Ty, Dy,,=-1

Tr.o =TT, (1+ D,) = 05T kTS, Dy, =+
Dy =-1D,=+l,y=-1=

Tyo =T,Tp(1+D,) =0.5T; kTS, Dy ,=+1

T, o =T,T,(1-D,) = 05Tk T;, Dy ,=-1

(D.11)

See also Suppl. S.10.10 and S.6.
Only few special cases with rotated My (y # 0) (see Eq. (S.5.1.4)) are discussed additionally.
App.D.3 <As| with C behind the emitter optics

Az Atmosphere
<M m Lo m Laser
I M N [ R My) ¥a) || €| |MEB) I(®)
I, =nM;R M FCI, = A, = MR M,FC and I, =1, 0.1

The additional effect of the atmospheric depolarisation, F(a), on the analyser Eq. (D.7) is

(Al _ <MSRyM0(7)‘F(a) 3

T Tk, T Tk,
l+ye, DsD, 10 0 0 l+ye, DgD,
D.13
¢, D, +yDS(1—s§yWO) 0 a 0 0 a[czyDO +yDS(1—s§yW0)] ( )
S,, (Do +yer, D, ) (|0 0 —a 0 ~as,, (D, + ye,, D, |
—y8,, DsZoS, 000 0 1I-2a —(1-24)ys,, Dy Z,s,

Without receiver optics rotation My (y = 0°) we get with Eq. (D.8) ff.
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<AS|=<MSy0(OO) F(“)=T5\/0<1 aDg, 0 0 (D.14)

App. E The input Stokes vector 7,

The formulation for the most general input Stokes vector I;, into the analyser part As is

Iin(}/’a’ﬁ):MO(}/)F(a)ME(ﬂ)IL (El)
and assuming a rotated, partly linear polarised laser with polarisation parameter a,
Iin (}/aaaﬂ’aaaL) = M0(7)F(G)ME(ﬂ)IL(a,aL) (E.2)

In the ideal case the laser has no depolarisation (a;, = 1) and is horizontal linearly polarised
(see Eq. (E.6)), and the optical elements are not rotated, which results in Eq.(E.3):

aL:l,iL:qL:l,uL:vL:O,a:lB:y =0

1,(0,0,0,0,1) = T, F,\ T, 1, (1 +DE)|1 +aD, D,+a 0 0> (E.3)
App. EA1 Laser I,

We start with the Stokes vector for the laser beam with arbitrary state of polarisation and
additionally roated by angle a around the optical axis (see Eq. S.5.1.1)

L.\ (1 0 0 0) |i i
qL,a 0 C a =S a 0 q Y aq =S au
IL(a):[L u = 0 ’ ’ I ' =1, et (E4)
La S €y 0 u, Sr0q1 T Coulhy
Vi 0 O 0 1 v, v,

The total, linear, and circular degree of polarisation (DOP, DOLP, and DOCP, respectively)
don't change with such a rotation.

* We get for a rotated, horizontal-linear polarised laser

I(a)=1]1 ¢, s, 0 (E.5)
» for a horizontal-linear polarised laser

1,(0)=1,]1 1 0 0) (E.6)

« and for a rotated, linearly polarised laser with polarisation parameter a, with 6, =
(l_aL)/(l+6lL)

(10 0 0) |1 1
O C2a _S2a O aL C2aaL
I (a,a, )= I =7 E.7
L( L) 0 s,, ¢ O ‘1o ’ Sr.9; €9
0 O 0 1 0 0

App. E.2 Ii» with C behind the emitter optics

‘IR Atmosphere

M, m --------- o m Laser

IR o] [Fa el s T L@
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I[n(ﬂ,a) IE(ﬁ,a) ME(ﬂ)IL(O‘)_ME(ﬁ)

= I u, v, )=
TEIL TE]L TE[L TE[L | ‘ qL ‘ L>

(E.8)

=\l 9 Uy Vm>:|lE qr Ug VE>

Eq. (E.8) with input I, from a rotated, linearly polarised laser Eq. (E.4) and with rotated
emitter optics Eq. (S.10.4.1) results in Eq. (E.9).

1,(B.a) _1,(B.a) M (B)|1 ()

=11 u Vv =
TEIL TE[L TEIL | y qE g E>
(1 ¢,5 Dy $,5D 0 )

iL
2
CopDp 1=8,5 Wy 8,4C,,W;

=S25Z8E || oL — Saally

S,5D;  8,5C, Wy 1- czﬁZWE CopZiSp (3291 T+ Cogly
0 SapliSy  CoplySp ZCy Vi (E.9)

i, + Dy (Cza—szL - SZa—ZﬂuL)

CypDyly + (CZaqL - SZauL) *+8,5 |:WE (SZa—ZﬂqL + CZa—zﬁ”L) - ZESEVL:|

S, D, + (Sza% + CZauL) —Cyp |:WE (SZa—ZﬁqL + C2a—2/3uL) - ZESEvLj|

—ZSg (SZa—ZﬁqL + CZa—ZﬂuL) +ZCpv,

» Special cases: Eq. (E.9) without rotation of the emitter optics with respect to the plane of
polarisation of the laser

oa=p=
g i, + Dy,
I, (a>a> _ I, (06,0() _ dE _ Coo Dyl +(Cza‘h _SlauL) + 85, [WE“L _ZESEVL]
T.1, T.1, Ug S20Dply + (SzaqL + Cza“L) —Cyq [WEuL - ZESEVL]
Vi —Zpsgup + ZpCpv, (E.10)
i, + Dpq,
_ €24 (DEiL + QL) =85, 25 (CEuL + SEVL)
- Sr4 (DEiL + QL) +¢,,Z; (CEuL + SEVL)
—ZE(sEuL —cEvL)
* Eq. (E.9) without laser and emitter optics rotation
a=p=0=
iy i, +D.q,
I, (030) _ IE<0»O) _ ME(0)|IL(O)> _|4e \ Dyi, +q, (E.11)
.1, T,  TJ,  |u, | | Z(cmu, +syv,)
Vi ZE(—sEuL+cEvL)

* Eq. (E.9) with rotated, horizontal-linearly polarised laser with rotated emitter optics
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I,=L1 1 0 0)=

i 1+DECZa_2ﬂ
Iin(ﬁaa) B IE(ﬂ’a) . ME(:B)|IL (a)> 14e \ _|C2 +Co5 Dy +8,WiS,5, op (E.12)
0, T, T,I, Clup | 800 825D =€ WS 50 0
Vi —ZSpS142p

* Eq. (E.9) with rotated, linearly polarised laser without emitter optics rotation

a=BAl, =0l 1 0 0)=

. (E.13)
I (a,0)=T.1 i, q, u, v;)=TJI, (1+D;)|l c,, s,, O)
* Rotated, elliptically polarised light behind the emitter optics with.
I, =1,=T]lli, q;, u, vg)=TJ|1 bc,, bs,, v;) (E.14)

with the degree of polarisation DOP; = 1 and the degree of linear polarisation DOLP; = b
DOP, = \|g2 +u2 +v2 =\[b* +V} = 1= v, =1’ (E.15)
1 be, bs, 1-b > (E.16)

* Rotated, linearly polarised laser with linear polarisation parameter a;, with rotated emitter
optics: Laser Stokes vector Eq.(E.7) and rotated diattenuator Eq.(S.10.4.1)

IinZIE:TE1L|iE 9 Ug VE>:TE[L

I, =11 c,a, s,a 0)=

1, I, MBI (aa,))

n

:|lE qr Ug VE>:

T, T, T,I,
(1 CZBDE SZBDE 0 3\ 1 1+ aLDECZa—Zﬁ
Cy 5Dy l—szﬂ2WE $,5C5We  —825Z58; ||Cypa, CZBDE+aL(CZa +SZ,BWESZa72ﬂ)
= 2 =
SzﬁDE SzﬁczﬂWE l_czﬁ Wy CzﬁZESE S2a91 SZﬁDE +a, (S2a _CzﬁWESZa—Zﬁ)
0 SZ/i'ZEsE _CZ,BZESE ZCp 0 —aLZESESM_Zﬂ
(E.17)
App. E.3 Ii» with C before the receiver optics
‘IR o Atmcspher;_ ________
s Dﬂu Laser
LMN[R| Moo\l R | pp][ @
General input Stokes I;, vector with atmospheric backscatter.
I; =nMR M, CFI, = I, =FI, (E.18)

With atmospheric depolarisation from Eq. (S.3.1) and an emitter beam Iz from App. E.2:
I,(a)= ‘F(a) IE> =K T.1, ‘iE aq, —au, (1—- 2a)vE> (E.19)

* Special cases: Eq. (E.19) becomes Eq. (E.20) with a rotated linearly polarised laser with
linear polarisation parameter a;, with rotated emitter optics, and atmospheric backscatter, i.e.
Eq. (E.17). Note, that without laser depolarisation a, = 1.
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Im(a,ﬂ,a,al) _ F(“)‘ME(ﬂ)IL(O"aL»

F\Tpl, FT.1,
i 1+ aLDECZa—zﬂ
in E
_ 9in _ aqy B a[czﬁDE"f‘aL (CZa + SZﬁWESZa—zﬁ):| (EZO)
u;, —AUp —a|:S2ﬁDE +aL(SZa _CZﬁWEsza—zﬁ)}
Vin (1—261)"'5 _(1_2a)aLZESEsza72ﬁ

* Eq. (E.20) without rotation errors becomes Eq. (E.21), and additionally without laser
depolarisation, i.e. a, = 1, Eq. (E.22).

a==0=>

1[,,(1;,12;?;@) _ F(a)\M;(;Z[ILL(O,aL» _l+a,D, aDytas, 0 0 (E21)
1,(a,0,0,0)=F,T,I,(1+D;)|]l a 0 0) (E.22)
* Eq. (E.20) without emitter optics becomes Eq. (E.23).
[D,=0=Z,=1s,=0=>c,=1=W,=0]=

I,.n(a,,a,aL) F(a)‘IL(a,aL» (E.23)

Fl F1 |1 aa,c,, —aas,, O>
Note it is impossible to combine a’ = aa; if emitter optics Mg with diattenuation parameter Dy
# 0 or retardation (i.e. Z¢ # 0 and sg # 0) are between the laser and the atmosphere F, even if
there are no angular misalignments o and £ in the emitter, which means that the atmospheric
depolarisation cannot be retrieved without detailed knowledge of the emitter optics
parameters and alignment errors.

* Eq. (E.20) without emitter optics M and without laser depolarisation becomes Eq. (E.24).
a =1,[DE =0=>Z,=1Ls,=0=>c,=1=W, =0]:>

L(aa) _Fl@lL@) g
I Fl, o

m

(E.24)

* Eq. (E.19) with Ir from Eq. (E.14), i.e. with rotated, elliptically polarised light behind the
emitter optics
I b Fla)l
”’<a’ .a) = OLF :|iE aq, —au, (I—Za)vE>:
I, R\, (E.25)

=‘1 abc, —abs,, (1—2a)\/1—b2>

* Including the calibrator rotation R(¢) in /;, in Eq. (E.19) with Eq. (S.10.15.1) gives Eq.
(E.26), and with an elliptically polarised laser of Eq. (E.16) we get Eq. (E.27), which results
without emitter optics and horizontal-linear polarised laser light (b = 1) in Eq. (E.28).
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1,.(e.ha) |R(e)MF(a)l,)

]in T;otF;ITEIL
i I 0 0 0 ] ]
in,& ( \ lE lE (E26)
s\ |0 ¢, —hs,, 0 aqg a(qECZS +huEsz,s)
- U, ¢ |0 $,, he,, 0 —aug - a(quzg _hchzg)
Vi 0 0 0 hl)(1-24a)v, (1-2a)hv,
I,=T1\i, q, u, v;)=T,,|1 bec,, bs,, 1=V’ > =
Iin,e(g’h’a’a’b) _ ‘R(S)MhF(a)IE(a’b» _ (E 27)
Iin - T;’otFilTEIL - ‘
= iin,g qin,g uin,e v[n,g> = 1 abc2g—h2a abs2g+h2a (1 - 2a> h \ 1 - b2>
M, =idendity,b=1=
1,,.(e.ha,a,b) |R(g)MF(a),(a,b))
Iin - T;utFi 1IL - (E28)
= iin,g qm,g uin,e; vin,g> = |1 ac2g—h2a as25+h2a 0>
App. E.4 Ii» with C before the polarising beam-splitter
‘IR Atmosphere
M, m‘—‘ e Laser
LM N [R)[€ ||/ ML) “Fa) | s L@
General input vector I, with atmospheric backscatter and emitter and receiver optics.
I =n MR CMFM I, = I, =M FI, (E.29)

The most complex case for the input Stokes vector I, is, if the calibrator is placed before the
polarising beam-splitter, because here we have to multiply several matrices. All other cases
can be derived from this case by neglecting the appropriate parameters (see App. D). The
emitted beam Stokes vector Iz from App. E.2has to be multiplied with the atmospheric
backscatter matrix F (Eq. (S.3.1)) and the receiver optics matrix Mo, the latter expressed as a
rotated diattenuator (see Eq. (E.32)). In general the emitter optics and the laser polarisation 7,
are rotated as in Eq. (E.30), which is not mentioned explicitly when needless.

I (B.a) =M, (B)|I,(a))=T,1,|i,(B.c) q.(B.a) uy(B.at) v.(B.)) (E.30)
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Im(;/,a,,) _ Mo(y)‘F(a)MEIL> MO(?/)‘F(‘I)IE>

- = —|%in q”'L uin vm> =
TZIIIL TOF; lTE [L TOF; lTE ]L
(1 ¢, D, 85, Dy o | i
|eyDy 1= sgy Wy s,0, W, —=s,Zys, aq, ~
sy, Dy 8,0, W, 1=C W, ¢,Z,8, —au, |
0 $2, 2080 —C3,Z080 ZoCo (1 - ZG)VE (E.31)

i +D0a(czqu —szqu)
Cy, Dyl +aq; —s,, [Woa(szqu +czqu) +Zoso(1 - Za)vE]

S5, Doy —auy, +¢,, [Woa(szqu + czqu) +ZOSO(1 - 2a)vE]

Zosoa(szqu + czqu) +Zyco(1-2a)v,

» Special cases: From Eq. (E.31) without receiver optics rotation y we get Eq. (E.32).
y=0=
ip +aD,q,
1,(0.a,) My(0)|F(a)M,I,) Dyi; +aq; (E.32)
= = lin qin uin vin> =
Z, [—coauE +5, (l - 2a)vE]
Z, [soauE +c,(1- Za)vE]

T;n IL TO E 1TE IL

» With linearly polarised laser I, with polarisation parameter a;, with emitter optics Mg,
atmosphere F, and receiver optics Mo, and with Egs. (E.32) and (E.20) we get Eq. (E.33).

i, =q,=lLu, =v,=0=

L(r.apaa) Mo(r)|FlaM,(B)1,(@a,)
7;n[L TOEITE[L

1+ aLDECMﬂ, (E.33)

(1 ¢,, D, $,, Dy 0 )
g2 _ a[c D+a(c +5,,W.s
},DO 1 SZ}/WO SzyczyWO SzyZOSO 28 ETAL\Cog TS25WESs 4 2p
2
500 S0, W 1= Wo ¢, 7080 || -af's,,D; + a, (55, — CopWissa )|
0 $3,2080 —€3, 2080 Z,Co

)

_(1 - Za) ;285894 25

* Eq. (E.33) with rotated, linearly polarised laser without laser depolarisation (a; =1) and
rotated emitter optics (Eq. (E.20)) the input Stokes vector becomes explicitly
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a, =i, =q,=lLu,=v, =0,y =0=
I, M0(0)|F<G)M5(ﬁ)1L(O‘)> _

in

Tz"n[L - TOE lTE[L

(1 + DECZWM) + aDO(cza +C,,Dp + szﬂWESZaJﬁ)

Do(l + DEC2a_2ﬂ) + a(cza ¢y Dy + stEsza_zﬁ)

* Eq. (E.34) with laser polarisation and emitter optics aligned

aL:1’iLZQL:LML:VL:OJ/:O,,B:(Z:

1+aD,c,,
I, _ M0(0)|F(a)ME(a)IL(a)> =(1+D ) D, + ac,,
ZnIL TOEITEIL : _Zoacosza
+Z,as,8,,

« and without any optics and laser rotation
a, =i, =q,=Lu, =v, =0,a=F=y=0=
1,(00.0.01) _ M, (0)[F(a)M,(0)1, (0)

= =(1+D;)|[1+aD, D,+a 0 0)

T;nIL TOE 1TE1L
* Eq. (E.33) without emitter optics Mg

D,=0, s,=0, W, =0, a’'=aa, =

I, (r.a.0,a,a,) M,(y)F(a)I,(a,a,) |2Do +a'[cza _52752y+2aW0]

I,1, T,F I, $,,Dp — a,[SZa - C27S2y+2aW0}

82,1204 Z0S0
 No emitter optics Mg and no receiver optics rotation

withy =0, 7. =1, D, =0, s, =0, W, =0, a'=aa, =
1,(0,a,0,a,a,) M, (0)F(a)I,(a,a,)

T,1, Tolyl,

= |1 +c,,a'D, D,+tc,,a" -s,,a'Z,c, szaa’ZOso>

* The latter and no laser rotation

witha =0, y=0,7,=1,D,=0, s, =0, W, =0, a’'=aa, =

1,(0,a,0,0,a,) M,(0)F(a)I,(0,a,)
T;nIL TOEIIL

—Z, {SOZESES2a—2ﬂ + a[co (SZa +8,,D; — CZﬂWESZa—Zﬁ) =280Z8;8,, _28 ]}

—Z, {COZESESZa—Zﬂ - a[so (SZa +8,,Dp — CZﬁWEsza—Zﬂ) + 2COZESESZO¢72/3 :|}

!
1+ Cyy 1204 D,

=|l+a'D, D,+a’ 0 O
0 0

(E.34)

(E.35)

(E.36)

(E.37)

(E.38)

(E.39)
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App.E.5 i, with C amidst the receiving optics

Alp Atmosphere
- 5. Ly Laser
17 R o [ €| | Mo B f(;; %E(ﬂ ) I(0)

In case there is polarising or/and retarding optics before (Mo,) and after (Mo.) the calibrator
as in Eq. (E.40), the basic equations can be constructed by using the analyser matrix Ag from

App. D.2 and the input Stokes vectors I;, from App. E.4.
I, =n,M;,RM,,CM, FI, > A; =M,RM,, and I, =M, FI, (E.40)

66



67



Supplement to amt-2015-338
S.A1 Coordinate system and conventions

Miiller matrices describe the effect of optical elements on the Stokes vector with respect to a
coordinate system and using a set of definitions about signs and directions. Different sets of
definitions can be found in the literature as discussed in detail in Muller (1969); some of
which are even inconsistent. The discussions led to the so-called Muller (or Muller-
Nebraska-) convention, which we follow in this paper (see also Hauge et al. (1980)). We use a
right-handed Cartesian coordinate system (see Fig. 8), in wich angles are defined counter-
clock wise, i.e. from the x- to the y-axis, when looking against the z-axis. The local z-axis
points in the propagation direction of the light. We define the reference coordinate system of
the lidar setup by the orientation of the polarising beam-splitter (PBS) in the receiving optics.
Light polarised with its E-vector on the x-axis, i.e. parallel to the incident plane of the PBS in
Fig. 7, is mostly transmitted by a usual PBS, while light with polarisation in y-direction, i.e.
perpendicularly polarised to the incident plane, is mostly reflected. The incident plane is
spanned up by the direction of light propagation (z-axis, propagation vector k) and the normal
of the reflecting surface, which means that the incident plane in Fig. 7 is the x-z-plane). The
parallel and perpendicular polarisations are also called the p- and s-polarisation, respectively.
The orientation of linearly polarised light is defined by the orientation of the plane of
vibration, which contains both the electric vector E and the propagation vector k.

VAN
R N/ b ,W
sy Ey

7S
g~

Fig. 7 Definition of the reference coordinate system with respect to the incidence plane of the
polarising beam-splitter.

Other Miiller matrix measurement configurations may have other arrangements for the
coordinates. All choices, however, are arbitrary, and lead to different Miiller matrices
(Chipman 2009b). There is no preferred set of definitions in the literature. According to our
choice of orientation, the diattenuation parameter D ist defined as

77 -T7
D.=-T T’ — AP _ s,
Torrar Sl
TV T} Y
R~ Rp RsaAR:Azg_A}e
7 + T,

In order to keep the results of the Miiller matrix calculations consistent when adding
reflecting surfaces as mirrors and beam-splitters in the optical setup, a right-handed xyz-



coordinate system is used with the z-axis in the direction of the light propagation. The vertical
(perpendicular) polarised light has its E-vector in y-direction,

> A

P " E
Fig. 8 Reflection of a Stokes vector.

S.2 Stokes vector and Miiller matrix

The Stokes vector and the Miiller matrix are one representation of the state of polarisation of
light, which is a based on measurable quantities. The Stokes vector describes the polarisation
state of a light beam, and the Miiller matrix describes how the Stokes vector changes when
passing through an optical volume, which can be an optical element or an atmospheric path
with scattering, absorbing and refracting properties. A Stokes vector can be determined by six
measurements of the flux / with ideal linear and circular polarisation analysers at different
orientations before a detector (Chipman 2009a; Ch. 15.17):

I” parallel (horizontal) linear polarizer (0°)
I’ perpendicular (vertical) linear polarizer (90°)

I*  45° linear polarizer

S.2.1
I'® 135° linear polarizer ( )

1™ right ciruclar polarizer

I" left ciruclar polarizer

The Stokes vector is defined as

(1N ( 17+

o| | 1*-r
U = 145 _1135 (S'22)

14 I*-TI*

Right-circularly polarised light is defined as a clockwise rotation of the electric vector when
the observer is looking against the direction of light propagation (Bennett 2009a). Another
representation, the so-called modified Stokes column vector (Mishchenko et al. 2002), uses
the horizontally (parallel, p) and vertically (perpendicular, s) polarised fluxes 7, and /; as the
first two Stokes parameters. They can be transformed from the Stokes vector with a
transformation matrix



(1) (I (05 05 0 0)\(I)
1 05 =05 0 0 I =051+
U U 0 0 1 0||U| I,=05/-0)
Vv 14 0 0 0 U\JV
and vice versa
(1) (1,) (1 1 0 0Y1)
0 A I 11 =10 0]/ S04
ul o |ul |o o 1 o||U (5-24)
V 14 0 0 0 U\V
For fully polarised light, the Stokes parameters fulfil the equation
I’=0*+U*+V? (S.2.5)
and for full linearly polarised light
=0 +U’ (S.2.6)

S.3 Depolarisation

Depolarisation is closely related to scattering and usually has it origins from retardance or
diattenuation which is rapidly varying in time, wavelength, or spatially over an optical device
(Cornu-, Lyot-, or wedge-depolariser). Depolarisation causes a loss of coherence of the
polarisation state (Chipman 2009a). The polarisation vector Ir reflected by the atmosphere
F(a) with linear polarisation parameter a from a generally polarised laser I, is (van de Hulst
1981; Sect. 5.32) (Mishchenko et al. 2002; Sect. 4).

(1 0 0 0 i, g
IF(a) =F(a)|MEIL>= 0 a O 0 s\ _ aq S3.1)
F.T.I, F.T.I, 00 —a 0 |lu —au, 2
0 0 0 1-2a)|v;/ |(1-2a)v,
The linear depolarisation ratio is defined as
F, -F, 1- 1-6
g=n""» 74 _ 179 (S.3.2)
F,+F, l+a 1+6

With a linearly polarised laser with intensity /;, and linear polarisation parameter @, and
rotational misalignment «, i.e. without emitter optics, the laser light reflected by the
atmosphere with linear polarisation parameter a is

(1o 0o 0 1 1
IL(aaa) Fla|lL(aa)) |0 a 0 0 |ac, )\ |ac, (S.3.3)
Ful, Ful, 00 —a 0 |las, | |-aas, -
00 0 1-2a)| 0 0

It is obvious that the lasers a; and the atmospheres a cannot be discerned in the resulting
Stokes vector, and the measured, combined polarisation parameter is

a'=aa, (S.3.4)



The linear depolarisation ratio ' resulting from a’ can be retrieved with Eq. (12)
_1-a" 6+96,
l+a" 1+060,

!

(S.3.5)

For a small linear depolarisation ratio J, of the laser beam, the resulting linear depolarisation
ratio of an atmospheric measurement is about the sum of the lasers and the atmospheres linear
depolarisation ratios

0, K1=06"=0+90, (S.3.6)

If 6, is unknown, the uncertainty will cause an absolute error of the finally retrieved
atmospheric linear depolarisation ratio.

S4 Retarding linear diattenuator

The diattenuation magnitude D* of an optical element, usually simply diattenuation, is
calculated from the maximum and minimum transmitted intensities / (or transmittances 7)
(Chipman 2009b), measured by rotating a linearly polarising analyser in front of the element:

D*_[max_]min _Y-Inax_Tmin S4 1
Imax+]min Tmax+T ( o )

min

The diattenuation magnitude D* is always positive, and if D* is deduced from the reflectances
T¥ and T%' of an optical sample as in Eq. (17), Eq. (S.4.1) becomes (Lu and Chipman 1996)

s

DR = TRp —T1§

‘ 42
T +T,; (5.4.2)

In order to avoid sign changes in the equations between the cases where 7 < Tx' and T¢ >
Tx’, we use instead the diattenuation parameter Ds (Eq. (S.4.3); see Chipman (2009b)), where
it is named d. or d;), with which all equations can be expressed together for the transmitting
(subscript S = 7) and the reflecting (subscript S = R) part of a polarising beam-splitter.

TRP_TI; TTP_TTS
= o> Dr=—r—rv
7 + T, 7 +T;

D €{D;,Dy}, D, (S4.3)

The transmittances for unpolarised light are shown in Eq. (S.4.4), and some often occurring
expressions in Egs. (S.4.5) and (S.4.6).

TP +Ty TP +T7

T, - T, : (S.4.4)
1-D,=T;/T,, 1+ D, =T¢/T,, 1-D, =T; /T, 1+ D, =T? /T, (S.4.5)
T8 1-D, T 1-D

R _ R Ir _ T (S.4.6)

TP 1+D, T’ 1+D,

The optical elements considered here are non-depolarising, linear diattenuators Mp, with
linear diattenuation parameter Do, and average transmission 7, for unpolarised light,
combined with linear retarders Mg, (linear retardance 4o, cos4o = co , sindo = so ). The optical
elements with possibly considerable diattenuation and retardation are dichroic beam-splitters,
which are used to separate the wavelengths and to analyse the state of polarisation of the



collimated beam in the receiver optics. They are used in transmission and reflection. The
matrix of the transmitting part is Eq. (S.4.7) (see Egs. (14, 15))

(TY +T; TP -T; 0 0 )
. ) -T T!+T; 0 0
"2l 0 0 OJTIT; cos A, 2\TPT:sinA, |
0 0 —2JT/T; sinA.  2yT/T; cos 4, (S4.7)

D, 0 0 )

2JTT;
Ly =——- T =\1-D;, ¢, =cosA,, s, =sinA,, A, =/ —¢; (S.4.8)
T T

with the short-cuts in Eq. (S.4.8), the intensity transmission coefficients (transmittance) for
light polarised parallel (77°) and perpendicular (77°) to the plane of incidence of the PBS, the
diattenuation parameter Dr (see Suppl. S.3), and the average transmittance 7 for unpolarised
light. 47 is the difference of the phase shifts of the parallel and perpendicular polarised
electrical fields. The Miiller matrix for the reflecting part of the PBS (see Eqgs. 16,17)
includes a mirror reflection (Suppl. S.6):

(1 D, 0 0 ) (1.0 0 01 D, 0 0 )
M7 | Do 0 0 |_ |01 0 0D 1 0 $40
BETRL0 00 —Zyep, —Zpse| FlO 0 =1 0| 0 0 Zgc, Zs, (5.4.9)
0 0 Zsy —Zic, 00 0 -UN0 0 -Zgs, Zgc,

with the corresponding intensity reflection coefficients (reflectance) for light polarised
parallel (7%") and perpendicular (7%°) to the plane of incidence of the PBS and

2«/T”TS

T” T =\J1-D;, c, =cos A, s, =sind,, A, =L - (S.4.10)

R

In order to simplify the derivation of the equations, we write in the following for both, the
reflecting and transmitting matrix of the polarising beam-splitter, My (subscript S for splitter)
where appropriate.

Zg el{-Zp.Z, ), Mg (MM, }, I e{l,, 1} (S.4.11)

Miiller matrices as in Egs. (S.4.7) and (S.4.9) can be decomposed in matrices of a pure
diattenuator M, and a pure retarder M,..:

(1 D, 0 0Y(10 0 0 (1 D, O 0 )
) Dby 1m0 ofjo1r 0 o] D, 1 0
Mo=MM.=Tol 0" 0 2z, 01100 ¢o so|=70| 0 0 Zye, Zs,| S+
0 0 0 2,00 s, c, 0 0 —Zus, Zoco

As both are linear, they commute (Eq. (S.4.13). They have a block-diagonal structure.



M,=MM,, =M _M, (S.4.13)

Among such optical elements are A/4 plates (Suppl. S.10.16), A/2 plates (Suppl. S.10.13),
dichroic beam-splitters, polarising beam-splitters, polarising sheet filters , aluminium and
dielectric mirrors, and also uncoated glass surfaces under oblique incident angles. For further
information see Azzam (2009); Bennett (2009a,b); Chipman (2009b,a)

S.5 Rotation

S.5.1 Rotation about the direction of light propagation

Some confusion can arise because rotation about the optical axis can be done on a Stokes
vector, on the coordinate system (coordinate transformation), and on an optical element while
keeping the reference coordinate system. The first two rotations don't change the state of the
circular polarisation, while a rotated optical element can do that. Additional confusion arises
because often in the literature and in textbooks the vector and coordinate rotations are mixed,
or the derivation of the presented final equations from first principles are not provided, and
sometimes the explanatory text is misleading or inconsistent. We follow the notations in
Mishchenko et al. (2002); Chipman (2009b). Rotations are anti-clockwise, from the X-axis
towards the y-axis, seen against the direction of light propagation (z-axis).

y y

A A

(4 > = X 0 = X

Fig. 9 Rotation of the xy-coordinate system (left) and of a vector (right). The z-axis, i.e. the
direction of light propagation, points out of the paper plane.

A Stokes vector which is physically rotated by an angle ¢ while the coordinate system is fixed
becomes (Mishchenko et al. 2002; Ch. 1.5)

(I (1 0 o oI\ [ I

1(¢)=R(4) Q110 s =5 OO _| 2@V (S.5.1.1)
U 0 s,, ¢, O||U $,,0 +¢,,U
1\V

V 0 O 0 V
with the abbreviations
C,y =C082¢, s,,=sin2¢, (S.5.1.2)

and the rotation matrix R(¢)



R =
@)=l 5. <. o (S.5.13)
0O 0 0
(1 0 0 0)
c S 0
R(90° +¢) = oo (S.5.1.4)
Sp —Cy O
0 0 0 1
(1 0 0 0)
0 —xs,, —xc,, 0
R(+45°+¢)=R(x45°+¢) =R(x,¢) = (S.5.1.5)

0 xc,, —xs,, 0
0 O 0 1

With these definitions a formula for one rotation can easily be converted to other angles with
¥ - 0°+¢ > +45°+¢
R(¥) — R(¢) < R(x45°+¢)
(10 0 0y (L0 00 (1 0 0 0)

0cyy =S, O 0c, -s,, 0 0 —xs,, —xc,, 0 (S5.1.6)
08y Cy O 0s, ¢, O 0 xc,, —xs,, 0
0 0 0 1 00 0 1 0 O 0 1

Coy - C,, > —XS,,

Sy - Sy, XC,,

Please note, that in Mishchenko et al. (2002; Ch. 1.5) the equations describe a rotation of the
Stokes vector, while the text specifies the transformation as "rotation of the two-dimensional
coordinate system". The two transformations are called "alibi" and "alias" transformation
(Steinborn and Ruedenberg 1973), respectively. The Stokes vector rotates contra-variantly
under the change of the basis. If we rotate the coordinate system (alias transformation) by an
angle ¢ (see Fig. 9), the original Stokes vector I appears in the rotated coordinate system
under the angle —¢, and the Stokes vector I' in the rotated coordinate system is Eq. (S.5.1.7).

(1" (L. 0 o0 OVI\ ( I )
! 0 c S 0 c +s,,U
I'= Q, =R(~¢)1= e S DY Q| CapCtssy (S.5.1.7)
U 0 —s, ¢y O}IU =$,,0 + ¢, U
4 0 O 0 J\r V

The rotation of the polarisation of a Stokes vector can be accomplished by means of a A/2
plate (HWP), which is a 180° linear retarder. An ideal HWP can be derived from Eq. (S.5.2.3)
by setting 49p=180°, Do=0 = Zo=1and Wp=2,and Tp = 1:



(1 0 0 0y (1. 0 0 0)
0 1-2s," 2s,c,5 O [0 ¢, s, O
MHWP(¢)= ) = 0 _ 0 =
0 2syc,, 1-2¢,5 0 S4p ~Cup
0 0 0 - \0 0 0 -I
(S.5.1.8)
(1 0 0 0)
_R(29) 01 0 0
- 00 -1 0
00 0 -1

A HWP rotates a Stokes vector by twice the own rotation and additionally changes the
direction of the circularly polarised component. For a rotation of ¢ = 90° the HWP acts as a
mirror but without changing the direction of light propagation. Real HWPs are often made of
birefringent crystals. Their retardance depends in general on the wavelength, on the incident
angle, and on the temperature. For lidar applications so-called true zero-order HWPs are best
suited because of their relative insensitivity to temperature and incidence angle. The matrices
for the HWP rotator and for the mechanical rotator can be combined in one matrix M,, as
shown in Suppl. S.10.15.

S.5.2 Rotation of a retarding diattenuator

The rotation of an optical element with Miiller matrix My by an angle ¢ about the direction of
light propagation is mathematically performed by first rotating the coordinate system before
Moy by —¢, to achieve the description of the Stokes vector in the local coordinate system
(eigen-polarisations) of Mo , and then rotating the coordinate system behind My back to the
reference coordinate system by ¢ using the rotation matrix R(¢)

M, (¢) =R(¢)M,(0°)R(-¢), (S.5.2.1)
Aol
x(f :(02

Figure 10 Rotation angles of an optical element. The rotations considered in this work are
Ol’lly ¢1 and ¢2 .

A linear retarding diattenuator M, rotated by ¢ about the z-axis becomes



(1 0 0 01 D, 0 0 Y1 0 0 0)
o]0 e s OLDO 10 o0 Ho o Sy O]
10 sy, O]l 0 0 Zyc, Zysy||0 —sy ¢y O
o0 0o o ©D\o 0 -Zs, Z,c,J\0 0 0 1 (S.5.2.2)
(1 ¢,,D, S,,D0 0 )
_7 4Dy 1—Sz¢2WO SQ¢CZ¢2VV0 —$,4520S0
$,0D0  825€0, W0 1=y Wy CyZsS,

0 $:62080 242080 Z,C,

C,y =€0829,8,, =sin2¢,c, =cos A,,s, =sind,, Z,=1- D)}, W,=1-Zx, (8.523)
Without diattenuation we get

D,=0= Z,=\1-D, =1, W,=1-c¢, (S.5.2.4)
and with ideal diattenuation

|D,|=1, Z,=1-D," =0, W,=1 (S.5.2.5)
Rotation of a retarding diattenuator by +45° + ¢

M, (x45°+¢) = R(x45°)M,, (&) R(—x45°) =

(1. 0 0 0 1 c,.D, $,.Dp 0 Y1 0 0 O
|00 x offen, 1-8, s szgzosoﬂo 0 —x 0
%0 —x 0 0l|]s,,D, s, W, 1-CW, c,Zs5, ||0 x 0 0]
0 0 01 0 $5.20% —C2.2,50 Z,Co 0 0 0 1 (S.5.2.6)
(1 Xs,, D, -xc,. D, 0 )
-7, x8,.D, 1- CisWO —8,.,. Wy XCy.ZS, _ R(é‘)MO (X45°) R(—&‘)

2
—XC). Dy =8, W, 1= W, Xx8,.Z.8,

0 —XC,, 2,8y  —XS,.Z,5, Z,Co
and without error angle &:

(1 0 xDb, 0 )

z ~xZ,

M, (x45°) = R(x45°) M ,R(-x45°) = X, Xlo) %CO (1) XOOS" (S.5.2.7)
o
0 xZ,, O Z,Co

S.6 Mirror

For a pure mirror without diattenuation or retardance the Miiller matrix is



(10 0 0)
01 0 0
M, = (S.6.1)
00 -1 0
00 0 -1

which results from the rotation of the detector (symbolised by the eye) about the y-axis from
the rear of the optical element to the front as shown in Fig. 11.

Figure 11: Reflection of light by a mirror. The light propagation is along the z-axis. The plane of vibration of
linearly polarised light is indicated by the E-vectors, and right and left circular polarised light by the RC and LC
arrows, respectively.

To explain the change of the axes, let the plane of vibration of linearly polarised light be
rotated in the (xyz) coordinate system by ¢ around the z-axis, indicated by the E -vector in
Fig. 11, and the incident angle be y = 0 for reflection from a mirror. After the mirror the
direction of light propagation has changed, but not the orientation of the plane of vibration,
indicated by the E'-vector. Hence, the rotation ¢’ in the mirrored coordinate system (xyz)' is ¢’
= 180° — ¢, which is equivalent to ¢’ = —¢ . Thus a Stokes vector rotated by R(¢) in (xyz) is
described in (xyz)' after the mirror My, by

I'=M,R(¢$)I =R(—¢)M,, I (S.6.2)
Furthermore, the circular polarisation has changed its sign from right circular (RC) before to
left circular (LC) after the mirror.

S.6.1 Real mirror

Real mirrors are dielectric or metal surfaces which can exhibit considerable phase retardation
and diattenuation under oblique incident angles. Hence, a real mirror is a linear retarding
diattenuator My combined with a mirror My,.

M,, =

(1.0 0 01 D, O 0 ) (1 D, 0 0 )
o010 0fD, 1 0 0 |__ Do 1 0 0 (S.6.1.1)
%0 0 -1 0|0 0 Zge, Zgs,| °10 0 —Zgc, —Zys,

0 0 0 -UNO 0 —Zs, Zyc, 0 0 Zs, —Zi,
which commute
Mo =M,M, =MM,, =M,,, (S.6.1.2)
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Eq. (S.6.1.1) is also the description of the reflecting part of a polarising beam-splitter or of
any dichroic beam-splitter.

S.6.2 Rotation of a reflecting surface

If we rotate M0, we have to mind the change of the coordinate system after the mirror. Here
it is important which element comes first, because, as explained above, applying a mirror
means a change of the local coordinate system after the mirror, and rotation of elements are
always done with respect to the local coordinate system before the element. Hence, a
diattenuator rotated in (xyz) plus a mirror described in (xyz)' is using (S.5.1.5) and (S.6.2)

MM, (¢) =M, R($)MR(=4) = R(=¢) M, M R(=4) = R(=¢)M,,0R(=¢) = M, (¢) (S.6.2.1)
Moving the mirror before the diattenuator

M, (¢)M,, =R($)MR(-$)M,, =R(¢)M,M,R($) =R($)M,,R(¢)=M,,(-4)  (S.6.2.2)
we see from Eqgs. (S.6.1.2) to (S.6.2.2) that

M, (¢)M,, =My, (¢) =M, M, (~¢) =M, (—¢). (S.6.2.3)

This explains why the rotation of a reflecting diattenuator has to be described as shown by
Chipman (2009b) , i.e.:

M, (¢) =R(¢)M,,R(4). (S.6.2.4)
S.6.3 Beam-splitters and mirrors in the optical path

In order to make the equations developed in this work applicable to a variety of lidar systems,
we have to investigate how the equations change when individual elements are changed from
transmitting to reflecting. This is also useful when the reflected and the transmitted paths after
a beam-splitter are to be described with the same equations.

Above we showed the local coordinate change behind a mirror. But how does this effect the
outcome of a lidar measurement and of the calibration measurements? Let's consider a chain
of rotated optical elements using the eigen-polarisations of the polarising beam-splitter matrix
M as the reference coordinate system

I =M M, (7 )M, (¢)M, (¢)FI, (S.6.3.1)

When we exchange M, with its reflecting counterpart My, M,, we can move the ideal mirror
M, step by step to the right in the chain using (S.6.2.3)

I; =nMM,(y )M,,M,(9) M, (&) FI,(a)=
=nsM;M;(y) M,(-¢)M,, M, (&) FI,(a)=
=nsMM,(y) M,(-¢) M,(-&)M,FI, (a)=

=nsM;M;(y) M,(-¢) M (-¢) FI,(-a)

(S.6.3.2)
a)

and see that all rotation angles before the changed element are inversed. In the last step of Eq.
(S.6.3.2) the depolarising atmospheric F-matrix is rotational invariant, and the circular
polarisation of the input Stokes vector changes its sign, indicated by the star.

In other words: equations, which are derived for the system in Eq. (S.6.3.1), can be used for
the system with an additional mirror as in Eq. (S.6.3.2) by inverting in the original equations
all rotation angles before the mirror and reversing the circular polarisation of the input Stokes
vector. In case two surfaces are changed from transmitting to reflecting as

11



I§'=775MSM3 (7)MMM2(¢) Ml(g) FMMIm =
=nsM;M;(y)  M,(—¢)M,(-¢)M, M FI, = (S5.6.3.3)
=nsM;M,(y)  M,(—¢)M,(-¢) FI.

m

where a mirror is additionally placed behind the emitter optics, only the rotation angles
between these two elements are inversed, because MM, = 1, and the circular polarisation is
not changed.

Real mirrors are usually dielectric or metal surfaces which can exhibit considerable phase
retardation and diattenuation under oblique incident angles. For incident angles smaller than
the Brewster angle the phase changes for p- (parallel) and s- (perpendicular) polarised light
are in the same direction.

S.7 Standard measurement signals
S.71 Lidar signal with rotational error before the polarising beam-
splitter

General case with arbitrary laser input and emitter optics Ir = Mg I, and R(gh) from Eq.
(S.10.15.1):

(1 0 0 0)
0 c,, -hs, O

0 s, he, Of (S.7.1.1)
0 0 0 h

(A;]= (MR [R(e)M, =T, (1 yD; 0 0]

=T <1 C,,yDs  —hs, yD; 0|
Analyser vector from Eq. (S.7.1.1) and input Stokes vector from (E.31) yield
(MR, |R(£)M,|M,(y)F(a)M,I,)

T:S'];otTOF;lTEIL
| iy +D0a(c2qu —szqu)
C,,yDy C,, Dyl +aq; —s,, [Woa(szqu + czqu) + Zoso(l - 2a)vE] B
—hs,, yDs S, Dol —auy +¢,, [Woa(szqu + c2qu) +Zos0(1 - Za)vE]
0
Zosoa(szqu + czqu) + Zoco(l - 2a)vE

= (1 +yDsDyc,, +h2g)iE = YDsZ 03082, h2sVe +

+a{D0 (CZ}/ qr — Szqu) + yDy [(ngQE + hSZ.suE) ~ Sy, th2e (Wo (SZ}/ qr + C2qu) - 2ZOSOVE)}}
(8.7.1.2)
y=0=>
(MR, |R(z)M,|M, (0)F(a)M,1, )
LT, IE\ T,

rot

= (1 + yDSDOChzg)iE = YDZ )8 8,,Vp +a {(Do +yDgce,, ) 4y + YD1, Z, (COuE + ZSOVE)}
(S.7.1.3)
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y=e=0=>
<MSRY\R(0)Mh IM,, (0)F(a)M,, )
TST;’UtTOF;lTEIL

(S.7.1.4)

= (1 + yDSDO)iE + a(DO + yDS)qE

y =—-he =
<MSRy‘R(g)Mh IM,, (~he)F(a)M,I,)
TST TOEITEIL

rot

= (1 + yDSDO)iE + a(DO + yDS)(czqu — szqu)
(S.7.1.5)
With horizontal linearly polarised emitter input Stokes vector I
i, =Lq9, =Lu,=v,=0=
(MR, |R(z)M,M,(y)F(a)|l 1 0 0)
T, 1,k T,

rot

= (S.7.1.6)
=1+yDsDyCy, 1y +a {DOCZy +yDy (ng Sy, 1n2:52 Wo)}

With rotated, linearly polarised laser and emitter optics
q, =Lu, =0,y, =0=

(MR, [R ()] M () F(a) M, ()1, (a))
T:S‘TOEITEIL

=1+ Dycy, 55 + YD {DOC28+27/ (1 + DECZa—Zﬂ) + ZOSOSZg+2yZESESZa—2ﬁ} +
D, |:C2y (CZﬂDE +Cp t SZﬂWESZa—Hi) =Sy, (SzﬂDE +855 —CoWiS, ap )} +
[ng (CzﬂDE +C t S2ﬂWES2a—2ﬂ) +S,, (S2ﬁDE +85, —CopWiSay 2p )] -
+yDy s (WO (szy (czﬁDE +c,, + szﬁWEsm_m) +¢,, (szﬂDE +8,, — CszESm_zp)) +\
o L+2ZOSOZESES2(1—2/3 J

= (1 6y +2£yDSD0)(1 + CZa—ZﬁDE) +85, 126820 -2pYDsZoS0 LS p +

D, (C2a72y +Cyp 0, Dy + 52ﬂ+2782a72ﬂWE) +

(Czafzg + CZ,/}—25DE + SZﬂ—2sSZa—2ﬂWE) -

+yDg| —s

+a
2y+25W0 (S2a+2y + SZﬂ+2yDE - Czﬁ-zysza—zﬁWE) -

=85, 42552428 27,8028

(S.7.1.7)
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, =Lu, =0,vy, =0Ay =0=
<M R,R(s)||M,(7)F(a)M, (B)1, ()
TSTOFIITEIL -
= (1 + czgstDo) (1 + C2a—2ﬂDE) +82,826 25 YD5Z0S0Z S +

DO (C2a +C‘2ﬂDE +SZﬂS2a72ﬁWE)+ (S718)

(02(1—25 + Czﬁ—ngE + SZﬁ—zgS2a—2ﬁWE) -

+a
+yDg| —s,. W, (SZa +8,,D; — C2ﬁs2a—2ﬁWE) -

=8,:824-28 27,8028

g, =Lu,=0,v,=0,6 =y =

(MR R (~7)||M, (7 ) F(a) M, ()1, (@)
TSTOFilTE[L

:(1+yDSD0)(1+c2a72ﬂDE)+

+a{DO (CZa—Zy +02ﬁ72;/DE +SZﬂ+2}/SZ(x72ﬁWE) +yDS (C2a+2}/ +C2ﬁ+2;/DE +SZﬁ+2ySZa2ﬂWE)}

(S.7.1.9)
q, =Lu,=0,v, =0,e=y =0=
<M RR( ‘M F(a)ME(ﬁ)IL(a)>
LI,FT.I, = (S.7.1.10)
= (1 + yDSDO)(l + cza_zﬁDE) +a (DO + yDS) (czd +C,Dp + szﬁsza_zﬁWE)
S.7.2 Lidar signal with rotational error before the receiving optics
With Eq. (D.7) for the analyser part and (E.26) for the general input vector we get
(As(v2)|| L, (e:0,0)) (MR M, (r)|[R(2)M,F(a)I,)
LT,  T,ET, T, T, FT,,
1+ yczyDODS i
_ ¢y Doy + YDs(l _SinO) a(chzg +huEs28)
,, (Dy +yey, D) || a(asss; —huges,) [ (S7.2.1)
—y8,, DsZy5, (1-2a)hv,

= (1 + yczyDODS)iE - yszyDSZosohvE +

D() I:CZ;/—zng - SZy—ZshuE] - yDSWOSZy I:SZ}/ 2:9p T CZy—ZehuE] +
+a
+yDy [chzg +hu,s,, + 2527ZOSOhVE]

Comparison with Eq. (69):
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c=0=>
<MSRyMO(7/)HR (e)M,F(a)1,)
TSTO T;’mF T] -

=1+ ye5, DoDy )i = y85, DsZoSohv, + (8.7.2.2)

N D, [czqu - szyhuE] —yDWys,, [szqu + czyhuE] +
a
+yDy| q; +25,, ZoSohv, |

y=0=
MR M, (y RgMFaI S.7.2.3
< e TyTO( )H 7 FT(I) E>:(1+yD0DS)iE+a(DO+yDS)[czng+szghuE] ( )
STo rot
S.7.3 Lidar signal with rotational error behind the emitter optics

We get the equation for this case directly from the previous one considering that moving the
matrices for the rotational error from before the receiving optics to behind the emitter optics
just changes the sign of the angle € using Eq. (S.6.2)

<A5(y,}/,a)|‘li“ g h)> :<MSRyM0(7/)F(a)HR £ M I >:

L,IF,  T,TI, T,T,F, T, T,
(S.7.3.1)
:<MSRyM (¥)R(-2)M, ||F(a)1,) :<A5(y,7/)| 1,.(-&h,a))
T,I,F.T,T.I, T,T, T FT.lI,
S.8 Attenuated backscatter coefficient

The attenuated backscatter coefficient £, can be derived from the transmitted signal /7 :

I I H,-6H.|I
N LT R Tl = - = 5 GT G, = *( - T*) .
G, +aH, . H (Hy—6"H, )G, +(8°G, —Gy | H
o H,-8H
(S.8.1)
1
(He=5"H,) 1, _ (H A )I R
-~ H,G, - H,G, H, G HTGR " H.G, —H,G,
With n = nzTr / nrTr we get the attenuated backscatter coefficient
HRIT_UTTT HTIR 1 ]
Nrlz 1 T T, (S.8.2)

F. = =
! 77TTTT01L HRGT _HTGR TOIL HRGT _HTGR
S.9 Rayleigh calibration

Calibration in ranges with presumably known aerosol depolarisation:

With some lidar systems the calibration factor is determined in a measurement range with
known volume linear depolarisation ratio d, for example in clean air 6™. Assuming, for the
sake of simplicity, an ideal PBS (see Eq. (28)), we get with Eq. (26) for the calibration factor
in clean air ™
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U A I
S (0)=;I—R(0):>77 == (0°) (S.9.1)
T T

Assuming further that the errors in /z and /r are independent, which could be the case if the

background subtraction or non-linearities in analogue signal detection are the main error

sources for them, we get as a first estimate for the relative error of the calibration factor

An™  A6" Al, Al
no_ it 0

T
= 9.2
e T (8.92)

This error can easily become very large. The linear depolarisation ratio measured in a volume
of air molecules 6™ depends on the width of the interference filters in the receiver optics, as
they transmit or reject some rotational Raman lines, and on the atmospheric temperature
(Behrendt and Nakamura 2002). At 355 nm 6™ can range from about 0.004 to 0.015. Errors in
the order of some 10% in o™ are already possible in case the wavelength dependence of the
transmission of the interference filter or its tilt angle in the optical setup are not known
accurately. Furthermore, a small contamination of the assumed clean air with strongly
depolarising aerosol as Saharan dust or ice particles from sub-visible cirrus can change the
volume linear depolarisation ratio dramatically. Assuming, for example, a small backscatter
ratio of 1.01 due to particles with ¢’ = 0.3 and with 6™ = 0.004, we get areal 0 = 0.01* ¢/ + o™
= 0.007 (Biele et al. 2000), which would cause a relative error in the calibration factor #™ of
(0.007-0.004)/0.004 = +75%. Better than this "clean" air calibration would even be to use a
calibration in a cirrus cloud with ¢’ between let's say 0.3 and 0.5, with a resulting calibration
factor error of "only" + 2 * (0.5—-0.3) / (0.5 + 0.3) = +25%.

Summary of this chapter: depolarisation calibration with presumably known atmospheric
depolarisation can cause very large calibration errors.

S.10 Some Miiller matrices
S.10.1 Depolariser
A diagonal depolariser Mpp (Chipman 2009b)
(1 0 0 0)
M [0 @00 (S.10.1.1)
0 0 b O
0 0 0 ¢

partially depolarises the incident light depending on its state of polarisation. For atmospheric
depolarisation by randomly oriented, nonspherical particles with rotation and reflection
symmetry it can be shown that » = —a and ¢ = (1 — 2a) (van de Hulst 1981; Mishchenko and
Hovenier 1995; Mishchenko et al. 2002) (see also Sect. 2.1), which results in the
backscattering matrix

(F, 0 0

0)
0 F 0
F — 22 1 |
0 F22 0
0 0 F,

_

(S.10.1.2)

oS o O

(1
0
0
0 0 1-2a
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S$.10.2 Rotation matrix for various rotation angles

(1 0 0 0) (1 0 0 0)
0 ¢ -s 0 0 c —XS 0
R(g)=|, * * | Rixg)=| 2 "
0 s, ¢y O 0 xsp, ¢ O
0 0 0 1 0 0 0 1 S 1021
(1 0 0 0) (5.102.1)
00 —x 0
R(x45°) =
0 x 0 0
00 0 1
(1 0 0 0)
R(x,¢) =R(x45°+¢) = R(x45°)R(&) =R(&)R(x45°) = 0 X% X (S.10.2.2)
0 xc,, -xs,, 0
0 0 0 1
See Supp. S.10.15. regarding the half-wave plate rotation.
(1 0 0 0) (1 0 0 0)
0 -1 0 0 0y 0 0| R(y=-1)=R(90°)
R(90°) = , R, =R(y)= = 10.2.
B%)=o o —1 of BTROIZ|g oy 0| Riy—s1)—r(os) S102D
0 0 0 1 00 0 1
S.10.3 Retarding linear diattenuator
MO = MDMret = MretMD =
(1o o o) (1 D, 0 0y (1 D, 0 0 )
|01 0 0 D, 1 0 0 . D, 1 0 0 (S.10.3.1)
00 c, s,|°l0 0 Z, 0 o 0 Zy, Zs,
0 0 —-s, c, 0 0 0 Z, 0 0 —Zys, Zc,
T’ T}
D, =29 7 - /1-D>, W,=1-Zc
Com+Ty o e o (S.10.3.2)
cozcosAO:cos(gog—qog), So =sin4,
~1<D,<+l= 0<Z,<1, 0<W,<2 (S.10.3.3)
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S.104 Rotated, retarding linear diattenuator

M, (x¢) = R(x¢) M R(—x¢) =

(1 0 00\(1000 1 0 0 0)

0
|0 ey sy 0f[D, Ho e X8y, O
°10 XS5 €y 0] 0 O ZCO ZoSo || 0 —xsy, Cyy
0 O 0 1L 0 0 —Zys, Z Co 0 1 (S.10.4.1)
(1 c2¢DO stDO
-1, ¢,y Dy 1-83,, XS2¢C22¢W0 —XSZ¢ZOS0
X8,5Dp  X8,,C0, Wy 1=y W, €205,
0 X8,52050  —C€34Z050 Zyc,
S.10.5 Rotated, retarding linear diattenuator mirror
M, (x¢) =R(x¢)M,,R(x¢) =
(1 0 0 01 D, 0 0 (1
o]0 e sy 0D, {0
°lo XS5 €y O O 0 —Zx, 0
0 0 0 Lo 0 Zgs, oCo 0
(1 ¢,4Dp —X8,,D,
., ¢,4Dp 1—s§¢WO —X8,4C,,W5 xsz¢ZOSO ~ (S.10.5.1)
0 x8y, Dy X8,,00, W, —(1—c§¢W0) —CyZoSo |
0 X8,4Z050 242050 —Z,Cp
(1 ¢,3Dy x8,4D, 0 1 0
24Dp 1—s§¢W0 X8,4CosWo  —X8042050 || 0 1
~ % xsyy Dy xSy W, 1= W, cyZos, |00
0 X8,5Z050  —€34Z050 Zyc, 0 0
S.10.6 +45° rotated retarding linear diattenuator including error €

M, (x45°+¢) = R(x45°+ &) M R(—x45°—¢) =

(1 0 0 01 D, 0 01 0 0 0)
. 0 —xs,, —xc,, 0||D, 1 0 0 J[O —XS,, XC,, 0]

°l0 xc,, -xs,, O|| 0 0 Zyc, Zy,||0 —xc,, —xs,, 0 -

0 0 0 N0 0 —Zss, Z,c,/\0 (S.10.6.1)

(1 -xs,.D, xc,, D, 0 )
_T —x8,,Dy  1=C3, W,  =sy,.e0, W, —x¢,,Zps,
e x¢,, Dy =86, W, 1=83W, —xs,.Zs5,

0 XCy,.ZpSy  X8,.2,S, Z,c,
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S.10.7 *#45° rotated retarding linear diattenuator

(1 0 xD, 0 )
0 Zy, 0 —xZ,s,

M, (x45°) =T, D, 0 ) 0 (S.10.7.1)
0 xZ,s, O Z,c,
S.10.8 Rotated, ideal linear polariser and analyser
Note: without absorption 7, = 0.5.
D,=1,Z,=0,W,=1=
(1 1 0 0) [1\ N1
M,(0°) |1 1 0 Of [1\/1 (S.10.8.1)
T, 0 00 0] [0/\O
0 0 0 0/ |0/ \O
M, (x4) _R(x¢)M,R(-x¢) _
T, T,
(1 0 0 0|1\ /1|(1 0 0 0)
o0 ey —xsy, Ol 1{0 ¢y X8y O]
0 xs, C, 0[[0/\0]]0 -xs,, ¢, O
0 0¢ 0¢ 1[0/ \0|\0 0¢ 0¢ 1 (5.10.8.2)
(1 Coy xs,, 0) | 1 1
| G c§¢ X8,4Cy5 0 _| Coy
XSy, XS,,Chy S5, O [xs,, [\ xs,,
0 0 0 0 0 0
(1 0 x 0) |1\ /1
M,(x45°) |0 0 0 0] _J0}/0 (8.108.3)
T, x 01 0] |x/\x o
0 0 0 0/ |0/ \O
(1 -1 0 0) |1 1
MP(9()°){—1 1o o |- <1 5.1084)
T, 0 0 00 0 0 R
0 0 00 0 0
D,=1,Z,=0W,=1=
(1 x 0 0) [1 1
M,(45°-x45°) |x 1 0 0| |x\/x (S.10.8.5)
T, 0 0 0 0] |[0/\0
0 0 0 0/ |0/ \O
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D,=1Z,=0,W,=1=
M, (x45°+¢&) =R(+&)M, (x45°)R(-¢) =

( 1 X8y, XCy, 0\ 1 1
2 (S.10.8.6)
—X8,, S5 —S,,.C,, 0 —XS,, —XS,,
=1p ) =T,
XC,, —S$,,C,, C5, 0 XC,, XC,,
0 0 0 0 0 0
D,=17Z,=0W,=1=
1 1 iin 1
MP(X45°+8)I[;1 _ —X8,, XSy, ||Din _ —X8,, I:l —X(S g —c,u ):I (81087)
TPIin XCZE XCZS Lll.n XCZg n 2¢din 2&%%in
O 0 Vin 0
M, (x45°+¢)F(a)I,
TPFIIIin -
1 1|10 0 0 ), 1 S1088)
_|TXSy \ [ XSy, 0 a O 0 |lg, _|xsa [i _Xa(s . )] 10.8.
XCy, XCy, ||0 0 —a 0 |lu, XC,, " 2ein © 2ein
0 0 \NO O O I-2a/|v, 0
F(a)M,(x45°+¢)1,
TPEllin -
- o) K ) (S.10.8.9)
| I T | O T [ = X(82,0, = C5,1,,) | o
00 -a 0 XCyo, XC,, ||u,, —xac,, [-" 2ein. - 2&in
0 0 0 1-2a/] O 0 |lv. 0

For the 0° and 90° measurements with a perfect polariser M, we get from Eq. (S.10.8.1) and
Eq. (S.12.2)

for D, =1,7Z,=0,W,=1
M, (—x45°+45°+¢)1I, =

m

( 1 XCZ{;‘ Xsls O\\ lin lin + X(Cquin - SZsuin)
2 . 2
-T] XCZ& 025 SZSCZE 0 9in —T] XCZslin + CZaqin + S28C26uil’l _
= dLpl;, 2 0 — tPtin . 2 -
X8y, $2.Co, 826 U, XS)elin + SZSCZSqin + Sy (S 10.8 10)
0 0 0 0y, 0
lin + X(CZSQM - SZsuin) l
XC,, I, +¢C (c q, —S u) XC
_ 2¢&%in 2e 2¢in 2¢%in _ . 2¢
- TP[in . - TPlin |:lin + X(C2gqin - S2£uin):|
XS Ly, + Sre (C2£qin - Szguin) XSy,
0 0
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S$.10.9 Two rotated retarding linear diattenuators

ML ()M, (1) =
“R(#)MR(-9R()M,  R(-y)-
R(A)M, R(-4)M,  R(~y)=
R(AM, R(-4)M,  R(7)R($)R(-4) - (51050
_R(M, R(-#)M,  R($—7)R(-4)-
=R(§)M, M, (y —¢)R(-9)
ML ()M, (r)
TATO
(1 ¢,y D, 8,40, 0 1 c,, D, 85, D, 0 )

2 2
CoDy 1=83W, 8,50, W, =8y Z,8, 1| €, Dy 1=8, Wy 8,00, Wy —8,,Z58,

2 2
S0pDy 83500 W, 1=CoyWy  cyZs, |82, D0 83,6, Wy 1=C3 W, ¢y, Zs8,

0 sz¢ZAsA —c2¢ZAsA Z,c, 0 szyZOsO —czyZOSO Z,c,
(S.10.9.2)
The first row vector of Eq. (S5.10.9.2)
M, (¢)M, (7)] _
TT,
l+¢,, ,,D,D, l+¢,, ,,D,D,
) ¢, D, +(1 —sﬁyWO)CMDA +5,,C,, Wps,,D, ) c,, D, +(c2¢ —szyszy_MWo)DA (8.10.9.3)
S5, (DO + 027W0C2¢DA) + (1 —~ c§7W0)52¢DA - s,, Dy + (SM + 027527_2¢W0)DA
—szyZOsocMDA +czyZOsosz¢DA —szy_wZosODA
S$.10.10 Cleaned analyser (polarising beam-splitter with additional

polarising sheet filters)

The intensity transmission of analysers is proportional to a certain state of polarisation before
the analyser, with arbitrary state of polarisation behind, while the output of polarisers is a
certain state of polarisation regardless which state of polarisation exists before the polariser
(Lu and Chipman 1996). Here we use a polarising sheet filter, which is a depolarising
analyser and a depolarising polariser at the same time, to get rid of the cross talk of the
polarising beam-splitter. The combined matrix of a polarising sheet filter M, behind the
polarising beam-splitter Mg is again the matrix of a retarding linear diattenuator, which we
call a cleaned polarising beam-splitter. If M, is rotated (misaligned) by ¢ we get from Eq.
(S.10.9.3)

y=0=

(M, (¢)M(0)
T,T,

(S.10.10.1)

=(1+c,, DDy Ds+cyD, s,,D,Zcs 5,,D,Zss|

Transmitted part:
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y=0,p=0=>
(M., (0)m..(0)]
TATT

(S.10.10.2)

=(1+D,D, D,+D, 0 0

Reflected part:

y =0, =90°=

(M, (90°) M, (0)]
TATS

(S.10.10.3)

=(1-D,D; Dy-D, 0 0

Typically the manufacturers' terminology for p- and s-polarised transmission is k; and ko,
respectively, as Eq. (S.10.10.4), and their specifications for polarising sheet filters are the
transmission of two crossed filters (7%.s) Eq. (S.10.10.6) and that of two parallel filters
(Tyaraner) Eq. (S.10.10.7) of the same type.

T’ =k and T' =k, = (S.10.10.4)

) =%, A= 2 flz N ;kz (S.10.10.5)
T,..=Hy=kk,=T\1-DS (S.10.10.6)
Tyrata = Hy = 031> +17) = T,\[1+ D, (8.10.10.7)

For the extinction ratio p (Eq. S.10.10.8, see Bennett (2009a), Sect. 12.4) and its inverse, i.e.
the contrast ratio or transmission rato, different definitions, as in Eq. (S.10.10.9), can be found
in manufacturers' descriptions, which is sometimes confusing. However, usually k, << k;, and
the given extinction ratios are then to be understood as "on the order of", irrespective of the
used formula.

&_TJ_I—DA

=2=—4= S.10.10.8
k. T; 1+D, ( )

k, <<k =
Lo _Ho _ Kk, N (S.10.10.9)

Tparallel H, B 0-5(k12 +k22)

4 _ D, +D, :TTI’kl—TTSk2 Df = D,-D, ZTRpkz_T];kl
" 1+D,D, T'k+Tik,’ * 1-D,D, Tlk,+T;k,
T} =T,T,(1+ D,D,) = 0.5(T7k + T}k, ), Ty =T,T,(1- DD, ) = 0.5(T7k, + Tyk,)
7# Z:Z, _ 2Tk T7k, 7 — Y _ 2Tk Tk,
" 1+D.D, T'k+Tk,~ ® 1-D,D, TPk, +Tk,
(S.10.10.10)

For an ideal (cleaned) analyser M, with total extinction (k. = 0) we get from Egs. (S.10.10.3)
and (S.10.10.10)
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with k,=0,D,=1,Z,=0=

S.10.10.11
T} =0.5T k, T; =0.5T;k, Dj=+1, Dj=-1, Z;=0 ( )
# K
Melr _ Nelk
n=—r=——" (S.10.10.12)
nIy T
General:
(M,,|=(M,(0°)M,(0°)| =L, (1+D,D, D,+D, 0 0|=T,(1 D, 0 0
3 71117 _T{s
LT
T, =057 + 1)
_ D,+D, TT-TT’ (S.10.10.13)
T 1+DD BT+ TT
T, =TT (1+D,D) = 0.5(TT + TTT; )
_ 2z, _NTUT'LT
" 1+D,D T +TTY
T’ T’
1-D, = T‘ J1+D, :? (S.10.10.14)

1 1

Dy +yD, (14T 13 |+(1- )| T3T5 - 3T |

¥ 1+yDgD, (1+ W31y + 13 |+ (1= ) [ T3 T3 + 1Y ]

T

o =TT, (14 YD, D, ) = 0.25{ (14 )| T3TY + T3T3 ]+ (1= ) [T T3 + 1317 |
1Ty~ TTY
Ty +T5T3

13T ~T31Y

y=+1= Dy ,= Ts,0 = O~5(T(507}p + Tév]tég)a Lo =TT, Ti., =T,15

y=-1= D, = T T Ty =05(TJT; +ToTY), TP, =TJT;, Ti,=T,T¢
(S.10.10.15)
D, =i1/\y=i1:>DS2 =y’ =1=
b _DotyDs _ 1 yDDy+1_ 1 b (S.10.10.16)
" 1+yD,D, yD;1+yD,D, yD s
T: T?
1= Dy :%>1+DSyo =% (S.10.10.17)
SyO Syo
S$.10.11 Retarder

A retarder is a retarding linear diattenuator (Suppl. S.10.3ff) without diattenuation (see
Chipman (2009b)):
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D, =0, Z, =1 (without absorption 7, =1) =

(10 0 0)
01 0 0
Mret =
0 0 ¢, s,
0 0 -s, ¢,
S.10.12 Rotated retarder
Rotated retarder with

D,=0=Z,=+1-D,> =1, Wy =1-Zyc, =1-c, =
M., (X¢)/TRet = R(X¢)M0R(_X¢) =
(1 0 0 0 )

0 1-s3,(1=co) x5,C,5(1=Cp) —Xs,8,

0 x8,,¢,(1—c,) 1=ciy(l—cy) 8,

0 X8,,480 —Cp480 Co

with

1-s3,(1-c¢,) =c3, +83,¢,

1—=c,(1—c,) =83, +¢34¢0

S.10.13 Rotated A/2 plate (HWP)
Retarder Eq.(S.10.12.1) with

A, =180°=c, =-15,=0,D,=0,Z,=1-D,> =L,W, =1-Z,c, =2

MHW (0)/THW =
(1 0 0 0y (1 0 0 0) (1 0 0
_|0 1-2s3, 2029s229 0| |0 cy 84 O _R(20) 01 0
0 2c¢,S,, 1-2¢5;, O 0 s, —c4 O 0 0 -1
0 0 0 -1 0 0 0 -1 0 0 O

(S.10.11.1

(S.10.12.1)

(S.10.13.1)

0)
0 (S.10.13.2)
0
-1

The rotation of a A/2 plate by ¢ rotates the Stokes vector by twice the rotation ¢ and
additionally inverts the circular polarisation component. This is equivalent to a mirror
followed by a rotation of the coordinate system by 26. Please note, that the rotator and mirror

matrices don't commute (compare Egs. (S.6.2.1) ff).

M2-retarder Eq.(S.10.12.1) at 0° and 22.5° with phase shift error 2m

D,=0=Z,=+1-D," =1

Ay =7 +20 = ¢, ®—1+20%s, 220 >W,=1-Z,c,~2-20"

1
P =225°=s8,,=Cp =—=

V2

(S.10.13.3)
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M, (0°,20)/T,, ~
(1 0 0 0 )

0 1 0 0 (S.10.13.4)
1o 0 —1+202 20
00 2w —1+2w?

M, (x22.5°,20)/T,,, ~

(1 0 0 0 )
|0 o x(1-0’) -x2o (S.10.13.5)
T 0 x(l—a)z) o’ V2w
0 x\2w V20  -1+20°

<AS (y)‘MHW (X22.5°,20)) =

L (ro 0 0 ) |
yD || © o’ x(l —a)z) —x+20 ) ~yo’ D )
Rlg 0 0 X(l—a)z) a)2 \/ECO - _Xy(l_a)z)DS =
0 0 x\2w N0  -1+20° XY\/EC()DS (S.10.13.6)
1 0
0 D -
—\ —xyD; TYOU\ xw
0 X2
S.10.14 Rotated A/2 plate (HWP) for A90-calibration including error €

(1 0 0 0)
M, (x22.5°+¢/2) |0 —xs,, xc,, O

T, 0 xc,, xs,, O
0 0 0o -1
S.10.14.1
(1 0 0 01 0 0 0) ( :
0 —xs,, -xc,, O||0O 1 O
= =R(x45°+¢)M,,
0 xc,, -xs,, 0|0 0 -1
0 0 0 1)\0O 0 0 -1
S$.10.15 Rotation calibrator

The mechanical rotator (Sect. S.10.2) and the A/2- rotator (Sects. S.10.13, S.10.14) can be
combined to
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(1 0 0 01 0 0 0) (1 0 0 0)
M, (¢,h) ($)M 0 ¢, =5, O {0 1.0 0| |0 ¢, ~-hs,, O]
T, "10 s, ¢, 0/[0 0 h O |0 s, he, O0f
0 0 0 1o 0 0 h) L0 O 0 h
(1 0 0 0\(1 O 0 O0) (1L 0 0 0)(1 O 0 0)
010 0|0 ¢, —hs, 0 |0 1 0 o“o Corg —Snop O
0 0 h 0[]0 hs,, ¢, O 0 0 h 0[]0 s, ¢, O
0 00 hlo o 0 1 0 00 hWlo o 0 1
with h=+1

(S.10.15.1)

where T, is the transmission of the rotation calibrator for unpolarised light, which equals one
for the mechanical rotator. For the mechanical rotator we use h = +1, and for the A/2- rotator h
=—1, and ¢ = 26 is two times the actual rotation @ of the A/2-plate, as well as ¢ is two times
the actual error angle of the A/2-plate. With Eq. (S.10.15.1) we get Eq. (S.10.15.2) for the
rotation calibrator M,,, at +45°.

M, (x45°+¢,h)/T,, =R(x45°+ )M, = R(x45°)R(&)M, =

rot

(1.0 0 O 1 0 0 O0)Y1 0 0 0) (1 0 0 0)

0 0 —x 0{|0 ¢c,, -s,, O/|]O 1 O O 0 -xs,, -xhc,, O

- - (S.10.15.2)
0 x 0 O0f|0 s,, ¢c,, 0[O O h O 0 xc,, —xhs,, O

00 o o o o 1Jlooohn o o 0 h

with x,h==%1

The error rotation ¢ can be separated as in Eq. (S.10.15.3) using the explanations in Sect.
S.6.3.

R(x45°+¢&)M, = R(x45°)R(e)M, =R (x45°)M,R(h¢) (S.10.15.3)
S.10.16 A4 plate (QWP)

From Eq. (S.10.6.1): QWP without diattenuation, with phase shift error .

A,y =90°+0 = ¢, =-s,, 8,=¢C,

P =x45°+¢& =y, > —XS,,, Sy, > XCy,

Doy = 0,2y = LW, =(1=cgy )=(1+s,) (S.10.16.1)
(1 - C;&‘WQW) = S;g + C;sCQW = (Sgg - cgasw)

2 _ .2 2 _ (.2 2
(1 a SZgWQW) =Cy, +8,.Cop = (ng a Szgsw)
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Dy =0,Z,, =LW,

M, (x45°+¢,0)
Tow
(1 0 0 0 )
0 (1 - CésWQW) _czgsngQW —XCy, Sow
0 =8, Wow (1 - S%gWQW) —XS,:Sow
0 XCy S XS, Sow Cow
(1 0 0 0 )
0 83, -c38, —S,0,(l+s,) —xc,c,
10 -s,c, (I+s,) 3, —838,  —Xs,c,
XC,,C, X$,,C, -s,,
(1 0 0 0 )
0 lI-cj,(1+s,) —cus,,(1+s,) —xc,c,
10 -s,c, (1+s,) 1-s3,(1+s,) —xs,c,
0 XC,,C, Xs,,.C, -s,,
Dy, =0,W, =(1+s,),e=0=
(1 0 0 0 )
M, (x45°,0) |0 -s, 0 -xc,
Tpy 0 0 1 0
0 xc, 0 —s,
S$.10.17 Rotated, ideal A/4 plate (QWP)

=90°=c,=0, s,=1, D,=0, Z, =+1-D =1, W,=1-Zc, =1
0] 0] [0 0] 0] o ovYo

(without absorption 7}, =1)

(1 0 0 0 )

2
0 ¢y 834y Sy

M =T,
or (9) =Tor 0 S,Chy S35 Cyy

0 sy —Cyy 0

M, (x45°+5) =R(x45°+&)M,, R(-x45°—¢) =

(1 0 0 0 )
2
=T 0 SZ& _SZsC2g _XCZS
L | c: —XS
2¢¥2¢ 2¢ 2¢
0 xc,, XS,, 0

o Z(l—CQW)=<1+Sw) =

(S.10.16.2)

(S.10.16.3)

(S.10.17.1)

(S.10.17.2)

(S.10.17.3)
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(1 0 0 0)
M, (x45°) [0 0 0 -x
ow
- S.10.17.4
Ty {0 01 0 ( )
0 x 0 0
(1 0 0 0)
01 0 0
Moy (0=Ton| o o o 1 (S.10.17.5)
00 -1 0
xe{O,il}
(1 0 0 0 )
. 1-x? 0 -X (S.10.17.6)
My, (x45°)=Top | o e 1— x>
0 x —(1-x) 0
Xe{O,il}
(1 0 0 0 )
0 2 0 —(1-x? S.10.17.7
M,, (459 x45%) =T, | 1-=) ( )
0 0 1-x? X
0 1-x2 —-X 0
S$.10.18 Circular polariser (CP)

Linear polariser at 0° Eq. (S.10.3.1) and QWP at z45° Eq. (S.10.16.3) (see Chipman (2009a)
Chap. 15.26).
D,y =0, Zyy =1,4,,=90°+0 =W, =(1+s,)=

(1 0 0 0\ 1 D, 0 0 )

M, (245°,0)M,(0°) [0 —-s, O -z, || D, 1 0 0 |
Ty Ty 0 0 1 0 0 0 Zye, Zs,
0 z, 0 -s, 0 0 —Zs, Zy, (S.10.18.1)
(1 D, 0 0 )
-s,D, -s, zc,Z,5, —z¢,Z,Cp
- 0 0 Z,cp Z,5,
zc,D, zc, S,Z,5, —S,Z.Cp

Circular polariser as £45° calibrator with a QWP with phase shift error ® and a real linear
polariser
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[ M, (245°,0) M, (0°) |(x45°+ £)

(1

XSZSSmDP

WTP
-xs,.D, )

2
—52:55 T Co; (ngCP + Szgzcmsp) Zp

—XCZgS(UDP C,.5,.5, + Coe (SZSCP - C282C0)SP) ZP (S 10.18 2)

zc,D, —x(szgzcw + czgswsPZP)

XC,, D, 0
C,:8,.8, T8, (ngCP + SngCwSP) Zp X(SngCwCP - ngSP) Zp

2
€38, TSy, (SngP - cngCwSP) Zp _X(CZgZCwCP + Szgsp) Zp

X(ngZCw —szgswsPZP) —S,CpZlp

Circular polariser with QWP without phase shift error ® and real linear polariser as +45°
calibrator

0o=0=
M., (2,0,x45° +¢&) [MQW (z45°,0)M,,(0°)](x45° +s)
Tep TowTp
(1 -xs,,.D, xc,,. D, 0 3
_ 0 ¢, (Czegcp +ZszgSP)ZP Sre (ngcp +ZsZeSP)ZP X(Zszgcp _c2gSP)ZP
1o Coe (Szch - ZngsP) Zp 8y, (SZECP - ZczgSP) Zp —X(ZcngP + SZsSP) Zp
zD, —XZS,, XZC,, 0
(1 —x8,,D, xc,, D, 0 )
_ 0 CCopZp $3:Coiplp XSy plp
0 CZSSZ‘E*ZPZP SzgczgszZP _XCZZS—PZP
zD, —XZ8,, XZC,, 0

(S.10.18.3)
Circular polariser with QWP with phase shift error @ and ideal linear polariser as +45°
calibrator

D,=1, Z,=0, =
Mcp(z,a),x45°+g) I:MQW(Z45°,0)>MP<0°):|(X45°+8)_

TCP - T TP

ow
—XS,, xc,, 0) 1 1

(1 (S.10.18.4)

2
XsZssco _SZSSw C25825Sw O XSZssw _X52£
= 2 =
_XCZSSw CZESZES(D _Clgsw 0 _XCZES(U XCZg
zc,, —-XS,,z¢, XC,.zc, 0 zc, 0

Ideal circular polariser as £45° calibrator (see Eq. (E.27))
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with D, =1, ® =0=

M, (z) ow (2450)
(1 0 0 0)(1
_r 00 0 —z||1
““lo o1 010
0z 0 0/)0
(1 0 0 0)]1
_r 0 0 0 —z||1
o 0o 1 o]0
0 z 0 0/]0
with z = +1

()=

1
1
0
0

O O =

0 0) (1 1 0 0)
OOT{OOOO
0 0| “|lo o0 0 0
0 O z z 0 O
1\ /1
EERCAYE
CPOO
z/ \O

Rotated, ideal circular polariser as £45° calibrator

D,=1, 0=0 =

M, (z,x45°+¢) R(x45°+5)My,

(z45°) M, (0°)R(—x45° - ¢) _

Tep
(10 0 0
0 —xs,, -xc,, 0
1o XC,, —XS,, 0
0 0 0 1
(1 —xs,, xc,, O
0 0 0 0
o0 0 0
Z —7XS,, zXC,, 0

Tep
0 0 o)1\ /1f1t o 0 0)
0 0 —z||l 110 —xs,, xc,, O
0 1 of| 0 Xczg stg 0"
z 0 0/\0 1
1
0\/ —xs,,
0 XC,,
z 0

Rotated circular polariser as +-45° calibrator with a QWP, with retardation error

From Eq. (S.10.9.3)
My ()M,
TQWTP
( 1+¢,,D,, D,
Coy Doy + (1 — 83, Wy

S26ZowSow Dp

) Dy 35Dy Dy + (1=, 7,
2 (Do + €29 D)

CoyDow + Dp

S24( Dow Dy + 5,7,

Sz¢

S25DowZ pCp
S4 (C2¢WQWCP + ZQWSQWSP)ZP
[(1 - c§¢WQW)cP - CMZQWSQWSP]ZP [(1 —~ c§¢WQW)sP + C2¢ZQWSQWCP]ZP

(c2¢ SowCp + CopS P)Z Z,

or)

or)

ZowSow
S25DowZpSp

Sy4 (02¢WQWSP - ZQWSQWCP) Z,

(—c2¢sQWsP + CQWCP) ZowZp

(S.10.18.5)

(S.10.18.6)

(S.10.18.7)
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(1 0 0 0 \|1

2
0 ¢ SyCy —Syu||l

1 1
M, (§)M, =T,,T, A, ) S.10.18.8
o PUTOTPIO sye,, sa, Gy |[0/\ O] 9T P ]syue,, [ O (5.10.18.8)
0 S —Cyy 0 )]0 0 S14 0
¢ =x45°+ & = Cyy —> —XS,,,8,, > XCp, =
M, (x45°+¢&)M,,
ToyTp
( 1=x8,.DypDp —X8,, Doy + Dy .o 3
=X8,, Dy + (1 - cigWQW)DP —X8,, Doy Dp + (1 - cggWQW)
Cas (XDQW - SngQWDP) Cas (XDQWDP - SZsWQW)
XCo.ZowS ow Dp XCo, ZowS ow
B XCo, Doy ZpCp XCo, DowZpSp
—Cy, (SZgWQWcP - XZQWSQWSP) Zp —Cy, (SngQWSP + XZQWSQWCP) Zp
[(1 —~ sggWQW) cp+ xsngQWsQWsP]ZP [(1 —~ sﬁgWQW) S, — xsngQWsQWcP]ZP
—(—xszngWcP + CQWSP)ZQWZP (+xs2€sQWsP + cQWcP)ZQWZP
(S.10.18.9)
P=45°+¢e =0y > —8,,,8,; > Cy, =
M, (45°+&)M, _
TowTp
( 1=5,,Dyy Dy =50, Dy + D, . )
8, Dy +(1= 3, Wy | Dy =8, D, Dy + (1= 3,17, |
Cae (DQW - SngQWDP) Cae (DQWDP - SZgWQW)
Co.ZowSowDp CoeZowSow
B ngDQWZPCP CZsDQWZPSP
—Cy (SngQWCP - ZQWSQWSP) Zp —Cy (Sze WQWSP + ZQWSQWCP) Zp
[(1 - S;EWQW) Cp+ SzeZQWSQWSP:|ZP [(1 - SisWQW)SP - SZaZQWSQWCP]ZP
(SzgSQWCP - CQWSP) ZowZp (SzgSQWSP + CQWCP) ZowZp
(S.10.18.10)
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Dy =0,co =0,80y =1, 2oy =1.Woy =(1_ng) ==

[ M, (45°+ )M, |(x45°)
ToyTp B
(1 D, . . )
8.0, 526
(1 0 0 0) CuS2Dpr =38, Dp . . (1 0 0 0)
0 0 x Of C.Ds Cop = 00 —x O
o -x 0 0 0 0 0 x 0 0|
0 0 O _CZg(SZgCP_SP)ZP _ng(szgsP+CP)ZP 0 0 0
(cggcp + SZsSP)ZP (C;SP - SZsCP)ZP
$2:CpLp $2:8pZp
(1 0 —xD, 0 )
SgsDP (CgccP + SZESP) ZP ngsngP X(C;»SP - stCP) ZP
—¢3,8,,Dp 5, (85,65 —p) Z, S5, —XCy, (85,8, +¢,) Z,
¢, D, X$,.CpZp —XC,, $,.5pZp
(S.10.18.11)

P=45°+¢& =y = —8,,,8,, = C,y,, 4, =90°+¢ = ¢, =—s. >0, s, =c_—>1
2 2 2 2 2 2
(1 - CZeWQW) = (1 — €y (1 - ZQWCQW)) =85, + 3. ZoyCon = (Sza — ¢ ZowS, ) ) =

2 2 2 2 2
(1 - SngQW) =Cy t SZgZQCQW = (ng - SZgZQWSg)

[ My, (45°+ 2,4, =90°+¢ )M, |
TQWTP
( 1-s,,D,,D, —8,, Dy + Dy o )

2 2 2 2
=8, Dy + (Szg — 5. ZowS, ) D, =8, DyyDp + (szg - ngZQWSg)

Cos (DQW — Sy (1 - ZQWCQW)DP) Cy, (DQWDP — Sy (1 - ZQWCQW))

. ZowC Dp CoeZowC,

CoeDowZpCp CoeDowZpSp
—C,, (szg (1 - ZQWCQW)CP - ZQchsP)ZP —C,, (szg (1 - ZQWCQW)SP + ZQchcP)ZP
2 2 2 2
|:(C2s =82 ZowS, )CP + SngQWCgSP]ZP [(ng =82 ZowS, ) Sp =82, ZowC.Cp } Zp

(szchcP +sgsP)ZQWZP (szgcgsp —sch)ZQWZP

(S.10.18.12)
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p=45°=c,; =0,5,, =1=

(1 D, ¢, DyyZ, spDoyZp )
MQW(45°)MP | ConZowDr ConZow  SowSeZowZp  —SowCrZowZp (S.10.18.13)
Tow Ty Dy Doy Dy cpZp SpZp

SowlowDpr  ZowSow  —CowSpLowlp  CowCplowlp

Dy, =0,Z,, =LW,, =(1—CQW),¢ =45°+ &= Cy5 > —8,,,8,, > Cy, =

(1 D, 0 0 )
M, (0°) :MQW(45°)MP _|CorDr Cor SuspZe —SouCrZp (S.10.18.14)
T, Tow Ty 0 0 ¢z, spZ,

SowDp  Sow  —CowSplp  CowCplp

P=45°+¢&=Cpy = =8,,,8,, > C,,, 4, 790°¢ = ¢, =-s_, Sy, =C. =
(1 D, ¢,DoyZp  $pDoyZp )
[MQW(45°,AQW=9o°+g)MP]_ —s.ZoyDp 8. Zyy SpZoyZp —C.ColyyZp
Tow Ty D,y D,y Dy c,Zp $pZp
CZowDp . Zoy SSplowlp —SCplowlp
(S.10.18.15)
| My, (45°,4,=90° +¢|M, |(x45°+¢)
TQWTP
(10 0o 0y 1 D, cDyyZy  $;DpyZy V(1 0 0 0)
|0 =xs;, —xcy, 0 S ZoyDp =82y CSploylp —CCpLoyZp || 0 —Xs,, Xy, 0
B 0 Xng _XS2£ 0 DQW DQWDP CPZP SPZP 0 _XC2S _stg 0 B
0 0 0 U\cZyDy ¢ Z, 882042y —SCpZoyZp)\0 0 0 1
( 1 —x(sngP+czchDQZP) )

x(szgngQWDP - cngQW) =838 Z oy +C3,CpZp +Cy. 8, (cgsPZPZQW +DQWDP)
—x(c2sngQWDp + sngQW) Cy.Sy, (ngQW + cPZP) - cﬁgcgsPZPZQW + sigDQWDP
¢.ZowDp —x(s2gcg + czgsgsPZ,,)ZQW
X(ngDP - SZsCPDQWZP) $pDowZp
282, (SgZQW + CPZP) + SischPZPZQW - CigDQWDP X(SnggCPZQW - ngSP) Zp

2 2
=38 Zow +83,CpZp —Cy. 8y, (cgsPZPZQW +DQWDP) —x(czgcchZQW +s2gs,,)Z,,

x(czgcg —szgsgsPZP)ZQW =S.Cplowlp

(S.10.18.16)
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CP withideal LP: D, =1, Z,=0, =
[ My, (45°,4,,=90°+ ¢ M, |(x45°+ &)

Tow T,
( 1 —XS,, XC,, 0)
X(SzgngQW - cngQW) _sisngQW +C5.8:. Doy €2:80.8. Loy — cgsDQW 0
_X(C2gSgZQW + S25DQW) 025825SgZQW + SgeDQW _ngSgZQW _ngsngQW 0
c.Zow —X8,,C.Z oy XCh,C . Z oy 0
1
X(SzgSgZQW - ngDQW) —XS,,
—X(czgngQW + SZSDQW) XCy,
0
CgZQW
(S.10.18.17)
CP before the polarising beam-splitter:
(As(y)|Mp(x45°+6,0) (MR |M,(x45°+5,0)
ITep ITep
1 ! 1 1
D X{s sSa)Z —C sD —XS —XS
= s ( ’ o ’ QW) *520 = |:1 + Xst(SzgSmZQW _C2£DQW):| e
0 —x(czgstQW + sngQW) XCy, XC2,
0 CoZow 0 0
(S.10.18.18)
I B <AS(y)‘MCP(X45°+8,a)) Im> B
NsTTep Ty T, ITep
1 in
_ TXSe||Din \ _ (S.10.18.19)
= [1 + xyDy (szgstQW - CZEDQW)] xc, ||, =
0 Vin
= |:1 +xyDy (SZasruZQW - CZgDQW)}[iin - X(SZSqin - Czs”m)]
D, =+1,D, =-1=
1L (x45°42) 1-xy(8,,5,Zgn — €2 Doy ) (S.10.18.20)

n - n [T(X450 + 8) 1+ XY(SZgSwZQW - ngDQW)
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D,=0,Z,=1=
<AS(Y)‘MCP(X450+‘9,CO) <M5RY‘MCP(X45°+5,a))

IsTep IsTep
(- 1 1 (S.10.18.21)
D.|| xS,.8 —XS, —XS.
(7 2ene % =[1+xyDSszgsw] 2
0 ||—xc,,s, XC,, XC,,
0 c 0 0

w

CP before the receiving optics:

(Ag(y7)[Mp(x45°+2) (MR M, (r)|M,, (x45°+ ¢)

TSTOTCP TSTOTCP
1+ye, DsD, 1 1

e Do+ yD; (1=83, 1, )|| X(82,8.Zon = 2. Dy | xs,,

- S, (DO + yczyDSWO) —X(ngSgZQW + sngQW) XCy, B (S.10.18.22)
—y8,,DsZ8, ¢ Zow 0

=1+ yDg (czyDO - szyZoschZQW) +

[l 301155 o 2 )
—S,, (DO + yczyDSWO)(czgngQW + sngQW)

y=0=

(Ag(y.0)|M, (x45°+¢e) <MSRyMO(o)\MCP(x45°+g) )
TIT, = TTT, = (S.10.18.23)

=14+ YDyDy + X[ Dy + YD (52,5, Zgn = 2.0y )}
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CP with QWP without diattenuation: D, =0, Z,, =1, =

[ My, (45°,4,,=90°+¢|M,, |(x45°+ &) i
Tow Ty
( 1 -xs,.D,

2
X8, 8. Dp =858 +¢C,, (czgcp + szgcgsp) Z,
_XC2gSgDP CZSS2$Sg + CZg (SZECP - CZgCgSP) ZP
c.Dp —X(szgcg +czgsgsPZP)

xc,,. D, 0

2e¢

x(czgcg —szgsgsPZP) —S.CpZp

C2:82.S, +szg(czgcp +szgcgsP)ZP x(s c.Cp —czgsP)ZP

2
—C5S. 8, (szgcp - czgcgsP)ZP —X(ngCgCP + szgsP)ZP

(S.10.18.24)

CP with QW without diattenuation and phase shift error: D, =0, Z,, =1, ¢ =0=

(1 —xs,.D,
|:MQW (4507AQW :900) MP](X450 + 8) _ 0 cyc pZp
TowTp 0 ¢85 pZp
D, —XS,,
S$.10.19 Circular analyser (CA)

(see Chipman (2009a) Chap. 15.26)

S2£C2g—PZP

)

XS25—PZP

—XCy, pZp

(S.10.18.25)

In order to keep the same flexibility regarding the mutual orientation between the linear
polariser and the A/4 plate as for the circular polariser, we construct the ideal circular analyser
with a A/4 plate at +45° and a linear polariser at 0° or 90° (according to Chipman (2009a),
Sect. 15.18: left circular analyser for x,z =+1) from Eqgs. (S.10.8.5) and (S.10.17.4)

M, (x.z) M, (45°—x45°) M, (245°)

T, T, TQW
/1100 o) |1\ /1] (10 0 -
x\/x|]/0 O 0 —-z| |x 0 x 0 0 -z
“lo/\ollo o1 ol Jo/\ ol lo oo o
o/ \ollo z 0 0/ [0/ \=xz| Lo 0 0 o

with x,z ==+1
with zx = +1 = left circ. analyzer

with zx = —1 = right circ. analyzer

Ideal circular analyser with QWP at z45° with error angle ¢

(S.10.19.1)
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-R -
TCA CA4
(1 0 0 01 0 0 -zx\(1 0 0 0)

10 ¢y, Xs,, Offx 0 0 -z (10 ¢, xs,, O]

[0 xs,, ¢, O0//0 00 00 —xs,, ¢, O] S 10192
0 0 0 IJXO 0 0 0 /\O 0 0 1 (5.10.19.2)
(1 00 -zx) |1 1

| xc,, 00 —zc,, XC,, 0

N S, 0 0 -—zxs,, - S5, 0

0 0 O 1 0 —7X

S.11 Helpful relations

(see also S.10.10)

1_5 ]H_[l l_a

—:a:—’ 6: A A

1+6 I +1, l+a (S11.1)

T’ —T¢ .
TETTerTfs, TTEO.S(TTP'i‘TT) (S.11.2)
T T
T’ -T1; 277 1;
1-Dp=1-L—L =~ 1 ———T
r'+1, T7+T. T, :>1+DT=TTP S113)
1+DT:1—TTP_T;= 21 v:T_Tp =D Iy
r+T1;, T'+T1T; T,
P rr 1 \Ty+T\TF +T7 ) +\ Ty - T, \TY =T,
oy BT () ) o1 T )
TV +T, TV +T) (17 +15)(1 + T3
_LT ATy
LT
o N (e s (o s\ (e e (S.11.4)
l_DD _l_TOp_TO T}p_TT _(TO +T0)(7} +T})_(TO _TO)(TT _]TT)_
o=rT — s s s s o
TV +T) TF + T, (1 + 1) (17 + 1)
LT+ TIT
21,7,
D,=0= Z,=+1-D, =1, W,=1-c, (S.11.5)

IDy|=1= Z,=\1-D," =0, W, =1 (S.11.6)
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S.12 Trigonometric relations

py CyCptS,Sp = (C¢ pHCoipTCop— c¢+ﬁ)_c¢ﬂ
s ¢, =Ys
e C,Cp—S, /(c +c c+c)c

1 4 Cp 2 9+ Co-pTCoip ) = Cpuip
c cﬂ—A(ca_ +ca+ﬁ) =

1 S4Cp—CySp = 2(5 pHSpip=Sip TSy ﬁ) Sy-p
S,Sg —A(ca_ cMﬁ)

2(S¢ p S¢—ﬁ)_s¢+ﬁ

with ¢ =x45°+¢e,x=%1=

Cpy = cos[2(x45° + 8)] =c0s(190° + 2¢) = Fsin(2¢) = —xs,,

S,y = sin[2(x45° + 8):| = sin(+90° + 2&) = £cos(2¢) = xC,,

with ¢ =x45°+45+¢e,x==%1=

Cpy = cos[2(x45° +45+ 8):| = c0s(£90° +90° + 2¢) = Fcos(2¢€) = —xc,,
Syp = sin[Z(x45° +45+ 5)] =sin(+90° +90° + 2¢) = Fsin(2¢) = —Xs,,

for (x45°+¢) - (x45°+45+5) = {_XS” G
XC,, = —XS,,

with x =+l =

cos[2(x45°)] =0

sin[2(x45°)] =X

cos| 2(x45°+45) | =—
sin[z(x45°+45)]=o
cos| 2(—x45° -y ) | =cos(F90°— 2y ) = Fsin(2y ) = —xs,,
sin[ 2(—x45° -y ) | =sin(F90° - 2y ) = Fcos(2y ) = —xc,,
cos{2[ (45°+ y)]}z os[+ 90°+2y)} —sin(2y) =-s,,

s1n{ 45°+}/) } [+ 90°+2;/ ] +cos(2}/)—xczy
¢ =x225°4+¢/2,x =%1=

Cyy = cos|:4(x22.5° + 8/2)] = cos(x90° + 2¢) = —xs,
Sip = sin[4(x22.5° + 8/2)] =sin(x90° + 2¢) = xc,,

&

S4p = 28,4Ca4

1+c,, =2¢,

a2 2 a2 1192
Cyy =Coy =Sy, =2¢5, —1=1 2sz¢:>{1 . og
49 = “S2¢

(S.12.1)

(S.12.2)

(S.12.3)

(S.12.4)

(S.12.5)
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1= W, =1=(1=83, | W, = 1=W, + )W, = Z,c, + 53, W, = Z0, +55, (1= Z,¢,) =

1-cI W, =53, +¢3.Z,C, (S.12.6)
1=83, W, =03, +83,Z,C,

S.121 Tangent half-angle substitution

The substitution Eq. (S.12.1.1) is sometimes called Weierstrass substitution, but it can already
be found in Euler's Institutionum calculi integralis (Enestrom number E342: Vol. 1 Part 1,
Sect. 1, Chap. 5, Problem 29, http://eulerarchive.maa.org/pages/E342.html).

2
t=tan(gj<:>sin9= tz (S.12.1.1)
2 1+¢

With this substitution we can write Eq. (S.12.1.2) and yield ¢ from Eq. (S.12.1.3). For small ¢
we get the approximation Eq. (S.12.1.4).

t=Ks,, =tan[gj<:>sim9=Y=L2‘g2 (S.12.1.2)
2 1+(Kszg)
& =larcsin itan(&n(y)\ (S.12.1.3)
2 K 2 J
K<lnexl=
Y (S.12.1.4)
ErR—
2K
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